
FOUNDATIONS OF THE 
THEORY OF ALGEBRAIC NUMBERS 





THE MACMILLAN COMPANY 

NEW YORK • BOSTON • CHICAGO • DALLAS 
ATLANTA • SAN FRANCISCO 


MACMILLAN & CO., Limited 
LONDON • BOMBAY • CALCUTTA 
MELBOURNE 

THE MACMILLAN COMPANY 
OF CANADA, Limited 

TORONTO 


FOUNDATIONS 
OF THE THEORY OF 

ALGEBRAIC NUMBERS' 

• < 



HARRIS HANCOCK, Ph.D. (Berlin), Dr.Sc. (Paris), 

PROFESSOR OF MATHEMATICS IN 
THE UNIVERSITY OF CINCINNATI 


VOLUME II 

THE GENERAL THEORY 


Published with the Aid of 
The Charles Phelps Taft Memorial Fund 
University of Cincinnati 


Sfeui ^grrrk 

THE MACMILLAN COMPANY 




Copyright, 1932, 

By THE BOARD OF DIRECTORS 
OF THE UNIVERSITY OF CINCINNATI 


All rights reserved-no part of this book may be reproduced in 
any form without permission in writing from the publisher except 
by a reviewer who wishes to quote brief passages in connection 
with a review written for inclusion in magazine or newspaper 


Set up and printed. 
Published December, 1932. 


i 





SET UP AND PRINTED BY THE LANCASTER PRESS, INC. 
PRINTED IN THE UNITED STATES OF AMERICA 



mm 































INTRODUCTION 


In Volume I of the present work the theory of 
Dedekind’s moduls was systematically developed and 
extended. The moduls are made fundamental in the 
derivation and exposition of the Dedekind ideals, through 
which and the Kronecker forms it is proposed in this 
second volume to found the General Theory of Algebraic 
Numbers. 

While Hilbert in his monumental work mentioned the 
moduls only in passing, it is seen that many of the very 
important theorems and formulas which he used and 
rightly attributed to Dedekind, have their true origin in 
the moduls, and are more easily understood if treated 
from this standpoint. When extended these moduls be¬ 
come the modular systems of Kronecker which in the 
hands of Hensel pervade the whole theory. 

The linear forms with indeterminate coefficients intro¬ 
duced by Kronecker become algebraic numbers, when 
the indeterminates are replaced by rational numbers; 
and the “content” of these forms, as Hilbert indicates, 
are ideals. 

The fundamental linear form satisfies Kronecker’s 
fundamental equation and the left hand side of this 
equation, considered modulo p, where p is a rational 
prime integer, may be factored into prime functions that 
are of the same degrees in the variable as are the respec¬ 
tive degrees'of the prime ideal factors of p. 

This is the basis of the Kronecker theory as treated in 
Chapter IV, the theory of Dedekind’s ideals having 

occupied the three preceding chapters. Much help was 

• • 
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derived from the works of Hilbert and Hensel in inter¬ 
mingling, intertwining, and juxtaposing the two theories. 
The works of these two authors were again of great 
assistance in deriving the divisors of the discriminant 
and in the treatment of the allied theory of Chapter VI. 
Of the two methods used, the one is of an arithmetical 
nature due to Dedekind, the other being more algebraic 
and due to Hensel, who thereby very essentially extended 
the Kronecker theory as sketched in the last articles of 
his Grundzuge. And here again the two theories of Dede¬ 
kind and Kronecker have been put in juxtaposition. 
Many of the theorems that were proved by Dedekind 
and Kronecker were proved anew by Hurwitz and are 
given in Chapter V as a synoptic resum6 of what pre¬ 
ceded. In Chapter VII is found an exposition of alge¬ 
braic units from two somewhat different standpoints, the 
one due to Dirichlet-Dedekind, the other to Minkowski- 
Hilbert. Chapter VIII contains certain highly interest¬ 
ing and important theorems taken from Minkowski’s 
Geometry of Numbers. These theorems greatly simplify 
the discussions which have to do with algebraic units and 
with the analytic computation of the number of ideal 
classes of a given realm. The theory of ideal classes is 
treated at length in Chapter IX. The article entitled 
“A Retrospect and a Prospect” which comes at the end of 
Chapter IX should be read in connection with the present 
introduction. It serves to describe more in detail the 
purport of the later theory, particularly for the student 
who has grasped the full significance of what precedes. 

In Chapter VI the regular and the irregular divisors 
of the discriminant are treated at length. A third class 
of divisors, the singular divisors, have been the cause of 
great trouble in the development of the theory and have 
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been treated satisfactorily only by Hensel by means of 
the expansion of algebraic numbers in series and through 
the introduction of the so-called p-adic numbers. This 
subject presented in Chapter XVI is necessary for the 
complete establishment of the Foundations of the Theory 
of Algebraic Numbers, and is intimately connected with 
the expansion of algebraic functions in power series in the 
neighborhood of branch-points as exemplified particu¬ 
larly in the Riemann Theory. The material that occu¬ 
pies several of the remaining chapters is intended for use 
in developing further the Kronecker theory, as well as to 
clarify the theory that occupies Chapter XVI. 

Kronecker ( Grundzuge , p. 5) defines an algebraic num¬ 
ber as the root of an irreducible algebraic equation, 
whose coefficients belong to a realm of rationality (R , Ri, 
Ri, • • •)> where R , R lf R 2f • • • are any quantities; and he 
states ( Grundzuge , pp. 47, 64, 81) that the Dedekind ideal, 
where R = 1, is the starting point of his general theory. 
With this in view he wished to bring into play functions 
of many variables, modular systems, etc. In 1859 
Dirichlet wrote that “Kronecker had developed com¬ 
pletely and with great simplicity” the theory of the most 
general complex (algebraic) numbers in connection with 
the theory of reducible forms. What Kronecker did was 
to initiate this subject. It remains yet to be developed. 

Chapter X has to do with Order-Moduls, which are 
introductory to the Composite Forms that are considered 

in Chapter XI. 

It was proved in Volume I, Chapters III and IV of the 
present work, that an algebraic realm, whose elements 
R> Ri, R 2 , • • • are algebraic functions of algebraic num¬ 
bers, may be replaced by a realm 9?(r), which is gen¬ 
erated by the one algebraic number r. From this point 
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of view we have a treatment of algebraic numbers which 
are the roots of irreducible algebraic equations, whose 
coefficients are quantities of 3Ur). This theory due in 
great measure to Hilbert is the subject-matter of Chapter 
XII. By working out in detail the simple case of alge¬ 
braic numbers that are the roots of irreducible quadratic 
equations whose coefficients are functions of 0, where 0 
is the root of a quadratic equation with rational numbers 
as coefficient, it is seen that a vast field of further investi¬ 
gation is opened. Chapters XIII, XIV, and XV all 
have to do with the Galois theory in the Galois realms of 
rationality. As sub-realms of the Galois realms, the 
reduction realm, the inertia realm, the branch realm, etc. 
are duly emphasized. 

Hilbert showed that it is just these realms which are 
required in the gradual factorization of a prime rational 
integer p into its prime ideal factors that are also adapted 
for the algebraic solution of the realm, through which the 
Galois realm of Kronecker is initially determined; and 
this puts in a clear light the significance of the theory of 
those algebraic equations that admit solution through 
the extraction of roots. Thus the intimate relation 
between the theory of algebraic numbers and algebra is 
brought to light in a pleasing and attractive manner. 
It is seen that the two theories have their common source 
in the Galois realms. These later chapters, essential for 
the thorough understanding of the present work, are also 
necessary for the further extension of the Kronecker 
theory. If Hilbert’s theory, as outlined in Chapter XII, 
is extended along parallel lines, the Hilbert theory check¬ 
ing with that of Kroneeb r, the author believes that a 
very perfect structure m ,y be built upon the firm and 
rigid foundation which ht. h.,nes has been established in 
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the present treatise. This work would include such 
theories as the Laws of Reciprocity in the general realms 
of rationality, the complex multiplication of Elliptic 
Functions, etc. Such and other material offer a store 
of rich treasures to reward the able investigator who 
strives to win them. 

As is indicated in Volume I this work is of a heuristic 
nature and as such it should be complete as far as possible 
in itself. The theory of the Galois groups and a knowl¬ 
edge of the Galois realms of rationality are indispensable 
for a correct understanding of Hensel’s method of treating 
the singular divisors of the discriminant by means of the 
p-adic numbers as given in Chapter XVI. And this 
leads at once to his epoch-making discoveries relative to 
the arithmetical solution of all algebraic equations as 
indicated in Professor Hensel’s letter which follows. The 
Galois group theory has been thoroughly worked over 
by both the French and German schools and a beautiful 


exposition of it is found in the Algebra of the late Pro¬ 
fessor Heinrich Weber. The Hilbert Theory of Galois 
realms is given in the Allgemeine Arithmetik der Zahlen- 
korper of the late Professor Paul Bachmann. The pub¬ 
lishers of these works, Messrs. Friedrich Vieweg und 
Sohn and B. G. Teubner, have generously allowed me to 
reproduce much of this work in Chapters XIII and XV 
of the present volume. And I herewith acknowledge 
with many thanks their courtesy as I also do that of 
Professor J. Sommer, whose excellent book Vorlesungen 
uber Zahlentheorie has been of very great assistance par¬ 
ticularly in Volume I. 

I again desire to tender my great obligations to the 


over-courteous and helpful staff (particularly to Mr. 
• T. E. Sutphen) of the Macmillan Company. 
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Again I express my profound thanks to my colleague 
and friend Professor William T. Semple, to Mrs. Louise 
Taft Semple, and to the other members of the Charles 
Phelps Taft Memorial Fund for bearing the entire ex¬ 
pense of the publication of this work and for their interest 
in the Department of Mathametics in the University of 
Cincinnati. It is my hope that this Department will 
always merit every confidence that is placed in it. 

Harris Hancock. 

Cincinnati, Ohio, 

November, 1932. 



TRANSLATION OF A LETTER OF PROFESSOR 

KURT HENSEL 

Marburg-Lahn, 
Behringweg 7, 
July 5, 1932. 

My dear Professor Hancock, 

I wish to express my warmest thanks for your letter of 
June 16 and for your beautiful work The Foundations of the 
Theory of Algebraic Numbers , which indeed already in the 
first introductory volume has so greatly captivated ( gefesselt) 
me. 

I am greatly pleased that you wish to make use of my 
articles found in Crelle’s Journal in your second volume. Its 
appearance I anticipate with pleasure. I truly believe that 
in this manner the simplest and most fruitful approach is to 
be made to the wonderful realm of algebraic numbers. It is a 
great joy for me that this belief during the last five years has 
made such headway in the hands of the younger German 
mathematicians. With the help of the p-adic numbers and in 
an extraordinary manner, rich in results, they have put in 
clearer light and shaped anew the great fields of algebra and 
the theory of numbers. 

I am especially pleased to converse with you over the 
questions which have so strenuously occupied my attention 
during the last two years, and which now I have completely 
finished {durchgekommen) , namely the complete and unique 
( einheitlich) arithmetical solution of all algebraic equations, 
including numerical equations, of all algebraic curves, of all 
algebraic surfaces, in general of all equations 

^(*J X h % 2, * * *, X r ) 

= A 0 (Xi, 22 , * * *, 2 r )x n + A X (x Xi 2 2 , • • • 2 r ) 2 n_l 

+ * * * + A n ( 2 j, 2 2 , * • ‘ r r ). 

And here the widest extensions of the p-adic numbers lead to 
results th^t are wonderfhl in their simplicity, and are every- 

easily a PPli ca bl e in all of these theories, results which 

e theory of functions has never given. 

* * * 

(signed) Kurt Hensel. 

• • • 
xrn 




TABLE OF CONTENTS 


CHAPTER I 
THEORY OF IDEALS 

ARTICLE PAGE 

I. Divisibility. 1 

2-3. Ideals Defined. 2 

4. The Ideal a Defined through ao = a, 0 the Order- 

Modul. 6 

5-6. The G. C. D., L. C. M. Product and Quotient of 

Ideals Are Ideals. 8 

7. Principal Ideals. Associated Numbers. 11 

8. Reciprocal Ideals. 12 

9-10. Theorems Which Have to Do with Reciprocal Ideals, 

0 Playing the Role of Unity. 13 

II. Norms of Ideals. 18 


CHAPTER II 


INTEGRAL IDEALS 


12 . 

13. 

14. 


15. 

16. 

17-18. 

19. 

20 . 

21 . 


Definition. 

The L. C. D., G. C. D., and Product of Integral Ideals 

Are Ideals. 

The Primary Theorem. If 0 ( 1 , then Is C=ab, 
where 6 Is an Ideal. The Equivalent Theorem Is: 
If i Is an Ideal, there is Another Ideal ii, Such that 
tii Is a Principal Ideal. A Lemma Due to Dede¬ 
kind . 

The Generalized Gaussian Theorem. 

A Second Proof. 

Ideals Relatively Prime. Theorems. 

Theorems Regarding Norms. 

Theorems Regarding Division by Ideals. 

Every Ideal Is either a Principal Ideal or the G. C.D. 
of Two Such Ideals. 


22 

23 


24 

27 

29 

31 

37 

40 

42 


2 


xv 




















xvi TABLE OF CONTENTS 

ARTICLE PAGE 

22. The Norm of a Product of Ideals Is the Product of 

Their Norms. 45 

23. Interesting Theorems. 47 

24. If a>a, then N (a) = N (a) X, where X Is a Homo¬ 

geneous Form. 49 

CHAPTER III 

PRIME IDEALS 

25. An Ideal Is Divisible only by a Finite Number of 

Ideals. 52 

26. If a Product of Several Factors Is Divisible by a 

Prime Ideal p, One of the Factors Is Divisible by p 53 

27. Every Ideal Is a Product of Prime Ideals and the 

Factorization Is Unique. 54 

28. The Fundamental (Basal) Ideal. 56 

29. The Degree/ of a Prime Ideal. 58 

30-1. Dedekind’s Fundamental Theorem: If Op Is Divisible 

by the Square of p, then the Discriminant D is 

Divisible by p . 50 

32. Theorem in Congruences. 54 

33-4. A Complete Set of Incongruent Residues. The 

Theorem <p(ab) = v?(a)<^(b). 54 

35. 2v?(b) = A(i), where b Is a Divisor of t. 70 

36. Fermat’s Theorem. 72 

37. Congruences of the mth Degree in a Realm of the 

mth Degree. 73 

38. Wilson’s Theorem. 76 

39. The Height of an Algebraic Integer. 77 

40. The Period of an Algebraic Integer. 79 

41. Numbers of the Height Unity. 85 

42. Numbers of Height/. 82 

43. Prime Functions (Mod. p) . 83 

44-5. Number of Height h . 85 

46. Primary Prime Functions. 88 

47-50. Number of Such Functions of Degree h . 89 

























ABTICLE 

51. 

52. 
53-5. 
56-7. 

58. 

59. 

60. 
61. 

62-3. 

64. 




67. 

68 . 

69. 

70. 

71. 

72. 




75. 

76. 

77. 


TABLE OF CONTENTS xvii 

Distribution op Ideals into C^^ssbs 

4 PAGE 

' Qfi 

Equivalent Ideals.. • f *. yD 

Principal Classes; Reciprocal Classes,. 97 

The Number of Classes Is Finite. 

Applications.cJ06 

Any Ideal Has only a Finite Number of IdeaP^ 

Divisors. l^S- 

A Meaning of the Integer /. 119 

Another Meaning of the Degree/of a Prime Ideal. . 112 

A Primitive Number Satisfies an Irreducible Equa¬ 
tion of /th Degree. H 4 

Property of Such Numbers. 119 

Primitive Numbers with Respect to Powers of a 

Prime Ideal. H® 

If p Is the Smallest Rational Integer Divisible by p, 

p is Prime. 119 

The Four Fundamental Theorems of the Dedekind 
Theory. 120 


CHAPTER IV 

THE KRONECKER THEORY OF FORMS 


Definitions. l^d 

The Content of a Form. Theorems. 124 

Unit Forms. 126 

The Norm of a Form. 128 

The Fundamental Form * and the Fundamental 

Equation. 130 

The Congruence (Mod. p) of Lowest Degree Satisfied 

by*. 132 

The Irreducible Function H(z; Ui, u 2 , • • •, Un) (Mod. 

p) of Which * Is a Root. 135 

The Congruence of Least Degree (Mod. ppi) Which 

* Satisfies. 136 

Factorization (Mod. p) of the Fundamental Equation 137 

The Formula A(*) = U’D. 139 

The Hilbert Elements. The Different and the Divi¬ 
sors of the Discriminant. 140 























xviii TABLE OF CONTENTS 

CHAPTER V 

THE CONTRIBUTIONS OF HURWITZ 

ARTICLE PAGE 

78. The Generalized Theorem of Gauss. Another Proof 

of the Primary Theorem. 142 

79. Theorems in Ideals. The Fundamental Theorem 

again Proved. 146 

80. Theorem Regarding the Content of the Product of 

Two Forms. 148 

81. Lemma Preparatory to the Proof of the Primary 

Theorem. 149 

82. Proof that the Number of Classes Is Finite. 151 

83. Proof of the Primary Theorem. 151 

84. Further Consequences. 153 

85. Existence Proof of the G. C. D. of Algebraic Num¬ 

bers. 154 

86. Ideal Numbers. 156 

87. Expression for an Ideal through Two Principal Ideals 157 

88. Equality of Two Ideals. Equivalent Numbers. ... 158 

CHAPTER VI 

THE DIVISORS OF THE DISCRIMINANT 

I. The Irregular Divisors. Hensel’s Work 

89. The Index of an Integer. 162 

90. The Discriminant of a Number. Irregular Divisors. 163 

91. Correspondence of the Factorization of a Function 

(Mod. p) and of p into Its Ideal Factors. 164 

92. Factorization of the Fundamental Equation (Mod. p) 165 

93. The Formula A(£) = U 2 D . 168 

94. The Fundamental Form Satisfies (Mod. p) No Con¬ 

gruence of Degree Less than That of the Fixed 
Realm. 169 

95. The Prime Factors of the Index. 172 

96. Hensel’s Theorem Regarding the Irregular Divisors 

of the Discriminant of an Integer. 176 

97. Another Criterion for the Same Theorem. 177 

98. The Degree of the Form £. 179 



















TABLE OF CONTENTS 


xix 


ARTICLE PAGE 

99. Realms in Which the Discriminant of Every Integer 

Is Divisible by a Definite Prime. Example. 181 

100. A Second Example. . 184 

101. Hensel’s Theorem Regarding the Divisors of the 

Index of a Number. 188 


II. The Regular Divisors. The Fundamental Ideal 

102. Every Prime p Which Is Divisible by the Square of a 


Prime Ideal, Divides D. See also Art. 30. 194 

103. The Inverse of Above Theorem. 195 

104. The Ring-Leader of an Order-Modul. 202 

105. An Interesting Consequence. 208 

106. The Ring-Leader and the Fundamental Ideal. 210 

107. The Ring-Leader and the Different. 213 


108-9. The Fundamental Ideal and the Basal Invariant D. 214 


CHAPTER VII 


ALGEBRAIC UNITS 


110 . 

111 - 2 . 

113. 

114. 
115-9. 


120 . 

121 . 

122 . 

123. 


I. The Dirichlet-Dedekind Theory 

# 

Definition of Algebraic Unit. 

All Units May Be Expressed through a Finite Num¬ 
ber of Them. Roots of Unity. The Number v. 

Important Lemma. 

Limiting Values for an Integer and Its Conjugates. . 

Distribution of the Fixed Realm and Its Conjugate 

Realms, so that Above Integers Fall into Two 
Groups. 

Derivation of an Infinite Number of Algebraic In¬ 
tegers, Whose Norms Are Less than a Fixed 
Quantity. A Unit Having Some of Its Conjugates 
in One Group, Some in the Other. 

The Determinant of the Logarithms of v Units and 
Their Conjugates. 

Formation of a Determinant of /xth Order Different 
from Zero. A System of v — 1 Independent Units 

To Every Unit there Belongs a Definite System of 
Real Numbers. 


219 

219 

222 

223 

224 

230 

233 

235 

237 

















XX 


TABLE OF CONTENTS 


ARTICLE PAGE 

124. Reduced Units. 238 

125. The Number m of Such Units Is Finite. 239 

126. Property of Such Units. 240 

127. Fundamental System of Units. The Regulator of 

the System. 241 

128. A Unit Reduced with Respect to a Fundamental 

System Has only Zero Exponents. 243 

129. Every Unit Reduced with Respect to a Fundamental 

System Is the mth Root of Unity. 244 

130. The Theorem of Art. Ill Proved. 244 

131-3. Similar Theorems Derived by Bachmann for Order- 

Moduls. 245 

134. An Interesting Theorem in Determinants Due to 

Minkowski. 252 

II. The Hilbert-Minkowski Exposition 

135. Lemmas Due to Minkowski. 255 

136. Theorems Relative to the Absolute Value of the 

Discriminant. 256 

137. Theorem: N(oc)^N(a) | Vz)| . 259 

138. Hilbert’s Statement of the Dirichlet (Art. Ill) 

Theorem. 260 

139. An Important Lemma. 262 

140. Another Derivation of the Determinant of Art. 122. 

Reduced Units. 264 

141. The Dirichlet Theorem Proved. 267 

142. The Fundamental Units. 269 

143. Theorem Regarding Systems of Independent Units. 269 


CHAPTER VIII 

EXTRACTS FROM MINKOWSKI’S GEOMETRY 

OF NUMBERS 

144. Definitions. Distance. Neighborhood. Boundary. 


Cell. Volume . 271 

145. The Computation of the Volume. 275 

146. The Functions S(a, b ) and E(a, b) . 279 

147. Example 1. Proof of Fundamental Theorem (Vol. 

I, Arts. 26 ff.) in Linear Forms. 284 
























TABLE OF CONTENTS 


xxi 


ARTICLE PAGE 

148. Example 2. The Arithmetical Mean of a System of 

Linear Functions. 285 

149. Application to Algebraic Realms. 288 


CHAPTER IX 

THE NUMBER OF IDEAL-CLASSES IN A 


FIXED REALM 

150. Synopsis of Preceding Theory. 293 

151. Reduced Numbers. 296 

152. Statement of the Problem. 297 

153. Computation of the Volume V. 301 

154. A Digression into the Dirichlet Series. The Func¬ 

tion F(t) . 304 


Applications. The Determination of the Number of 


Ideal-Classes of a Fixed Realm 

155. The Class-Number. 313 

156. An Infinite Product Expressed through a Zeta- 

Function. 315 

157. Landau’s Expression for the Class-Number. 317 

158. Two Important Theorems. 321 

159. A System of Fundamental Classes. 323 

160. A Retrospect and a Prospect. Suggestions for 

Further Developments of the Theory. 328 


161. 

162. 

163. 

164. 

165. 

166. 

167. 

168. 


CHAPTER X 

THE ORDER-MODULS 

Definitions. 334 

Ideals of an Order-Modul. 335 

The Ring-Leader Introduced.. 336 

The G. C. D., L. C. M., and Product of These Ideals. 337 
Correspondence of Ideals i in Oi and in 0. Realm- 

Ideals. 338 

The Equality oi=i. 341 

Correlation^ O^and 0 i. 342 

The Primary Theorem. 343 






















xxii 


TABLE OF CONTENTS 


ARTICLE 

169. Equivalence of Ideals of an Order-Modul. Classes 


of Ideals. 343 

170-3. The Number of Ideal Classes. 346 


174. 

175. 

176. 

177. 


178. 

179. 

180. 

181. 

182. 

183. 


CHAPTER XI 


COMPOSITE (FACTORABLE) FORMS 


Definitions. Discriminant of a Form. 

Composite Forms. 

Discriminant of a Composite Form and the Funda¬ 
mental Invariant. 

Corresponding to Every Ideal there Is a Unit-Form 
Whose Discriminant Is the Fundamental Inva¬ 
riant. 

Integers Expressed through Unit Forms. The 

Norms... 

Equivalent Forms. 

Correspondence between the Composition of Ideal 
Classes and the Composition of Classes of Forms. 
Forms with Discriminants Not Equal to the Funda¬ 
mental Invariant. 

Theorems for Ideals of Order-Moduls Analogous to 

Those of Realm Ideals. 

Still Other Composite Forms. Discriminant of a 

Class of Moduls. 


354 

356 

357 

361 

362 
364 

368 

371 

372 
375 


184. 

185. 

186. 

187. 

188. 
189. 


CHAPTER XII 


RELATIVE REALMS. SUB-REALMS. 

SUPER-REALMS 


Definitions. 

Properties of the Relative Different and of the Rela¬ 
tive Discriminant. 

Relation among the Discriminants. 

Relation among the Differents. 

Discussion of the Laws of Reciprocity. 

Fundamental Concepts and Definitions. The Rela¬ 
tive Quadratic Realm. 


379 

383 

384 

387 

388 

390 




















TABLE OF CONTENTS xxiii 

ARTICLE PAGE 

190. Basis of the Relative Realm, when the Number of 

Classes h Is Equal to Unity. 392 

191. When the Number h Is Greater than Unity. 395 

192. Ideals of the Relative Realm. 396 

193. The Relative Different and the Relative Discrimi¬ 

nant. 398 

194. Theorems Regarding the Divisors of the Relative 

Discriminant. 398 

195. The Prime Ideals of the Relative Realm. 400 

196. Criterion as to Whether Prime Ideals in Sub-Realms 

Are Factorable in the Super-Realms. 402 

197-8. The Relative Discriminant, when h is an Odd Integer 408 
199-200. Simple Cases of Hilbert’s Quadratic Law of Reci¬ 
procity. 411 

201. Hilbert’s Primary Prime Ideals. 414 

202. Examples for the Introduction of the Notion of Class- 

Realms. 420 

203. When the Stock-Realm Is Imaginary.427 

204. When the Stock-Realm Is Real. 430 

205. Realms with Odd Class-Number. 431 

206-7. Examples. 433 

208. Remark Regarding Relative Realms of Higher De¬ 

grees. 439 

CHAPTER XIII 

THE GALOIS THEORY. SUBSTITUTIONS. 

PERMUTATIONS 

209. Primitive and Imprimitive Realms. 441 

210. Normal Realms. The Galois Resolvent. The Norm 

of a Realm Is a Normal Realm. 444 

211. The Substitutions of a Normal Realm. 447 

212. Composition of Substitutions. Group of Substitu¬ 

tions. 450 

213. Permutation Groups. Cyclic Permutations. Abe¬ 

lian Groups. 452 

214. The Galois Groups. Isomorphism. Affect. 455 

215. Transitive and Intransitive Groups. Systems of 

Intransitivity. 4 g 2 
























xxiv 

ARTICLE 

216. 

217. 


218. 

219. 

220 . 
221 . 


222 . 

223. 

224. 

225. 

226. 
227. 


228. 

229. 

230. 

231. 

232. 

233. 

234. 

235. 

236. 


TABLE OF CONTENTS 


PAGE 

Primitive and Imprimitive Groups. Primitive 

Realms Have Primitive Groups.. • • • 463 

Application of Permutation Groups to Equations. 
Cauchy’s Method. Effect of Permutation Groups 
upon Functions of Independent Variables. Func- . 

tions Belonging to a Group. The Symmetric 

~ . 469 

Group.. 

Transpositions. Cycles. Cyclic Permutation.474 

Permutations of the First and Second Kinds. The 

Alternating Group. .......... 4 

Divisors of Groups; Sub-Groups and Conjugate 
Groups. Theorems of Lagrange and of Cauchy.. 488 
Reduction of the Galois Resolvent. Normal Divisors 
of a Group. The Lagrange Theorem. The Ad¬ 
junction of Normal Divisors of a Group. The 

Intersection of Groups.* " *' _ n ? 

The Groups of the Resolvents. The Resolvents. .. 501 
Reduction of the Galois Group through Adjunction 

of Arbitrary Irrationalities. 

Remarks Regarding the Divisors of Groups. 507 

Imprimitive Groups. 

Abelian Equations. •’ ' ' ,- 01 

Reduction of Abelian Equations to Cyclic Equations. 52 


CHAPTER XIV 

SLATIONS OF A REALM TO ITS DIVISORS 

. 528 

Relative Norms.*. roi 

Primitive Roots of the Prime Ideals. ^ 

Relative Discriminants.. • • • • .. 

Prime Ideals in Relative Normal Realms, ltclatnc 

Abelian and Relative Cyclic Realms. _ 44 

Ideals in the Divisors of the Realm &••••••• y . 

The Divisor Realms Which Belong to a Prime Ideal. 

The Separation Realm. The Inertia Realm. ^ 

The Branch-Group. ggg 

The Higher Branch Realms. ■ . . g 

Factorization of the Fundamental Ideal. 





















ARTICLE 

237. 

238. 

239. 

240. 

241. 

242. 

243. 

244. 

245. 

246. 

247. 

248. 

249. 

250. 


TABLE OF CONTENTS xxv 

CHAPTER XV 

THE GALOIS REALMS OF RATIONALITY 

PAGE 

The Galois Equations; Abelian Equations; Cyclic 
Equations. The Substitutions of the Realm Form 

a Group. Relative Realms. 561 

A Direct Establishment of a Theory of Ideals for 

Galois Realms by Hilbert. 566 

Foundation of an Ideal Theory for Any Algebraic 
Realm upon That of Its Associated Galois Realm. 569 
The Different of the Galois Realm $ Is an Invarian- 
tive Ideal and Its Discriminant Is a Power of the 


Different. 571 

The Arithmetical and Algebraic Relations among the 
Galois Realm and the Sub-Realms, the Group and 
the Sub-Groups. The Separation Realm; The 

Inertia Realm; Their Associated Groups. 573 

Relations among These Respective Groups. Dis¬ 
tribution of a Prime Integer p into Its Prime Ideal 

Factors. 575 

The Factorization of p in the Sub-Realms of &... . 580 
Correlation of the Ideal Factors of a Rational Prime 

Integer in a Realm and Its Sub-Realm. 582 

Application of the Above to the Separation Realm. . 592 
The Same for the Inertia Realm. The Branch- 

Group and the Branch-Realm. 595 

The One-Stroked Branch-Realm and Associated 

Group. 602 

The Two-Stroked, etc., Branch-Realms and Groups. 
Important Consequences That Have to Do with 

Algebraic Equations. 607 

The Powers of Prime Ideals or of Rational Primes 
That Are Factors of the Different or the Dis¬ 
criminant of $. 610 

Minkowski’s Theorem Regarding the Units of a 
Galois Realm. 615 














XXVI 


TABLE OF CONTENTS 


CHAPTER XVI 

DEVELOPMENT OF ALGEBRAIC NUMBERS 
IN SERIES. THE p-ADIC NUMBERS 

ARTICLE PAGE 

251. Development of Numbers of a Realm R(co) with 

Respect to an Arbitrary High Power p m of a Prime 
Ideal as Modulus in Power Series (p-adic Num¬ 
bers). The Development Numbers p and ir. 620 

252. The Foundations of Hensel’s Theory of Algebraic 

Numbers. A Regular p-adic Series. A Branch- 
Position . 627 

253. The Image Realm. 631 

254. The Branch-Discriminant. The Branch-Number. 

Expression through It of the Power of p That 
Divides the Image Realm. 637 

255. The Images of the Conjugates of 9?(w) Form a Num¬ 

ber of Systems of Conjugate Realms. 641 

256. The Highest Power of p Which Divides the Dis¬ 

criminant of 9?(w) Is Determined through the 
Branch-Numbers That Correspond to the Indi¬ 
vidual Branch-Discriminants. 644 


Index 


649 









FOUNDATIONS OF THE 
THEORY OF ALGEBRAIC NUMBERS 




CHAPTER I 

THEORY OF IDEALS 

Art. 1. Divisibility. A rational or fractional number 
X belonging to a finite realm of rationality ft = $(0) is said 
to be divisible 1 by the algebraic number a. of the same 
realm ft, if there is in ft an integral algebraic number £ 
such that 

X = a£. 

When ft is the realm of rational numbers and the dis¬ 
cussion lies in the field of natural numbers, we note the 
existence of a greatest common divisor of several numbers, 
and we have the very important theorem that if the 
product of several numbers is divisible by a prime integer p, 
at least one of the factors must be divisible by p. From 
this fact it follows that every number is resolvable into a 
product of its prime factors in one and in only one way. 

If, however, ft is an arbitrary algebraic realm of 
rationality, we meet with a difficulty: If in the definition 
of divisibility we limit the discussion to a definite realm ft 
and if we define divisibility here as we have just done for 
the realm of rational numbers, there is no greatest 
common divisor of several numbers. 2 If, however, we 
neglect the realm of rationality ft and permit the dis¬ 
cussion to extend to the general realm of all algebraic 
numbers, there is something which corresponds to the 
greatest common divisor in the theory of natural num¬ 
bers. There are then no prime numbers and the theorem 
regarding the unique factorization (or reduction) of a 

1 Vol. I, Art. 89. 

*Vol. I, Art. 113. 


1 
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number into its prime factors does not exist. Since we 
cannot lose sight of the conception of prime number and 
of the unique reduction of a number into its prime factois, 
we must in the extended definition of divisibility limit 
the discussion to a definite realm of rationality and pro¬ 
ceed with our definition with this notion in the fore¬ 
ground. To avoid the difficulty which we have just 
noted, the conception of divisibility 1 may be extended as 

follows: 

If X and 0, 7 , • • • are arbitrary numbers of the 
algebraic realm of rationality ft, then X is said to be 
divisible by the complex of numbers a, (3, y, • • •, if there 
exist in ft numbers £, v, • • •, such that (1) they are 

integral; and 

(2) \ = a£+Pv + tM-• 

For the case that ft is the realm of rational numbers such 
an extension of the conception of divisibility is superflu¬ 
ous, 2 for the rational number X is divisible by the complex 
of rational numbers «, 0, y, • • •, when and only when 
there is a rational integer w such that X = dw, where d is 

the greatest common divisor of a, 0, y, 

In this case, where ft is the realm of natural numbers, 

the divisibility through a complex of numbers may be at 
once replaced by the divisibility through one number; and 
that is, the theory of linear forms in several indetermi- 
nates reverts into the theory of linear forms in one 
indeterminate. However, this is not true for the more 

general algebraic realms. 

Art. 2. Ideal. All algebraic integers of a realm 
q of the nth degree form a finite modul, which we de¬ 
noted 3 by o. If the n algebraic integers an, «*, • * > 

i See also Vol. I. Arts. 113 and 206. 

* Vol. I, Art. 113. 

* Vol. I, Art. 108. 
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form a basis of the modul o, this basis has the property 
that the linear form 

0) lXl -f“ €02^2 “4“ * ’ ‘ +to n £ n , 

for integral rational values of the x’s, expresses only 
algebraic integers of the realm 12 . Reciprocally, every 
algebraic integer of the realm 12 may be expressed through 
the form 

toi£i + to 2 X2+ * * ’ +to n £n, 

where x Xi x 2) • • •, x n are rational integers. This modul o 
of the nth degree, which includes all the algebraic integers 
of this realm, is a “ ring-modul.” 1 It satisfies, as we 
have already seen , 2 the two equations 



We shall designate such an order-modul as the 'principal 


order-modul of the realm 12 . 

Suppose next that or, 0, 7, • • • are arbitrary numbers of 
the realm 12. Then all numbers X which have the property 
of being divisible by the complex of numbers a, 0, 7, • • •, 
and which accordingly may be expressed in the linear form 


where £, 77 , f, • • • are algebraic integers in 12 , constitute a 
finite modul of the nth order. 

In Art. 115, Yol. I, the following definition of a modul 
was given: A modul is a system of numbers such that the 
difference of any two numbers of the system is again a 
number of the system. If then X and X' are two numbers 
that are divisible by the complex or, /3, 7 , • • • and which 
therefore may be written in the form 

X = o:£+/3t7+7$'-|-, 

X' s =a^ , +/3i7 / +7f , + • • •, 

1 See Hilbert, Bericht, p. 237. Such a modul we called in Vol. I, Art. 169, 
an order- or ring-modul. 

* Vol. I, Art. 133. 

3 
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it is clear that 

x_x / =att-n+i8(i?-V)+7(r-r / )+• • •• 

Since are all algebraic integers, 

X —X' is divisible by the complex a, ( 3 , y, • • •. Further, 
since £, 77, f, • • • are algebraic integers in ft, they may be 

expressed in the form 

£ = CO1X1 + 0 ) 2 ^ 2 + • * * 

V = Wl?/l+C02?/2+ • • • + w »2/"> 
f = C0 i2i + W222+ * * ' 

where «i, z 2 , • • *, x n , 2 /i, 2/2, • • •, 2 /«» 2 2, * * *» are a11 

rational integers. It follows that 


X = aoJiX 1 +aco 2 i 2 H-h aw„a:„ + 0 w , 2 /1+M2/2 H-> 

and consequently the collectivity of numbers X, which are 
divisible by the complex or, 0 , 7, • • is the same as the 
collectivity of the values of a linear form consisting of 
a number of integral rational indeterminates 1 x u x if 
Vu V» *1. and with coefficients 

««„ mo 2 , • • /Scoj, • • •, that belong to the realm Q. 
The totality of the X’s forms therefore a finite modui in 

the realm ft, since the number of numbers aa u ««2, * * *> 
au>„,Pw 1, • • •, is finite and these numbers all belong to the 
realm ft. The order 2 of a modui, however, in a realm of 
the nth degree, is at most equal to n. On the other han , 

this order is at least n, since the numbers a«„ aaj, ■■■, 
auJn are divisible by this modui, and these quantities are 


linearly independent. 3 , , . , . 

Such a modui which consists of all algebraic numbers 

of the realm Q, that may be expressed in the form 


+ 7 fH- > 

where the coefficients a, 0, 7, • • • are integral or fractional 

. We shall see eventually that this notion leads to the Kronecker Theory of 

Forms given in Chnpt. IV. 

2 Vol. I, Art. 168. 
s Vol. I, Art. 147. 
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algebraic numbers of the realm 12, and where the in- 
determinates £, r\, f, • ■ • are all algebraic integers of the 
realm 12, is called an ideal, and is denoted by (a, 0 , 7, • • •). 
Accordingly, an ideal is a modul of the nth order in a realm 
of the nth degree, formed hy the collectivity of values of a 
linear form 

7 f-l-, 

in which a, 0 , 7, • • • are integral or fractional algebraic 
numbers of a realm 12 of the nth degree, and where the 
indeterminates £, 77, f, • • • take all the algebraic integral 
values of 12. Every number that belongs to this ideal is 
said to be divisible by the ideal, the analogous terminology 
of the modul theory 1 being adopted. The ideal (a, 0 , 7, 

• • •) consists of the collectivity of numbers that may be 
expressed in the linear form 

cti+fa+yH -, 

where £, 77, f, ••• are algebraic integers of 12; and the 
modul [a, 0, 7, • • • ] consists of the totality of numbers 
which may be expressed in the linear form 

otX+ 0 y + yz-\ - 

for rational integral values of x, y, z, • • •. To avoid 
confusion, the square brackets [ ] are used to indicate a 
modul. 

Art. 3 . Let a be an ideal, X a number divisible by a, 
and let w be an arbitrary number divisible by 0, that is, 
an arbitrary algebraic integer in 12. If a = (a, 0, 7, • • •), 
then is 

X = a£+077+7$'+ .. . f 

where f, 17, f, • • • are algebraic integers in the realm 12. 
It is evident that 

Xco = -f- p-gco -f- 7$*aH-- =a£'+/3i7 / +7f , -f-, 

where £', V, f', • • • are algebraic integers of the realm 12; 

1 Vol. I, Art. 114. 
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and consequently Xoj is divisible by a. If then X is a 
number divisible by the ideal a, and co is an algebraic 
integer of ft, it is seen that Xu is divisible by a. In a 
similar manner, the sum of such products, 

^(Xw) =XiW (1) +X-;CO (2) + • * • + X*0> (A) , 

is divisible by a, where Xi, X>, • • •, X* are arbitrary num¬ 
bers divisible by the ideal a; a> (1) , w (2) , • • w (fc) being 
arbitrary algebraic integers of the realm ft are conse¬ 
quently integers of o. If then a is an ideal, it follows 

that 

ao>a. 


Reciprocally, it is asserted: If ao>a, then a is an 
ideal, provided of course that a is a modul of the realm ft 
of the nth degree. For, if a is a modul in the realm ft, 
then a has a basis which consists of at most n elements, 
say, a, 0, 7 , • • • • If ^ is an arbitrary algebraic integer of 
the realm ft, it is divisible by o, and since a is divisible by 
a, it follows that is divisible by ao. Since by hypothe¬ 
sis ao is divisible by a, we see that «£ is divisible by a. 
Further, if rj is an arbitrary integer in ft, then t] is divisible 
by o. Since (3 is divisible by a, we have fa divisible by 
no, and consequently also by a. It is thus shown that all 

algebraic numbers of the form 

a£-\-fa-\- * • *» 

where t, i;, ■■■ are all possible algebraic integers of 9, are 
divisible by a. Since a, (i, 7, • • • are numbers belonging 
to the realm 9, this is the definition of the ideal 0 as 
given in Art. 2. If no>a, and if a is a modul of the 
realm 9, then a is an ideal. The property ao>a is 
characteristic of an ideal. In the sequel it will be taken as 

the definition of an ideal. 

Art. 4. If a is an ideal, then in virtue of this new 
definition, it may be proved that not only is ao>a, but 
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that ao = a. For, since a>a and [1]> o, it follows that 
a[l]>ao or a>ao. On the other hand, since a is an 
ideal, we also have ao>a, and hence it follows that 

ao = a. 

If a is an ideal, then also is ^ = a; for, since ao>a, we 

have o > On the other hand 1 - > ^ or a ^ a an( ^ 

[l]>o. We have, therefore, 

i 

a 

- = a. 
o 

If a is an ideal, it may be proved that a 0 = o, that is, 

- = o. For, since ao>a, we have 
a 

Q 

o>- or o>a°. 
a 

On the other hand, the order-modul of an ordinary modul 
of finite order consists only of integral numbers, so that 
always a°> o. It follows that 2 

a°= o, 

and consequently the order-modul of an ideal is the 
fundamental order-modul. This property of an ideal also 
serves to define it. We may then say that those finite 
moduls of the realm ft, whose order-modul is equal to the 
fundamental o are ideals. This is the best (, foundation ) 
definition of the ideal. The fundamental order-modul 
is itself an ideal, since oo = o. Again observe 3 that the 
order-modul o occupies the same place in the present 
theory as does unity in the usual theory of natural 
numbers. 

1 See Vol. I, Art. 132. 

* Vol. I, Arts. 132, 169. 

* Vol. I, Art. 133, end. 
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The order of every ideal (a, 0,y, • • •) in the realm ft of 

the nth degree is equal to n. For, on the one hand, the 

order of a modul in a realm of the nth degree ^n, and on 

the other hand, the order of an ideal =n, because there 

exists for the ideal a system of n independent quantities, 
namely, 


<20)1, CX( 02, * • ', (XQ } n , 

where (wi, co 2 , • • •, a>„) form a fundamental system in ft, in 
fact, a basis of all integers of this realm. Ideals are 
therefore certain moduls of the nth order in the realm ft of the 
nth degree. 

Art. 5. We shall next prove the following theorems: 

(1) the greatest common divisor, (2) the least common 
multiple, (3) the product, (4) the quotient of two ideals 
are themselves ideals. 

Proof . If a and b are two ideals, it has been shown that 

ao = a and bo = b. 

From Vol. I, Art. 121, it follows that 

(1) (a + b)o = ao + bo = a + b. 

Consequently, a + b is an ideal. For, on the one hand, 
n + b is a finite modul of the realm ft, and on the other 
hand, (a + b)o>a + b. 

Similarly, as was shown in Vol. I, Art. 124, it follows 
that 

(2) o(a — b) > oa — ob. 

To be able to say that the product of two moduls ab is 
an ideal, we need only assume that one of the two moduls 
is an ideal. If then a is an ideal, 

(3) o(ab) = (oa)b = ab, 

and b must of course be a finite modul. 

That the quotient of two finite moduls should be an 
ideal, it is only necessary to assume that either the 
numerator or the denominator is an ideal. For example, 
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if - is a finite modul, and if b is an ideal, then 
a 

and since bo = b, it follows that 



o> 


bo 

a’ 



On the other hand, if a is an ideal, then a- > b and since 
a = ao, we have 

(4) ao->b or 


b 

ao->b 

a 


b b 

o->- 
a a 


Art. 6. A more detailed proof of the above theorems 
is as follows: 

(1) a + b consists of the collectivity of numbers a+fi, 
where a takes all values that are divisible by a, and /3 
assumes all values that are divisible by b. Further, let co 
be an arbitrary integer in Q and consequently an arbitrary 
number that is divisible by o. It follows, if S = a+/3, 
that 

co§ = coa: + co/ 3 . 

If, further, a and b are ideals, it is seen that wa is divisible 
by a, and co /3 by b; and consequently, co 5 , that is, coa+co /3 
is divisible by a+b. It is thus shown that o(a+b) > a + b 
and as a+b is a finite modul, a+b is an ideal. 

(2) If a and b are two finite moduls, then the finite 
modul 

m = a — b 


consists of the totality of numbers, which are divisible by 
both a and b. If, further, co is an arbitrary algebraic 
integer in Q, to which realm the moduls a and b both 
belong, and if /x is an arbitrary number divisible by m, so 
that n = a— /3, where a is divisible by a, and /3 by b, then is 

/xco = aco — /3co. 

If a and b are ideals, aco is divisible by a, and /3co is 
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divisible by b; and consequently juw is divisible by a and 
by b, and therefore also by m. Since the sum of all such 
products no) is divisible by m, it follows that mo>m; and 
as m is a finite modul, it is seen that m is an ideal. 

(3) If a and b are two moduls of the realm ft, the prod¬ 
uct ab consists of all quantities y = where a takes 

all values that are divisible by a, and (3 takes all values 
that are divisible by b. If further o) is an arbitrary 
algebraic integer in ft, and consequently a number 
divisible by o, we have 


= Z ( &(3o)) = (wa)/3+ (c oa')P 'd-, 

where (o> a) =xu)a, x taking all rational integral values, as 
does x' in (oja) =x'o)a', etc. Assume that a is an ideal. 
It follows then that cca, coa', • • • are all divisible by a, and 
consequently coor/3, uxx'(3', • • •, and therefore also yu > are 
divisible by ab. If then an arbitrary number taken from 
ab is multiplied by an arbitrary number of o, the product 
is divisible by ab, and consequently also abo>ab, so that 
ab is an ideal. 


(4) Let k be an arbitrary number divisible by -, 

so that kci > b. If then a is an arbitrary number divisible 
by a, then na is equal to some number divisible by b, say 
(3. If further w is divisible by o, then Kao) = (3o). If we 
assume that b is an ideal, then ko)oc = (3o) is divisible by b, 

so that Ko>a > b, and consequently ko) > -. Hence, since the 
product formed by an arbitrary number of the modul - 
and an arbitrary integer of o is always divisible by -, 


it follows that - is an ideal. 

a 
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If, on the other hand, we assume that a is an ideal, b 

being of course a finite modul, and if k is divisbile by -, 
then a*>b. But since ao = a, we also have 


ao K>b 


or 


b 

Ok' > — • 

a 


Since k is any number of it follows that - is an ideal. 

J a a 

As o is itself an ideal, it follows from the theorems just 

f 

proved, if f is an arbitrary finite modul of ft, that fo>- 


and is an ideal, as is -*• 

Art. 7. Principal Ideal. If a is an arbitrary number 
of the realm ft, then oa is always an ideal, for o(oa) 
= o 2 a > oa. Such an ideal is called a principal ideal 
(Haupt-ideal) and sometimes written (a). The number 
a is said to produce the principal ideal oa. This principal 
ideal consists of numbers of the form a£, where £ takes all 
values that are divisible by o, that is, all integral values 
of ft. The principal ideal o/3 consists of all numbers of 
the form /S ij, where rj takes all values divisible by o, etc. 
The collectivity of values 

where £, rj, f, • • • are arbitrary integers in ft, and conse¬ 
quently divisible by o, form the ideal (a, 0 , 7 , •••). 
This ideal is consequently the greatest common divisor of 
the ideals ao, /3o, • • •. It follows that every ideal is 
either itself a principal ideal or the greatest common 
divisor of several such ideals. 

If ft is the realm of rational (natural) numbers, then 
there are only principal ideals, since here ( 01 , a 2 , • • •, 
a n ) d ), where d is the greatest common divisor of a h a 2 , 
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• • •, a n . On this account there is no need of the theory of 
ideals in the treatment of natural numbers. 1 

It will be seen later (Art. 21) that if 12 is an arbitrary 
realm of finite degree, every ideal that is not a principal 
ideal may be expressed as the greatest common divisor of 
two principal ideals. 

If e is an algebraic unit, that is, if e and 1/e are algebraic 
integers, then the principal ideal which is produced by 
this algebraic number is 

Oe = 0. 

For, oe consists of the collectivity of numbers coe, where u 
takes all values divisible by o, and consequently 

(1) oe > o. 

On the other hand, since [l]>oe, it follows that 
0 [ 1 ]> 00 €, or 

(2) 0>0e. 

From (1) and (2) it is seen that 

o= oe. 

If a is an arbitrary number of the realm 12, it follows from 
what we have just seen that 

Oea = 0a = (<*). 

Two numbers such as a and ea, which differ only by a 
multiplicative unit are called associated numbers. 2 We 
have the theorem: 

Associated numbers produce the same principal ideals. 
For a number that is divisible by oa is also divisible by 
oea and vice versa. 

Art. 8. Reciprocal Ideals. Theorem. If a is an 

ideal different from zero in the realm 12, there is always one 
and only one ideal b in 12, such that ab = o. 

i Vol. I, Art. 113. 

* Vol. I, Art. 91. 
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We have already seen 1 that there is always a modul f in 
ft such that a! = lij, where Ui is a unit-modul, and that is, a 
modul which contains only algebraic integers of ft, 
including unity. 

It follows that 

aof = oui. 

If then we write of = b, then b is an ideal in ft, and we have 

ab = oui. 

Since m is a unit-modul, Ui>o, and consequently 
oui>oo>o. On the other hand, 1 is divisible by Ui, 
and consequently o l or o>ouj. It follows that oui = o, 
and also that ab = o. 

To prove the second part of the theorem, namely, that 
there is only one ideal b, such that ab = o, assume that 
there is a second ideal c, where 

% 

ac = o. 

Since c is an ideal, it would follow that co = c and that 

abc = (ab)c = oc = c. 

Similarly, it is seen that 

abc = (ac)b = ob = b; 

and consequently 

b = c. 

This ideal b which is uniquely determined through the 
relation ab = o, is denoted by a -1 . Thus it is seen that 
aa -1 = o. It is evident that a -1 5^0, since o=^0. If 
b = a -1 , then b _1 = a, and consequently (a -l ) -1 = a. For 
this reason we may call the two ideals a and a -1 reciprocal 
ideals. 

Art. 9. The theorem of the preceding article may be 
• generalized as follows: If a and b are two ideals in ft, there 

1 Vol. I, Art. 163. 
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is in 12 one and only one ideal f, such that 

af = 6, 

and f = ba _1 is this ideal. 

We have also the important result 

- = ba -1 . 
a 

For, suppose there is an ideal f such that af = b. We 
then have 

a _1 af = ba _1 . 

And, since a _1 af = of, and since furthermore f is an ideal, 
so that of = f, it is seen that 

f = ba -1 . 

That this ideal f satisfies the condition af = b, is seen at 
once, since 

af = aba _1 = ob = b. 

It is further evident that f = ba _1 is the only ideal in 12 
which satisfies the condition af = b. 

If, however, f = ba -1 , then af = b and consequently af > b. 
Hence, 

(1) faba -1 >-* 

a 

On the other hand, -a>b, and consequently -aa -1 or 

a a 

b b 

-o>ba _1 . And since - is an ideal, being the quotient of 
a a 

two ideals, it follows that 


( 2 ) 


- > ba" 1 . 
a 


From (1) and (2) we obtain 


- = ba _1 . 
a 
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In the case of a principal ideal, say oa, where a is an 
arbitrary number of the realm ft, it may be proved that 

(oa) -1 = Oa -1 . 

For 

0a 0a -1 = oaa -1 = 0; 

and from this it follows that 

Oa -1 = (oa) -1 . 

If a=l, it follows from the last result that o _1 = o. 
It is also seen that if a is an arbitrary ideal in ft; and if we 

write b = o, then is oa” 1 = — • And since a -1 is an ideal, 

a 



From this it is seen again that in this theory o plays the 
role of unity. 

We further have 

(ab) _1 = a -1 b -1 . 

For, writing 

it follows that f is uniquely determined through the • 
condition 

abf = o. 

Since 

aba -1 b“ l = aa _1 bb _1 = oo=o, 

it follows that 

(ob)- 1 = f = a-'b-K 
From this it follows also that 
(abc- • -)~ 1 = n —1 (bc • • -) _1 = a_1 b _1 (c- • *) _1 = a -1 b - ~ I cr 1 • • •. 
Writing 

a = b = c= • • •, 

it follows that 

(a")” 1 = (a -1 )”. 

This latter ideal we shall symbolize by a~ n . 

It is seen from this that a“ n may be regarded as either 
the reciprocal ideal to a n , or as the nth power of the ideal 
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that is reciprocal to a. From this definition it is clear 
that the following theorems are true for the negative 
values of the exponents: 

(ab) n = a n b'‘, 

(abc •••)” = a n b"c n • • •, 

(a n )“ = a n> , 
a r a* = a r+ \ 


That these theorems are true for positive values (in¬ 
cluding zero) of the exponents, follows from the general 
modul theory. 1 

Art. 10. In the theory of ideals many theorems of the 
general modul theory assume a more complete form, in 
that equality takes the place of divisibility. This is 
illustrated in the following theorems: 

In the general modul theory 2 we have the theorem 

-> —• If, however, a, b, c are ideals, then 
a ac ’ ’ ’ ’ 

b_be 

a ac 

For, 



In the general modul theory 

b bi bbi 
a ai aai 

If, however, a, b, ai, bi are four ideals, then 

b bi bbi 


a ai aai 

For 

fi f bb 

- 1 = ba _1 bia _1 = bbia _1 ar ] = bbi(aai) -1 =rr • 

a aj afl i 

1 Vol. I, Art. 125. 

2 Vol. 1, Art. 131. 
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If a, b, bi, ai are four ideals, we further have 

b 

fl bfli 

bi~ abi 
ai 

We may first prove the important theorem that 

< ' •' 

o _a ; 

b“b* 

a 

From the preceding article, 

l = (iy = (ba-')-' = b~'a = l. 

a 

Hence, it follows that 

b 

j^_b fli bfli 

bi a bi a bi abi 
a i ai 

If b = a+b+cH-, then b _1 = a -1 — b _1 — c _1 -; and 

ifm = a —b —c—•••, then m _1 = a -1 +b -1 +c _1 + 

We shall prove these two theorems for the case of two 
ideals, but it is evident that they may be extended to the 
case of three or more ideals. Suppose that a and b are 
two ideals and that b = a+b, so that b is also an ideal. 
From Formula VI, Vol. I, Art. 131, it is seen that 


o 

b 


o 

a 


o 

b 


or 


b J = a l — b _1 = [a+b] _1 


If further 

? = a- 1 +b- 1 , 

then from the theorem just proved, 

r 1 = (a -1 ) -1 - (fi -1 )" 1 = a - b=m. 
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Hence, 

[a - b ]" 1 = [jr 1 ] -1 = f = cr 1 + 

In general we have 

(a + b+c+ • • •) —1 = ci —1 — b —1 — c ”~ 1 — • • •, 
(a —b —c— • • -) _1 = a ~ 1 + b _ 1 +c _ 1 -f- 


Using these formulas we may again render complete other 
formulas in the general modul theory, namely, 


If a, 

b, c, b, m are ideals, 


(1) 

cb = ca + cb 

(Vol. I, Art. 127); 

(2) 

cm = ca — cb 

(Vol. I, Art. 128); 

(3) 

cr 

3 

II 

cr 

(Vol. I, Art. 128). 


Since the first theorem is true for moduls in general, it 
need not be considered further here. 


To prove (2) observe from above that 

m -1 = a -1 + b _1 

m -1 c _1 = a _1 c _1 + b -I c -1 = (ac) _1 + (be) -1 
and consequently 

me = ac —be. 

For the proof of (3), we have 

in -1 = a -1 + b _1 , 

so that 


m 1 ab = (a x 4-b 1 )ab = a J ab-fab 1 b = b + a = b. 
Hence it follows that 

ab = mb. 


Art. 11. If a is an arbitrary modul of the nth order in a 
realm 12 of the nth degree, and if rj is an arbitrary number 
of this realm, it was proved (Vol. I, Art. 167) that 


(fl> ag) 

(cu 7 , a) 

If we put a = o, it is evident that 



iS-WI- 
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This property of the principal order-modul o leads to the 
following definition: If a is an arbitrary ideal , N{ a) is 
defined through the formula 



Thus the norm of any arbitrary ideal is a positive rational 
number. 

Suppose that the n independent quantities «i, o> 2 , • ■ •, 
£o n form a basis of o, and consequently also a basis of ft. 
Further, let oa, a 2 , • • •, <*„ be a basis of an arbitrary ideal a 
in ft, where ft is a realm of the nth degree. It follows that 


a r = a r ioji-\-a^(x) 2 -{- • • • -j-a rn o) n O'-*!* 2, • •*, n), 


where a*, a^, • • •, a rn are integral or fractional rational 


numbers. 

If the determinant 
(Vol. I, Art. 153) that 


a r » | is denoted by A, it is seen 



We also saw (Vol. I, Art. 94) that 

A (a) =A 2 A(o) = A 2 D, 

where D = A(o) is the basal invariant in ft, this invariant 
being the fundamental discriminant, and that is, the 
discriminant of o>i, co 2 , •••, <o n (Vol. I, Art. 94). We 
therefore have 


A (a) = A 2 A(o) = V(a) 2 A(o) =N(a) 2 D; 


and consequently 

■\t/ x , lM a) , /A(a) 

V(a) = +yl-D-=+y]^- 

A more general formula may be derived as follows: 
In Vol. I, Art. 140, we found that 

(o, a)(a, b)(b, o) = (o, b)(b, a)(a, o), 


4 
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or 

(o, b) 

(a, b)_(b, o)_N(b) 

(b, a) (o, a) N(a) 

(a, o) 

This formula is also a generalization of the definition of 
A r (a). For, if we write in this formula a = o, we have 

(o, b) mb) 

(b, o)~N(o)~ N ^’ 

since 

AT(o)=^-^ = l. 

(o, o) 

Other generalizations of this formula for N(a) may be 
had as follows: Let a = (on, a 2 , •••, a„) and b = (/3 lt fi 2 , 
• • •, /3„) be two ideals in fi. As their respective elements 
form two bases in this realm, we must have 

/3 r =C r \Cii+C r2 Ct2 H * H-Crn^n ( r=1 » 2 » n )» 

where c r) , c^, • • •, c r „ are integral or fractional rational 
numbers. If we put \c r , \ =C f we have (Vol. I, Art. 153), 

, ,_(q, b)_N(b)_ 

11 (b, a) JV(a) 

From Vol. I, Arts. 64, 144, we found that 

A(/?1, /3 2 , • • *, /3r») =C 2 A(«1, a 2 , •• *,««); 

and consequently 

A(b) /AT(b)V 

A(a) \iV(a)/ ’ 

If the special case of the principal ideals be considered, 
we have 

N(orj) = | N(v) I ; 

A(or?) (N(ov)Y 

A(o) V-^(o)/ 


for 
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Then observe that 

A{orj) =iV(ij 2 )A(o) and A r (o) = l. 

If finally a and b are two ideals, and if b>a, so that 


(b, a) = 1, then is 


V 



Consequently N(b) is divisible by A r (a), if b is divisible by 
a. The inverse of this theorem is not true. 




CHAPTER II 
INTEGRAL IDEALS 


Art. 12. Definition. An ideal is said to be integral , if 
it consists only of algebraic integers. 

In every such ideal i there are always n integers 
ii, i 2 , • * which have the property that every number 
(integer) 7 of the ideal may be expressed in the form 

7 = aiti+n 2 t2+ • • • +a n i n , 

where the a’s are rational integers. 

To prove this, let k 0 , hi, h ly • • • denote rational integers; 
and write down all numbers of the ideal which have the 
form 

yko = a 10W1 + Gt2ok>2 -f- • • • 
yk\ = dna;i+ U 2 i^ 2 + * * * + a* 

7^*2 = 012^1 + 022^2+ • • • +a*2Wjfc, 


where the a’s are rational integers, and the co’s are the 
basis of all integers of ft. 

Let a* be the greatest common divisor of a k0 , a k 1, a k 2, 
••*, so that (A k 0, Aku ••*, denoting definite rational 
integers) 

Afc 0 a*o 4 -A* 1 afci+A* 2 ajt 2 + • • • = a*; 
and put (the b 's being rational integers) 

ik == A a-otA'o ~f" A k iyki d - A k^yko d - * * 

= b u-co 1 + 62 *&2 + • • • + a k u k 

(k — 1. 2, • • n). 

It follows as in Vol. I, Art. 96 , that n, t 2 , • • •, are the n 

integers having the required property. 

22 
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Art. 13. If a and b are two integral ideals, then 
a+b, a —b and ab are integral ideals. The quotient of 

two integral ideals - is an integral ideal only when b > a. 

For, if the quotient of two ideals - is equal to an integral 
ideal g, then 

b u 

a- = ag, or ag = b. 

^X 

If, however, g is an integral ideal, then is 

9>o, 

and consequently 

ag>ao>a, or b>a. 

Inversely, if b>a, where b and a are ideals, then - 

is an integral ideal. For, it was shown in Vol. I, Art. 161 

that if b>a, where a is a finite modul, the modul - 

consists only of algebraic integers. Thus, while the first 
part of the assertion is true only for ideals, the second is 
true for arbitrary finite moduls. 

Next suppose that a is an ideal and let a be a number 

divisible by a. Then is ao>a and consequently also — 

^X 

is equal to an integral ideal, say g, so that 

ag = ao. 

We thus have the theorem: Every ideal a may, through 
multiplication by an integral ideal, be transformed into a 
principal ideal , and further, the number a which produces 
the principal ideal is divisible by a. 

In the theorem of Art. 8, Vol. II, 1 we saw that associated 
with every ideal a there was another ideal b such that 
ab = o, and from this it follows that every ideal can by 
multiplication with a second ideal (not necessarily 

1 Vol. II will hereafter be omitted when reference is made to the present 

volume. 
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integral) be transformed into a principal ideal. What is 
new in the above theorem is the fact that the ideal a is 
multiplied by an integral ideal and thereby produces a 
principal ideal. 

Art. 14. The Primary Theorem. The fact that every 
integral ideal i may be multiplied by another integral 
ideal ii so chosen that Ui = oi, where ot is a principal 
ideal, must be made fundamental in the general theory of 
ideals. For with the proof of this theorem a second 
theorem may be proved, namely, if c>a, where c and a 
are integral ideals, a third integral ideal b may be found 
such that c = ab. Reciprocally, if the latter theorem is 
proved, the former theorem follows; for, if a is any 
integer in i, then the ideal oa is divisible by i. And, 
admitting the second theorem, it follows at once that 
oa = iti, which is the first theorem. Further, if c > a, then 
ci> at for every ideal i. And admitting the first theorem, 
namely, «i= oa, it follows that there exists an ideal i such 
that ic > oa. It then follows that all the integers of ci are 
of the form «a, the w’s being integers in o. And the 
collectivity b of these integers coa, which correspond to 
integers of ci, form an ideal. To prove this we have only 
(Art. 4) to show that the condition ob = b is satisfied. 
Let an be any other integer in o; then is an • ua = ana; • a an 
integer in ci, if wa is such an integer. Hence, ohoj is an 
integer in b. Multiplying the equality ci = ba by a we 
have aci = aba; and since ai=oa, it follows finally that 

c = ab. 

Hence, in the proof of the theorem, namely, if c>a, 
there exists an ideal b such that c = ab, we may confine our 
attention to the proof of the first theorem, namely. 
Corresponding to any ideal i there exists a second ideal ii 
whose product is a principal ideal. 
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Either of these two theorems, which have the same 
content, will be referred to as the Primary Theorem. 

Preliminary to the proof of this theorem we must 
prove a lemma, upon which depends a generalization of 
the Gaussian Theorem of Vol. I, Art. 4. 

With Dedekind 1 let 

f(x)=c 0 x a +c l x 3 ~ 1 -\ -bCs-iZ+C, 

be an integral function of x with integral algebraic 
coefficients and let w be a root of the equation 

/(*)= 0 . 

Further, write 

C l = CoCo , -l-Cia) ,-1 + • • • -f-C(i = 0, 1,2, 

and observe that 

C , + i — C ,co = c l+ i 

is a recursion formula, through which the capital C* s may 
be expressed through the small c’s with C 0 = c 0 . 

Due to the fact that 

CoCO* + CiO ) 8_1 -}-••• -f-c a = 0 , 
we have at once 

Ci = c 0 o) , +Cico l_1 -f- • • • +c,-, 

Ci<a = Coc*> l+1 H-CiO) l 4- • • • +C,co, 


C i0) a ~= Coo) 8 " 1 + Ci co 8 " 2 H-be,'co 8 '- 1 , 

C id) 8- { = —C i+iO) 8- <_1 — c i+ 2 <o 8- i_2 - c S} 

Ci W 8 “ <+1 = — C» + iO) 8_i —c l+2 w a_ ' -1 -- — c a 0>, 

C iO ) 8-1 = — C.-+ 1 C 0 8-2 — Ci + 2 a) 8-3 — • • • —c s co‘ _1 , 

Ci( 0 8 = — C, + i 0 ) 8-1 — Ci + 20 ) B ~ 2 — • • • — c s co\ 

From the first s of these equations we have Ciw k (k = 0, 
• • •, s — 1) expressed through the quantities cw*, where the 
c’s are algebraic integers; and, eliminating 1, o>, w 2 , • • 

l R. Dedekind, “Ueber einen arithmetischen Satz von Gauss,” Deutsch, 
Math. Ges. in Prag., 1892; Werke, Vol. II, p. 28. 
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a; 8-1 from these equations, it follows as in Vol. I, Art. 52 
that Ci(i = 0 , 1 , • • •, s) are algebraic integers. Omitting 
the expression for C, in the first row of the scheme above 
and taking the other quantities C i o) k {k = \ i 2, •••,$), it 
follows in like manner that C,co are algebraic integers 
(r = 0, 1, • • •, s). 

Observing first that 

~~~ = CoX*~ l CiX 9 ~ 2 
X — CO 

it is seen that the coefficients C are algebraic integers. 
Next let 

m = [a, d] 

be a modul of two elements in which a and 0 are algebraic 

OC 

numbers. It follows that co = - is also an algebraic num¬ 
ber and therefore satisfies an algebraic equation whose 
coefficients, say c,, are rational integers. The greatest 
common divisor of the c’s is unity; and that is, 

[c 0 , C,, • • •, C,] = [1] = J, 

where the modul 3 consists of all rational integers. 

Write C i = so that C.oj = av { . It follows from above 
that ( 3 v ( and avi are algebraic integers. Also from above 
it is seen that 

Cq = ( 3 v q = Co and / 3 y (+ i — avi = c i+ \ [i = 1, 2, •••]. 

From these formulas we may express rationally the 

quantities v lt • • •, v a in terms of a and 0. 

Writing 

n = [^0, vi, • • 

it is clear that the product of this modul by m, and that is, 
mn = [- • •, otv it • • •, ( 3 v t , • • *] = E*' ‘7 av ii * * *> °il 

consists only of algebraic integers and contains also the 
modul 

[c 0 , Cl, • • •, c a ] = 3 . 
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With this again is proved the lemma in question: 
Every modul m, consisting of two elements which are 
algebraic integers , may be multiplied by a second modul n 
whose elements may be expressed rationally through the 
elements of m, such that the modul mn has as elements only 
algebraic integers including the rational unit 1 . 

Extending this theorem as was done in Vol. I, Art. 163, 
it is seen that any modul m consisting of n elements that 
are algebraic numbers may be multiplied by a second modul n 
whose elements may be expressed rationally through the 
elements of m and such that the product mn is a modul, 
whose elements consist only of algebraic integers including 
the modul [1] = $. 

Art. 15. The Generalized Gaussian Theorem. We 
are now in a position to prove first the Gaussian Gener¬ 
alized Theorem and therefrom the Primary Theorem . 
Writing the functions A(x), B(x), C(x), where A(x)B(x) 
~C(x), in the form 

A{x) =a 0 (x — oii)(x — af) • • -(x — a m ), 

B(x)=b 0 (x-(3 l )(x-p 2 )' • •( x-Pn ), 

C(x) =c 0 (x — <x)i)(x — co 2 ) • • *(.r — 60 m+n ), 

it is seen by a repetition of the theorem of the preceding 
article, that if the coefficients in C(x) are algebraic 
integers, the coefficients of the resulting expressions, 
when C(x) is divided by any number of linear factors 
x—c o<, are also algebraic integers. These coefficients, 
consisting of the sums of products of the form 
Co«i«jtG>r • •, constitute all the terms of the product 

Co(l+0>l)(l+«2) • • • (l+Wm+n). 

Further, these terms are identical with the terms in the 
combined products 

ao(H-ai) ( 1 + 0 : 2 ) • • -(1+0, 

6o(l+^l) ( 1 +^ 2 ) * • • (1 +0n). 


28 THE THEORY OF ALGEBRAIC NUMBERS 


And that is, if c 0 nw f is any term of the first set, there is a 
term in the product a 0 Uajb 0 IiPk which is equal to it. 

It follows, since a 0 6 0 = c 0 , that the product UajUfik is an 
algebraic integer. 

Observing that every coefficient a } - of A(x) is an 
aggregate of terms of the form a 0 na>, while every coeffi¬ 
cient b k of B(x) is an aggregate of terms of the form 
6 0 n/?A-, the extended Gaussian Theorem is proved, namely: 
If the -product C of two functions A and B has only integral 
coefficients, then every product formed of a coefficient of A 
and a coefficient of B is an integer. 

To prove the Primary Theorem, let 

i = (<*i, a 2 , • • •, <*„) 

be any ideal. Form the function 

A (x\ ait <* 2 , • • *, <*n) = A(.t) =Qfi.r n_ 1 +« 2 .T n_2 + • * • -f-<*» 

and let 

B(x)=f3 ix^ 1 + /3 2 a: r_2 + • • • +0 r 

represent the product A(x; a[, a 2 , • ••, oc' n )(x; af, off, 

• • •, a") • • • (x\ • • •, where the coefficients 0 i, 

• • •, 0 r belong to the same realm as on, a 2 , • • *, • • •> «»• 

Denote by u the ideal (0i, 0 2 , • • •, 0 r ), an ideal which 
is uniquely determined when i is given. Observe further 
that 

A(x)B(x) = C(x)=gix*-'+g 2 x*- 2 + • • • + 0 „ 

where the g’ s are rational integers. 

If g is the greatest common divisor of 0 i, 02 , • • •, g*, it is 
possible to find such integers k that 

g = kig\-\-k 2 g 2 -\- • • • +k a g t . (a) 

From the Gaussian Theorem it is seen that the quantities 
aipj are all divisible by g. And that is, iii>O 0 . Fur¬ 
ther, since 

0 1 = «10 1 , 02 = 102+ <*201, 03 = <* 103 + <*202 + <*301, •**, 
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it follows from (a) that o g is divisible by Ui. And this 
with the fact that iii > og shows that 

tii = o g. 

With this is proved the Primary Theorem (Art. 14). 

Art. 16. Owing to the importance of the above 
theorem, we shall give here a second proof also due to 
Dedekind. 1 Proofs by Hurwitz are found in Chapter V. 

If i=(«i, <x 2> •••, a n ) is an ideal of the stock realm 
ft (a), of degree n, it follows from the theorem at the end 
of Art. 14 that there exists a modul in, whose elements 
belong to $ft(a), such that the modul tm consists only of 
algebraic integers of the fixed realm and further £1] = $ is 
divisible by the modul bn. 

Observe on the one hand that 

$>hn>o; 

and on the other, since o$ = o, that 

o$>oim, or o>im. 

It follows that 

im = o. 

# 

Since the order-modul i° = T, like every other order- 

modul, contains [1] as an element, and as o is the only 
ideal that contains [1], it is seen that o = i°. 

Accordingly, we may write 

(1) itn = i°. 

i° 

Next define the complex ii by the relation ii = -r* It 

may be proved as follows that hi = i°. (Observe that h is 
not necessarily an integral ideal.) 

1 Dedekind, op. tit. See also J. Konig, Einleitung in die aUgemeine Theorie 
der algebraiechen GrOaeen, 1903, pp. 74 el seq. 
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1 °; —; 
iti — ti. 


By the above definition i, is the collectivity of all 
numbers r such that tr>i». It may be shown first that 
( 2 ) 

For, due to the fact that t° contains the modul [ 1 ], we 
have on the one hand ii >t°ii- On the other hand, 
since by definition iij > t°, we have ii 0 i, > i°i°( = i°). And, 
therefore, as seen from above, u 0 denotes numbers of the 
complex r, so that t°ii>i 1 . We accordingly have 
( 2 ) 


0 


\ ()• _ : 
t U — ti- 

Next from (1) it follows through multiplication by i 
that 

ii°m = i°; 

and that is, the numbers of i 0 nt are among those numbers 
r which constitute ti and therefore i°m>ii; further, 
multiplying the expression iii > t° (given above) by m, and 
observing the relations ( 1 ) and ( 2 ), it is seen that 

We have accordingly 

ti = i°m. 

Multiply this equation by i and again use equation (1), it 
results that 


• • • A 

111 = t°= 0. 


(3) 

Next let 7 r denote the product of the basal elements of i 
so that 7 r = a 1 a 2 - • -a„, and observe that 


i° 


i° 


i° 


i° 


l!=y=- 

l Oil oc 2 


a 


n 


It follows that the modul ii 7 r = i 2 consists only of integers 
of the realm. 

Further observe that 


i 2 o = i 2 i« = i l 7 ri°, 


• • n • • 

111 7T = 117T = l 2 . 


and from ( 2 ) 
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And therefore i 2 is an ideal (Art. 4 ). Multiplying the 
equation ( 3 ) by tt, it follows that 

ii 2 = 07 r. 

With this it is again proved directly from the modul- 
theory, that corresponding to any given ideal i, there is a 
second ideal t 2 , such that their product is a principal ideal. 

Suppose that a is an ideal divisible by the principal 
ideal 077, that is, a >077. If then a is a number divisible 
by a, it follows that a = onj, where a> is an integer divisible 
by 0; and that is, a is an algebraic integer in 12. Hence, 
if a > 077, all numbers that are divisible by a are divisible 
by 77; and 077 “ 1 is an integral ideal, since it is divisible by 0. 
From this it is seen that an ideal a is divisible by the 
number 77, if all numbers divisible by a are divisible by 77; 
or, if a is divisible by the principal ideal 077 ; or, if a?? -1 is 
an integral ideal. 

The norm of an integral ideal is a positive rational 
integer. For, if g is an integral ideal, then g > 0, since g 
consists only of algebraic integers in 12. Hence (Vol. I, 
Art. 138 ), 

(9, o) = l 

and consequently (Art. 11 ) 

tf(B) = £r4-(o, 8)- 


( 9 , 0 ) ^ 

Art. 17. Ideals Relatively Prime, 
integral ideals, and if further 


If a, b are two 


b — Q“}"b, 


S" 


b _b ’ 


then a' and b' are integral ideals, because a > b and b > b. 
If further m = a — b, it follows (Art. 10) that 

mb = ab. 

Since, however, 

a = a'b and b = b'b, 
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we have 
or 

If further 


tnb = Q / b , bb; 
m = n , b'b = a , b = ab / . 

b = o, then m = ab. 


Two integral ideals a, b whose greatest common 
divisor is o, are said to be relatively prime. In this case 
the least common multiple is equal to their product. 

Theorem. If two integral ideals a and b are relatively 
prime , and if c is a third ideal {integral), then 


a + bc = a + c. 

For 

a + b = o, 

and 

(a-fb)c = ac + bc = oc = c; 

so that 

a-f-c = a-f-(ac-fbc) = a+ac+bc; 

and since 

ac>a, 


it follows that 


a-fc = a + bc. 


Consider next two special cases of this important 
theorem. (1) If a and b are two integral ideals that are 
relatively prime, and if c is a third ideal, and if further 
bc>a, then also 

c>a. 

For, if 

bc>a, then also a + bc = a, or a+c = a, 
and consequently 

c>a. 

(2) If a and b are two integral ideals that are relatively 
prime, and if a and c are two integral ideals that are 
relatively prime, then is 

a + bc = a+c = o. 
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In general, if n, a u a 2 , - • and b, bi, b 2 , • • • arc two series 
of integral ideals, and if every b is relatively prime to 
every a, then is 

QQ1Q2• • • +bbib 2 * * • = 0. 

Art. 18. If the integral ideal a is divisible by the 
integral ideal g(a>g), so that 

£ = f), or a = flf), 

o 

where f) is an integral ideal, the ideal g is said to be a 
divisor of a. 

The following theorem may be proved. 

Theorem. If the integral ideal a is relatively prime to 
the integral ideal b, then every divisor of a is relatively prime 
to every divisor of b. 

Since a and b are relatively prime, 

a+b = 0. 

Let a' be a divisor of a, and b' a divisor of b, so that a', 

a b 

a '> b > g? are integral ideals. Since a>a' and b>b', it 
follows that 

a+b>a'+b', 

ana consequently 

o>a'-f-b'. 

On the other hand, since a' and b' are integral ideals, 

a' + b'> 0. 

From this it is seen that 

a'-f-b' = o, 

or a' is relatively prime to b'. 

Suppose next that the two principal ideals oa and o(3 
(a and 0 integers) are relatively prime, and that is, let 

Oa+o/3 = 0 . 

If further co is an arbitrary integer in ft and consequently 
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divisible by o, then is 

CO = «t-f/? 77 , 

where £ and 77 are algebraic integers in ft. Further, since 1 
is an integer in ft, we have also 

1 =a£+/? 77 , 

where £ and 77 are integers in ft. 

Reciprocally, if there are two numbers £ and 77 divisible 
by 0, and such that 

<*£ + 077 = 1, 

then 0 a and 00 are relatively prime. For, a£ is divisible 
by ao, and 07j is divisible by 0o, so that a£+07?, that is, 1, 
is divisible by oa+o 0 . It follows that 

ol or 0 > oa-f* o0. 

On the other hand, since o<x and 00 are integral ideals, 
oa:+ 00 > 0, and consequently ocv+o0= 0, and that is, 0 a 
and 00 are relatively prime. 

The following definition may now be offered. Two 
algebraic integers a and 0 of the realm ft are said to be 
relatively prime, if the two principal ideals 0 a and 00 are 
relatively prime. In virtue of what was given above, 
this definition has the same significance as the following 
definition: Two algebraic integers in ft, say a and 0 , are 
relatively prime, if in ft there are two integers £ and 77, such 
that 

<*£+0*? = 1- 

This conception of two numbers being relatively prime is 
completely independent of the realm ft, the only condition 
being that £, 77 must belong to the same realm as do a, 0. 
From this it is seen that if a and 0 are relatively prime in 
any realm of rationality, they are relatively prime in 
every realm to which a and 0 both belong. 

Having thus defined what is meant when we say that 
two id' ds are relatively prime, or when two algebraic 
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integers are relatively prime, we may next define what is 
meant by saying that an algebraic integer is relatively 
prime to an integral ideal, where the integer and the ideal 
both belong to ft. 

An algebraic integer 0 of the realm ft is said to be relatively 
prime to the integral ideal a in ft, if the principal ideal o/3 is 
relatively prime to a. 

An ideal is integral if it is divisible by o. All ideals 
which are not integral are called fractional. Any frac¬ 
tional ideal may be made integral as follows. Let 
r== (pi) P2, • • •, Pn) be a fractional ideal, where pi, p 2 , • • 

Pn are fractional numbers of ft. Then, since there are 
always rational integers (Vol. I, Art. 93 ), say r„ such that 
r *'p,iy- 1, 2, •••, n) are algebraic integers, it is clear 
that there is a rational integer g , such that gx = l), where 
^ > o. Since f) is an ideal, we have 


so that 


ogx = of) = f), 


Further, if c is an 


r o?' 

arbitrary integral ideal, 


where 


h he he a 
og~ ogc~gc~b’ 


a = f)c, b = gc. 

From this it is seen that every ideal may be expressed 
as the quotient of two integral ideals in an infinite number 
of ways. Let a+b = b, so that 

a = ba' and b = bb', 

where a' and b' are integral ideals that are relatively 
prime. We then have from the formula just written 

■II a'b a' 
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From this it is seen that every ideal may be expressed as 
the quotient of two integral ideals that are relatively 
prime. This expression of an ideal through the quotient 
of two integral ideals that are relatively prime is unique. 


For, suppose that a = - = 
have 



(b, a, bi, ai integral). 


We then 


and consequently 


bai = abi; 


abi>ai. 


And, as cti and bi are relatively prime, it is seen that 
a>Qi. Similarly it follows that 


b > bi. 

Further, if a and b are relatively prime, it follows in the 
same way that 

ai>a and bi > b, 

and consequently 

a = di and b = bj. 

Next suppose that a is a number divisible by the 
integral ideal a, so that therefore o a > a, and consequently 


OQf 

a 


is equal to an integral ideal, say c. It follows that 


o a = ac and from above 


r 


b_bc_ bc^ 
a ac oa 


From this it is evident that every ideal r may be ex¬ 
pressed as the quotient of two integral ideals in an infinite 
number of ways such that the denominator is always a 

be 

principal ideal. As r = —, it follows that 


roa = be, or ax = be. 

And since b and c are both integral, ax > o. This is true of 
every a, where a > a and r = - (b and a integral). 



INTEGRAL IDEALS 


37 


When the ideal r is expressed as the quotient of two 
integral ideals which are relatively prime, a is called the 

denominator and b the numerator of - = r. This notation 

a 

is applied only when the two ideals are relatively prime. 
The denominator a is, as we have just seen, the greatest 
common divisor of all integers a for which 

«r>o, that is, a = ao + a / o-j-a"o-f- • • •, 

where ar>o, a'r>o, a"r>o, etc. On the other hand, 
a is the least common multiple of o and feet -1 . For 

a = ber 1 , and therefore a > ber 1 , 

and as a is integral, it follows also that a > o. The 
numerator b is the least common multiple of ra and o. 

Art. 19 . The Norms. If t is an arbitrary modul and 
if a, 10 are two arbitrary numbers such that a — (3 is 
divisible by f, then (Vol. I, Art. 134 ) a is said to be 
congruent to / 3 , modulo f, and we write 

a = /3 (mod. f). 

If f is an arbitrary modul, it was seen (Vol. I, Art. 134 ) 
that the congruence may be multiplied only by such 
numbers as are divisible by f, and still remain a con¬ 
gruence, modulo f. 

If, however, f is assumed to be an integral ideal, we 
may multiply together any two congruences (mod. f). 
For example t being an integral ideal, if a = 0 (mod. f), 
where a and 0 are integral, and if a' = ^' (mod. f), then is 
(mod. f), where a! and are integral. For, if 
(mod. f), then a—p and consequently also (a — 0)co, 
« being an arbitrary integer in ft, is divisible by f. If a' is 
an algebraic integer, then is (a—p)a divisible by f, and 
consequently also 

(<*' ~P')P = OiCi' — 
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is divisible by F; and that is, 

<xct' = PP' (mod. F). 

If F is an integral ideal, 1 then is 

F> o and (F, o) = 1 . 

It follows from Art. 11 that 

N(t) = (o, F). 

Or, otherwise expressed N( F) is equal to the number of 
incongruent integers (mod. F) in ft. As a special case, if F 
is a principal ideal equal to ok, then (Art. 11 ) 

N( o, k)=\N(k)\, 

which is the number of incongruent integers (mod. k) in 

ft. 

If F is an arbitrary integer ideal, then (Vol. I, Art. 141 ) 
is 

(o, F)o = AT(F)o>F. 

Hence, for every integer a> in ft we have 

iV (F)co > F; 

and if we put « = 1, we have with the resulting 

theorem: 

The norm of an integral ideal is divisible by the ideal 
If k is the smallest rational integer that is divisible by F, 
where F is an arbitrary integral ideal, then all other 
rational integers (Vol. I, Art. 170 , end) that are divisible 
by F are multiples of k. It follows that A^(F) is divisible 
by k. On the other hand, the principal ideal ok > F, so 
that N(ok) or k n is divisible by N(t). From this it is 
seen that every prime rational integer which divides 
either of the two numbers A^(F) or k, divides the other one 
also, and that a rational integer g which is relatively 
prime to either of the rational integers N (f) or k is also 
relatively prime to the other. 

1 Vol. I, Art. 138. 
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The following theorem may be proved: 

Theorem. If a rational integer g is relatively prime to 
the integral ideal F, it is also relatively prime to N{ f). 

From the remark just made it is necessary only to 
prove that g is relatively prime to k. The least common 
multiple of g and k has the form gk', where k' is a rational 
integer. Every other common multiple of g and k must 
be divisible by gk'. Hence also gk is divisible by gk', so 
that k is divisible by k'. On the other hand gk' is 
divisible by k, and consequently, since k is divisible by F, 
it follows that gk' is divisible by f. But gk' is divisible by 
go, and consequently also by go — f = got = gf. Hence, it 
is seen that k' is divisible by F. But all rational integers 
that are divisible by F are multiples of k, so that k' is 
divisible by k. But we just saw that k was divisible by 
k'. Hence, it is seen that k = k'. It follows that the 
least common multiple of g and k is gk, so that g and k are 
relatively prime and consequently g is relatively prime to 

This theorem may also be proved as follows. Since 
o<7 and F are relatively prime, it follows that 

O0+F = o. 

Further, since 1 is divisible by o, it is also seen that 

l=ga>+K, 

where co is an integer of o; and consequently 

N(k) = N(l — go!) = (1 — 0o/)(l — gu") • • •(l-^w (B) ) = l+j|, 

where 5 is an algebraic integer. 

On the other hand k is divisible by F, so that N(k ) is 
divisible by N( F) (see end of Art. 11 ). Hence it follows 
that 

N(K)=N(t)y, 

where y is a rational integer, and consequently 
IP N(t)y-gt = l. 
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From this it is seen first that £ is a rational number, and 
being integral, formed of algebraic integers, y must be a 
rational integer. At the same time it follows that g and 
N(t) are relatively prime. 

Art. 20 . Lemma I. If a, bi, b 2 , • • •, b r are r-\-l ideals 
such that a is divisible by none of the ideals bi, b 2 , • • •, b r , 
then there is a number a which is divisible by a but by none of 
the ideals bi, b 2 , • • •, b r . 

For the case r = 1 , this lemma is true in virtue of the 
definition of division of one modul by another. The 
lemma as just stated may be reduced to another form: 

Let 

m s = a — b s (s=i, 2, r), 

so that m 8 > a and m, > b 8 . It is evident that a cannot be 
divisible by m 8 . For if this were true, a would be divisible 
by b 8 , contrary to the hypothesis. It follows that none 
of the ideals mi, m 2 , • • •, m 8 is equal to a. 

Next write — = g 8 , where g 8 is an integral ideal. Since 

nt, = ag 8 , it is seen that none of the ideals g 8 is the same as 
o. For if this were the case then 

m 8 = ag s = ao = a. 

Suppose the theorem proved and that the number a is 
divisible by a but by none of the ideals b 8 (s = 1, 2, • • •, r), 
then a is also divisible by none of the ideals ag 8 (s = l, 2, 
•••, r). For, if a were divisible by, say ag 8 = m 8 , it 
would be divisible by b 8 , since m 8 >b 8 . 

Reciprocally, if there is a number a which is divisible 
by a but by none of the ideals agi, ag 2 , • • *» GQr, where 
Qi, g 2 , • • •, 0 r are integral ideals that are different from o, 
then there is also a number which is divisible by a but by 
none of the ideals bi, b 2 , • • *, For if there were no 
such number, then every number divisible by a is also 
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divisible by one of the ideals bi, b 2 , •*•> b r and being 
divisible by a is divisible by one of the ideals nti, m 2 , • • 
ntr; and that is, by one of the ideals ag 8 ($ = 1,2, • • •, r). 
Hence the above lemma has the same significance as the 
following: 

If a. is an arbitrary integral or fractional ideal and if 
8i) 02, 0r CLre any integral ideals different from o, 
then there is a number a which is divisible by a but by none of 
the ideals agi, ag 2 , * • •, ag r . 

The case r= 1, as already remarked, follows by virtue 
of the definition of divisibility. We may therefore 
assume the theorem to be proved for the case r—1 and 
under this assumption it may be established for the case r. 
In the proof two cases are distinguished: 

1 . If in the series of ideals g lf g 2 , • • •, g r , there are two 
ideals that are not relatively prime, say gi and g 2 , so that 
0i+02=t= o, then in accordance with the assumption, there 
is a number a which is divisible by a but by none of the 
r~l ideals a(gi+g 2 ), ag 3 , • • - , ag r . This number a is also 
divisible by neither agi nor ag 2 , for otherwise it would be 
divisible by a(gi + g 2 ). Hence the number a is divisible 
by a but by none of the ideals agi, ag 2 , • • •, ag r . 

2 . Suppose that all the integral ideals gi, g 2 , • • •, g r are 
relatively prime the one to the other. Then gi is also 
relatively prime to the product g 2 g 3 ---g r , and conse¬ 
quently also ag 2 g 3 - • -g r is not divisible by agi. As the 
theorem is assumed proved for r = 1, there is a number ai 
which is divisible by ag 2 g 3 • • ■ g r but not by agi. Similarly 
there exists a number a 8 which is divisible by agig 2 

• • •0«-ig, + i• * *g r but which is not divisible by ag 8 (s = 1,2, 
•••, r). 

If then we put 

q: = q:i + q; 2 + \-a r , 

a satisfies the conditions required in the theorem. For a 
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is divisible by a, since, as shown below, a lf a 2 , • • - , a r are 
all divisible by a. That <*i, say, is divisible by a is due to 
the fact that a, is divisible by ag 2 g 3 ...g r and since 
Ms '; -0r is an integral ideal, it follows that ag 2 g 3 - - • g r is 
divisible by a, and consequently <*i is divisible by a. On 
the other hand ai is not divisible by agi, while all the 
other numbers a 2) a 3 , • • •, a r are divisible by agi. It 
follows that a is not divisible by tig!. Similarly, it is seen 
that a is not divisible by any one of the ideals ag 2 , ag 3 , • • •, 
ag r . 


Art. 21 . Lemma II. If a, b are two ideals of a realm 
of rationality 9 ., such that b>n, it is always possible to 
determine a number a that is divisible by a in such a way that 

a = b + oa. 

For since 6 > a and (a, b) ^ 0 there are a finite number of 
moduls (Vol. I, Art. 142 ) that are divisors of b and 
multiples of a. Among these moduls there may be some 
which are ideals, to which number belong n and b. If 
such ideals exist, let them be denoted by bi, b 2 , • • •, b r . 
We may assume that a>b. For, if a>b, then, since 
b > a, it would follow that a = b, and we would then have 
at once 

a = b + oa. 


If a>b, then is a divisible by none of the moduls bi, b 2 , 
• • •, b r , since these ideals are different and are at the 
same time multiples of a and divisors of b. Hence, by 
virtue of the preceding lemma, there is a number a 
which is divisible by a but by none of the b’s. If next we 
write 

Oa-j-b = b, 


then b = a. For, on the one hand, a is a common divisor 
of oa and b, and consequently, b > a. On the other hand, 
b is a divisor of b and a multiple of a. Hence, b must be 



INTEGRAL IDEALS 


43 


one of the ideals a, b, bi, b 2 , • • ♦, b r . But b is not one of the 
ideals b, bi, b 2 , • • •, b r . For, were b = b 3 , say, then since 
oa>b, it would follow that 

oa> b 3 , 

or a is divisible by b 3 , which, owing to the choice of a was 
excluded. Hence, 

b = a and consequently oa + b = a. 

The following are important consequences of the pre¬ 
ceding lemmas: 

Every ideal a is either a principal ideal or the greatest 
common divisor of two principal ideals; and that is, all the 
numbers of an ideal a have the form a£ or the form a£+( 3 r), 
where £, 77 take all the integral values of the realm ft. 

For, if a is not a principal ideal, and if 0 is an arbitrary 
number divisible by a, then o/3 is not equal to a. On the 
other hand 00>a. If we put o/3 = b, we have from the 
lemma a number a divisible by a, such that 

a = Oa-j-b = oa+o/3. 

It is to be noted in this expression of an ideal a through 
two principal ideals, that one of the numbers (3 which 
produces one of the principal ideals is an arbitrary 
number divisible by a. 

A second important consequence of the lemma is 
expressed in the formula 

(a, b) = (ac, be), 

where a, b, c are three arbitrary ideals. 

In Vol. I, Art. 138, it was seen that if 77 is an arbitrary 
number different from zero, then 

(77a, 77b) = (a, b). 

It follows at once that if c is a principal ideal equal to 077 , 
then 


(ac, be) = (a, b). 
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We may next prove the theorem for the case that b>a, 
and then later reduce the general case to this special case. 
If b>a, it has just been seen that a number a which is 
divisible by a may be determined such that 


a = oa-f-b. 

Now, if a, b are two arbitrary ideals and (Art. 10 ) 


b = a + b, 
It follows that 

or 


m = a — b, 


then 


Oab = (oo: —b)(oa:-t'b) 


oa — b = 


o otb Oab 


oa + b 


a 


ab = mb. 


We have seen for arbitrary moduls (Vol. I, Art. 137 ) that 
(a, b) = (a+b, b) and (a, b) = (a, a — b). 

It follows on the one hand that 


(oa, b) = (oa + b, b) = (a. b); 
and on the other hand that 


so that 


(oa, b) = (oa;, Oo: b) = ^ Ocx, = ) 


(a 


,b) = (o,J) 


In a similar manner we have 

(ac, 6 c) = (o,^) = (o, 5 ) 
and consequently 

(ac, be) = (a, b). 

In general, if b is not divisible by a, write 

m = a — b; 

then, since a, b, c are ideals, 

me = ac — be; 
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and since also m> a, it follows from above that 

(a, m) = (ac, me) = (ac, ac — be). 

On the other hand, we have in the general modul theory 

(ac, be) = (ac, ac —be), 

so that 

(ac, be) = (ac, me) = (a, m) = (a, b). 

Art. 22 . We may now derive the following theorem. 
The norm of a product of ideals is equal to the product of the 
norms of the single factors. 

For (Art. 11 ) 

Nj o) (b, a) 

N(b )" (a, b) ’ 

where a, b are arbitrary ideals. In a similar manner, it 
follows that 

N(ab) (a, ab) 


But since 
and 

it follows that 


N(a) ~ (ab, a) 

(a, ab) = (ao, ab) = (o, b) 
(ab, a) = (ab, ao) = (b, o), 


N(ab) (o, b) 
N(a) ~ (b, o) 


= iV(b), 


so that 

N (ab) = N (a) N (b). 
Similarly, it is seen that 

• iV(abc-• •) =N(a)N(b)N(c) • • *. 
It follows that (Art. 11) 

N(a)N(a~ l ) = N (aa~ l ) = N (o) = 1 , 

or 


N (a -1 ) = 


and also that 


N(a)’ 


nQ) = N (Da -1 ) =N(b)N(a-') = 
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Finally observe that 

W(a n ) = [W(a)] n . 

^\e know, if a and /3 are two arbitrary numbers, that 

N(a(3) =N(a)N(($). 

In a similar manner, from what we have just seen (Art. 

ID, 

N(al3) = N(a)N(o(3) =N(a) \N(0)\. 

If we prove the theorem regarding the product of the 
norms of two arbitrary ideals without using the lemma 
developed above, we get a real conception of the true 
meaning of the theorem. 

Take first the special case that b is a principal ideal. 
Let 

a = [ai, a 2 , •••,«»], 0 = [a>i, a>2, 

b = 0/3 = [ a)\(3 , a>20, • • •, 

= Qrl^i +a r2 W 2 + * * • -\-(l rn 03 n (r= 1,2, •••,«). 

The quantities a ra are rational numbers and integral if a 
is an integral ideal. We need not, however, consider a 
integral. Further, let 

a>r/3 = brian + 6 r 2 co 2 + * * • + 6 r „a>„. 

If we put |6 r8 1 =B, it is seen (Art. 11) that 

\B\=N(b) = N(of3). 

It is also seen that 

a/3 = [_czi(3, a 2 /3, • • <*r/3], 

and 

fi&r = Q r i (3(0 1 -f-Q r2 /3a> 2 ’ ~\~CLri ifio) n (r= 1,2, *•*,«) 

t=n n s=n 

= Z(«r</3wr) = z ( ClribtsCOs ) = 

/=1 f,s=l p=l 

where 

i=n 

Cra = ^Ldrtbta* 

t= 1 

It follows that 

| C r8 | = | flrf | | | > 
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or 

N (a(3) = N {a) N {(3). 

The general theorem may be proved as follows. 

CL 

Let a be any number that is divisible by a and such that - 

is relatively prime to a. Then if £ goes through a com¬ 
plete system of N{a) incongruent numbers (with respect 
to a), while 77 goes through a complete system of N(b) 
incongruent (with respect to b) integers, it is evident that 
the expression m?+£ presents a complete system of 
incongruent integers (with respect to ab). 

For, observe that 

(1) at]+£5*on) i+£i (mod. ab). 

For if then (1) is not divisible by a; and if £ = £1, 

then (1) is not divisible by ab unless 77 = 771 (mod. b). 
Such a system, therefore, contains N(a)N{b) incongruent 
numbers (mod. ab), and that is 

N(a)N(b) =N(ab). 

Art. 23. Theorem. If a is an ideal and if g is an 
arbitrary rational integer , a number a that is divisible by a 
may always be determined such that (a, oa) is relatively 
prime to g. 

For pa is divisible by a, and consequently (Art. 21) we 
may determine a number a divisible by a, such that 

a= oa+<;a. 

Further, since oa > a, it follows that — is an integral ideal 

equal to f, say; or, oa = af. It follows that 

a = ao = oa+^a or ao = af+a^o. 

We then have 

a~ l ao = a~ l at-\-a~ 1 ago , or o = f+^o. 

It is thus seen that g is relatively prime to t and conse- 
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quently (Art. 19) to 

N( 0 =|p^ = (°, f) — (oa, fa) = (oa, oa) = (a, oa). 
We had in general (Art. 11 ) 

(a, 6 ) A r ( 6 ) 

(b, a) A r (a) ’ 

It follows here that 

(a, Oa:) A T (o a) | A r (a) | 

(o^7 Y)~W(aj'~ N(a) ’ 

or, since oa>a, this formula becomes 

. X \N(a)\ 


(a, oa) = 


A r (a) 


Hence A r (a) is divisible by A r (a); and as just seen, a 
number a divisible by a may be so determined that 
| A (a) | . _, . - ._ .__._i • ,-„ 


N(a) 


is relatively prime to a given rational integer g. 


From this it may be proved that N(a) is the greatest 
common divisor of all numbers A r (a), where a takes all 
values that are divisible by a. 

For, if (3 is an arbitrary number divisible by a, and if we 
put <7 = (a, o/3), then a number a divisible by a may be 
determined, such that (a, oa) is relatively prime to 
g = (a, o/3). But since 


(a, oa) = 


\N{a) 

AT(a) 


and (a, o/3) = 


1A T Q3) | 
N(a) 


and since (a, oa) and (a, o/3) are relatively prime, it is seen 
that N(a) is the greatest common divisor of |A r (a) | and 

I N (/3) |. 

It follows further that a is the greatest common divisor 
of oa and o/3. For, write 

oa+ 0/3 = b. 

Then, since a is a common divisor of oa and o/3, it is clear 
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that - is an integral ideal, say, b. We thus have 

b = ab. 


Hence, as o a > b, or by ab, and as o(3 > b, or by ab, it follows 
that N {oa) or |AT(a)| as well as N{ o/3) or | A^(/3) | is 
divisible by N(ab) and consequently by A r (a)A r (b) so that 
N(b) = 1. It is thus seen that b = o, and from above 

oa+o/? = ab = ao = a. 

Compare this result with the theorem in Art. 21 . 

Art. 24. Let a be an integral ideal denoted by (a,, a 2 , 
• • •, a n ), in which the basal elements (Art. 12) have been 
so chosen that every integer a that is divisible by a has the 
form 

a = a l Xi+a 2 X 2 -\ -b <x n x n) 

where the x’s are rational integers. If we denote conju¬ 
gate quantities by upper indices and put a = a (1) , it is seen 
that 


N(a) = n (a: (,) ) = II + - 

5=1 5=1 




It is asserted that: There is an integral homogeneous 
form X of the quantities x h x 2 , • • •, x n with rational integral 
coefficients , such that 


For, let 


N(a)=N(a)X. 


o-[«i, <*>2> • * *> wj 

and note, since a is an ideal, that oa > a. It follows that 
«rOf,(r*l, 2, •••, n) is divisible by a. Consequently, 

«ra. = p?>Qr 1 -bp8a 2 d-hpffa„= ZpS 


where pff are rational integers. Hence, also 

Z «,<*.!. = ai £ pfts.+a t Z P $lx,+ • • • +«„Ep& l 

3=al 5=1 5=1 

= Oi\X r i ~b Ot2% r 2 “b * * * “b 0( n X rn} 
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where 

£r« = pS?£i + pi?a;2-4- \-y™X n (*=1,2, •••,n;r= 1,2, •••,«). 

Since a is an integral ideal, we have 

y=n 

oct= 

v=l 

where a, p are rational integers; and also (Vol. I, Art. 150) 


N(a) = (o, a) = \ a, v \. 


It is also seen that 

U) r Ot = UrCC\X\-\-(j}rOiiX2-\- ' * • 
f = n n 

= Y,XrtCt t = Z X rl a ta 0) 8 

1=1 3,1 = 1 


s=n 

+ co r a„:r„ = Z co r a s a; s 

S = 1 


f=n 


or 


where 


— 0>1 ^2 XrtCL 11 Z^rJ^H” * * * "FcOr 1 2x r idtn 

1=1 i = 1 * » = 1 

W r Q; = CJi?/ r i+a) 2 ?/r 2 + * * * +^ n ?/ rn , 


i =n 


y r »= Zxrtdt. ( r = b 2 . •••» n ; ®=L 2 » •**» ")• 

r=l 

Hence, (Art. 11) 

N( oa) = N(a) = | y ra | = | a ta | • | Xrt | = N(a)\x rt \= N(a)X. 

The n 2 quantities x ra are linear homogeneous functions 
of Xi, x 2 , • • •, x n with rational integral coefficients, so that 
the determinant X=\x r i\ is a function of the nth 
degree in x u x 2} • • •, x n with rational integral coefficients. 

The value of X is = (a, oa); and if for a we write all 

numbers that are divisible by a, we have all values of X 
expressed through (a, oa). Since (Art. 23) we may give 
to the variables in X such values that the value of X 
thus had is relatively prime to a fixed integer g, it follows 
that the coefficients of X have no greatest common 
divisor other than unity. Such a form is called a 
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;primitive form. It is seen then that all the values that 
X can take do not have a greatest common divisor other 
than unity. 

Since the ideal a has an infinitude of such bases (a lt a 2 , 

* * •> oin)y there corresponds to it a class of infinitely many 

equivalent forms X, which may be transformed into 

one another through linear substitutions with integral 

rational coefficients. Observe also that the same forms 

may be derived from every ideal that is equivalent to a. 

Hence to every ideal class there corresponds a class of 

forms. The multiplication of the ideals and the ideal 

classes leads to the composition of the forms and classes 

of forms. (See Dedekind, Werlce, Vol. I, p. 119.) This 

offers another approach to the Kronecker Theory as 

outlined in Chapter IV. Chapter XI on “Composite 

Forms ” admits wide extensions along these lines. Note 

also Chapter XII of Vol. I, which was given in great 

detail as an introduction to what may be done in this 
general theory. 



6 



CHAPTER III 


PRIME IDEALS 

Art. 25. The following discussion will be confined to 
integral ideals, and when the term ideal is used, an 
integral ideal is to be understood. The norm of an 
integral ideal a, that is, of an ideal which consists only of 
algebraic integers of the realm ft, or which, in other words, 
is divisible by o, is 

N(a) = (o, a), 

and is always different from zero (Art. 16). The norm of 
an ideal is only equal to 1 , if a — o, since then, and only 
then, is (o, a) = 1 . 

The following theorem may be proved: An ideal 
a = (c*i, aoy • • •, ot n ) is divisible only by a finite number of 

ideals b k = (Pi k , \ 3 2 a, • • *, Pnk) (&==/, 2 , • • •)• 

For, if a is divisible by b*, every number a of a is 
divisible by b*. Hence N(a) being a rational integer, 
say g, of a is congruent to zero (mod. bjt). Hence all the 
b’s contain g as an element. Observe next that the basal 
elements /? of the b’s, being integers in ft, are of the form 

Pih = blhO)l+b2h<*>2~\- • • * +b„h<*)n ( /i = 1 * 2 » n b 

where the 6 ’s are rational integers. Further, the b’s may 
be reduced (mod. g) with the result that there are only a 
finite number of different ideals h*. 

If a and b are two arbitrary moduls such that 

b>a and (a, b)?^ 0 , 

there are (Vol. I, Art. 142) only a finite number of moduls 
r which have the property that b > r > a. Hence, if a is an 

52 
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integral ideal, in which case 

a>o and (o, a) 5^0, 

there are only a finite number of integral ideals i which 
are at the same time divisors of a and multiples of o, say 

a > bit ^ b*_i > 2 > • • ’ > > bi > 0 . 

From this it is evident that no b can occur to an infinite 
power as a divisor of a. 

Art. 26. Prime Ideal. If an ideal a has the property 

that it has besides 0 and a no other divisors, it is said to 

be a 'prime ideal. If a has not this property, it is called a 

composite ideal. The existence of a prime ideal is proved 
below. 

Let p be a prime ideal, and let a be an arbitrary ideal. 
Two cases are possible. Either a is divisible by p; or a 
and p are relatively prime. For, if b = a + P, then is p 
divisible by b; and b is either equal to p or to 0 . If 
b = p, then is a divisible by p; and if b = 0 , then is p + a = 0 , 
in which case a and p are relatively prime. 

Theorem. If a product of several factors is divisible by a 
prime ideal p, one of the factors is divisible by p; or, if none 
of the ideals a, b, c, • • • is divisible by p, then also the product 

a&c * • • is not divisible by p. This theorem is known as the 
Fundamental Theorem. 

For, if p is relatively prime to a, to b, to c, to • • •, which 
*nust be the case if none of these ideals is divisible by p, 
then (Art. 17) is p relatively prime to abc • • •; and 
consequently abc • • • is not divisible by p. 

The following theorem offers a proof of the existence of 
prune ideals. Every integral ideal which is different from 0 
w either itself a prime ideal or is divisible by a prime ideal. 

For, if a is not a prime ideal, it has a divisor ai, which is 
different from 0 . Two cases are possible: either ai is a 
prime ideal, in which case the theorem is proved; or, ai is 
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m>l a prime ideal. In the latter case is divisible by an 
ideal n 2 , which is different from o, and here again two 
cases are possible: either n 2 is a prime ideal, in which 
case the assertion is proved, since a > a! > a 2 ; or, a 2 is not a 
prime ideal, etc. We must finally reach an ideal, which 
is a prime ideal. Thus we have a > ai > a 2 > a 3 > • • •, and 
the ideals fli, n 2 , • • • are all different. For, if a r = a s (s>r), 
then also a r+ i = a r = a*. On the one hand a r+ i > a r+2 > • • • 
>a s and on the other hand a 8 >a r >a r +i>n r+2 . Hence 
nr+i = a r , which is contrary to the hypothesis. Further, 
since the number of ideals cii, a 2 , • • • is finite, there must 
occur in the above process the case where a prime ideal is 
reached. It is thus proved that every ideal different 
from o is either a prime ideal or is divisible by a prime 
ideal. From this it is also seen that there exist prime 
ideals. The theorem may be proved also by the con¬ 
sideration of the norms. 

The unit ideal o is not considered a prime ideal. 

Art. 27. Theorem. Every ideal which is different 
from o may he decomposed into a product of prime ideals 
and this decomposition is unique. 

For, if a f^o, then is a divisible by a prime ideal pi, so 
that 

a 

~ = ai or a = piai, 

Pi 

where tti is an integral ideal. If o, then is cu divisible 
by a prime ideal p 2 , so that di = p 2 a 2 , where a 2 is an integral 
ideal, and then a = pip 2 a 2 . 

We must finally have n r = o; for a>ai>a 2 > • • •, where 
the ideals a, cii, a 2 , • * • are all different, and as an ideal can 
have only a finite number of divisors, we must have 
finally a r = o, and consequently 

a = pip2 • * *pr. 
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The prime ideals are not necessarily all different. It is 
further asserted that this decomposition of a into its 
prime factors is unique; that is, if a = qiq 2 • • • c\ m , where q b 
Q 2 , • • q m are prime ideals, then is m = r; and the prime 
ideals qi, q 2 , • • •, q m are, neglecting the sequence, the same 
as the prime ideals pi, p 2 , • • •, p r . For a = p!p 2 - • -p r is 
divisible by the prime ideal qi. Hence, one of the prime 
ideals pi, p 2 , • • •, p r must be divisible by q x , say, p s . But 
the prime ideal p* has only the divisors o and p 4 . Further, 
qi^o, since q x is a prime ideal. Hence we must have 
Qi = p a and, since 

Pip 2 * • •pr = qiq 2 * • *q m , 

it follows that 

Pip2- • -M7 1 - • •pr = ps -, qiq 2 - • - qm, 
or 

P1P2 • • • p,_ip* + i • • • p r = q 2 q 3 • • • q m . 

It is also seen that one of the ideals pi, p 2 , ♦ • p a _ b p s+1> 
; * •, pr is divisible by q 2 , etc. It follows that the prime 
ideals p 1} p 2 , • • •, p r are, neglecting the sequence, identical 
with the ideals qi, q 2 , • • •, q m and at the same time r<=m. 
It follows also that the decomposition of an integral ideal 
mto its prime factors is possible in only one way. 

If in the product of prime ideals equal ideals are 
united, it is seen that any ideal may be written 

a = pi»p 2 * • • • p*', 

where the rational integers e,, e 2 , ■ ■ ■, e r are all greater 
than or equal to unity. 

If b is a divisor of a, so that j = c, where c is an integral 
ideal, then is 

c = ptyl* • • • p* r ; b = p','p 2 * • • • pj% 
where Si, s 2 , • • •, s r , t lf t 2} • • •, t r are rational integers 
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including zero. Hence, we have 

Cb = pi> +, »p£+'* • • • tfr+‘r =Cl = tfY* * • ' Pr'- 

As an ideal may be decomposed into a product of prime 
ideals in only one way, it is evident that 

Sk "F tk = £k (fc = 1, 2, • • •, r). 

Reciprocally, if b has the form pi 1 - • *pF, where t x is one 
of the numbers 0, 1 , 2, • • •, e k (k = 1 , 2, • • •, r), then b is a 
divisor of a. For, in that case 



which is an integral ideal. 

It is further seen that all divisors of a are had, if in 

b = P l'p2* * * *pj r 

t\ takes all the values 0,1, • • e x ; if U takes all the values 
0 ,1, • • •, e 2 ; • • •; if t r takes all the values 0,1, • • •, e r ; and 
consequently, the number of all the divisors of a = p!*p£ 
• • -pF is (ci + l)(c 2 + l) • • • (e r + l). 

From what precedes it is evident that all the theorems 
relative to prime numbers in the theory of natural 
numbers, may be applied at once to the theory of prime 
ideals. It is consequently unnecessary to go further in 
this theory. 

The following theorems may be mentioned: If 

a = pi>p2*- • -Pb = pi , p2 1 * • -p? r , 
where a x , a 2 , • • •, a r ', b Xt b 2 , • • *, b r are all positive integers 
including zero, and if m.k is the greater, while dk is the 
smaller of the two numbers, a* and 6* (A; = 1 , 2 , • • •, r), we 
have 

a + b = b = pf'p 2 5 - * *P? r > 

and 

n -b = m = p?'p^- * *pr r * 

Art. 28 . The Fundamental Ideal. If n is an arbitrary 
modul, the complementary modul (Vol. I, Art. 171 ) was 
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represented by a'. It was proved that 

b a ’ 

where b was an arbitrary finite modul. 
b = a', it is seen that 

a' a 

Further, if a is an ideal, 


If then we put 


n__a_ 
a' - a~ °* 


From this it follows at once that a' is an ideal, and we now 
define a and a' as expressed above, as complementary 
moduls (ideals). 

Since 

(aa')' = o, 

it follows that 

eta'= o', 

where o' is the complementary ideal of o. Writing 

0 = E w lj <*>2, • * *, uj, 

0 — [_«1, <*>2, * • • , W„J, 

we proved (Vol. I, Art. 171 ) that, if a is any number of 
the fixed realm ft, 

<*= E {*S(aco 8 )w^ j, 

*=1 

and consequently also 

= E {*S(co r co a )aj^} (r = l, 2, • • •, n). 

The quantities o> r o> a (r, s=l, 2, •••, n) being algebraic 
integers in ft, their spurs are rational integers. 

It follows that «i, o) 2 , • • •, o> n may be expressed linearly 
through col, C02, • • •, oi'n with rational integral coefficients. 
Hence also o is divisible by o', and (o, o') = 1. It is then 
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seen (Vol. I, Art. 153) that the absolute value of the 
determinant is 

1 SM|=g^ = (°', 0), 

so that the basal invariant D is 


Z> = (o', o). 


Since o is divisible by o', it follows that 
ideal equal to b, say, or 


—, is an integral 


b = o' 1 or 



It is seen that b is the reciprocal of the ideal o', where o' 
is the complementary ideal of o. 

The ideal b is called the basal or fundamental 1 ideal 
(Grundideal ). 

The norm of the basal ideal is in absolute value equal 
to the basal invariant D. For, from above (Art. 11) 

\D | = (o', o) — (o'b, ob) = (o, b) = N(b). 

Further, since 

aa'= o', 

it is seen that 

a' = a _1 b -1 = (ab) -1 . 


From this it is evident that a theory of complementary 
ideals is superfluous, for as soon as the basal ideal b has 
been found, the ideal a', which is complementary to a, is 
known from the formula just written. 

Art. 29. The Degree of a Prime Ideal. Let p be a 
prime ideal, and let p be the smallest rational integer 
divisible by p. It was seen (Vol. I, Art. 170) that all 
other rational integers that are divisible by p are integral 
multiples of p. 

It is asserted that p is a rational prime integer. An 
indirect proof of this assertion is given here. Suppose 

1 See also Art. 106; and Dedekind, Werke , Vol. I. p. 381. 
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that p is a product of two rational integers r and s. 
Then rs is divisible by p, and consequently 

or - os> p. 

Hence, since p is a prime ideal, either or or os is divisible 
by p, and consequently r or s is divisible by p. But if r 
is divisible by p, we have just seen that r is divisible by p, 
so that r = p and s = l. 

The above result may be stated as follows: All rational 
integers that are divisible by a prime ideal p are multiples of a 
definite prime rational integer p, where p is the smallest 
rational integer that is divisible by p. 

If V is the prime integer, which is the smallest rational 
integer divisible by the prime ideal p, then is op>p, so 
that N(op) or p n is divisible by N( p). It follows that 
N(p) is a definite power of p, say, p'. The number / is 
called the degree of the prime ideal p. 

The prime rational integer may be factored into its 
prime ideal factors, say in the form 


op = pi‘p2*---pr r . 

Accordingly, p is divisible by each of the r prime ideals 
Hfo, • ••, p r . Since p is a prime integer, it follows from 
above that p is the smallest rational integer which is 
'visible by p„(* = l, 2, • • •, r); and further, if /„ is the 
degree of p„ so that 


it follows that 


A r (p,)=p / *' 


(»' = !, 2 , • r ), 


N(op) ~p n = p e lflp e tft . . .p e rfr m 

We thus have 

w ~ei/i+e 2 /2+ • —|-e r / r . 

Ti l e u e 2 , • • • , e r are as a rule all equal to unity, 
will be seen below that only when p is a divisor of the 

asal invariant D, is op divisible by a prime ideal raised 
to the second or higher power. 
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Art. 30. Theorem. If one of the above integers e x , e 2f 
• • •, e r is greater than unity , so that op is divisible by the 
square of a prime ideal, then the discriminant D is always 
divisible by p. 

In the proof of this theorem it is necessary to introduce 
a lemma which will be used often in the sequel. 

Lemma. If R{a, (3, y, • • •) is an integral function of 
a, (3, y, • • • with rational integral coefficients, and if p is a 
rational prime integer, then is 

[tf(a, (3, y, • • -)] p = ^(« p , 0 P , y p , • • •) (mod. p). 

For the function R(a, (3, y, • • •) consists of a sum of 
terms of the form 

la a (3 b y c • • • -\-l'a a '(3 b 'y c ' - •• + •••• 

If this expression is raised to the pth power by the 
polynomial theorem, the coefficients that occur are of the 

p\ 

form —» where r, s, t, • • • take all possible combi¬ 
nations of positive integral values, including zero, which 
satisfy the equation 

r-fs-fH- =p. 

It is clear that none of the numbers r, s, t, • • • is greater 
than p. If one of these numbers is equal to p, the others 
are all zero. In all other cases, the coefficients - are 
divisible by p; for it is proved in the Theory of Combi¬ 
nations, that these coefficients are integral. It follows 
that 

[la a (3 b y c • • • +/V73V'' * • + • • .] Ps ^(« p ) a W p ) fc (7 p ) e * * * 

+ l ,p (a’ , ) a '(0 p ) b '( 7 P ) C '-1-(mod. p). 

But from Fermat’s Theorem it follows that 

l“ = l (mod. p), l ,p = V (mod. p), • • •, 

and consequently, 
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Tj ' * ') p = l(<x p ) a (& p ) b (y p ) e ‘ • • 

-\-l'{ce p ) a '((3 p ) b '(y p ) c '- • • H-(mod. p), 

or 

{#(«, /3, 7 , • • •)\ p = R(a p , fi p , y p , • • •) (mod. p). 

Art. 31. Returning to the theorem stated at the be¬ 
ginning of the preceding article, suppose that 


op = ptp? ♦ • • tf r , 

where one of the integers e if e 2 , • • •, e r is greater than 
unity. Suppose that ei > 1, so that op is divisible by at 


least the square of pi. Write = g, where g is an inte- 

Pi 

gral ideal and op = pfg. 

Let to be an integer that is divisible by p,g but not by 
(Vol. I, Art. 215.) Observe that w is not divisible 
by op or by p, although <o 2 is divisible by p. 

Let tj be an arbitrary algebraic integer that is divisible 


by co. It follows that tj p is divisible by p, and also — 
• P 

is an algebraic integer. If the conjugate quantities of tj 
be ' . 


if, rj") 


• • • 




(n) 


—- w 

, t 7 (n) (including rj), then the quantities 

pp ' p are algebraic integers. For these quan¬ 
tities satisfy the same algebraic equation as is satisfied by 


TJ P tj 

r - * Hence also 


n 


*-+i- + 

P P 


• • 


+ 




is an algebraic integer. On the other hand, the spur of an 
algebraic integer is a rational integer, so that 


S 


( 9 - 


s 


(v p ) 

V 


is a rational integer. It follows that S(rj p ) is divisible by 
P- Since 

S(y) 
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it follows from the lemma of the preceding article, that 

LS(v)y = y' P +v" P -\ -b 7 ? (n)P (mod. p) 

= S(r) p ) (mod. p). 

From Fermat’s Theorem it follows that 

S(v) p = S(r)) (mod. p). 

We have therefore 

S(r) p ) =S(tj) (mod. p). 

And, since S{t) p ) is divisible by p, it follows that S(tj) is 
divisible by p. In other words, if y is an algebraic 
integer that is divisible by co, then is S(y) divisible by p. 
Note that co was an algebraic integer that was not 
divisible by p f although co 2 was divisible by p. 

Since 

0 = [o>l, C0 2 , * * *, «n], 

and since co is an integer in ft, it is seen that 

(1) CO =X\CO\-\-X2COi-\- • • • -\-X n COnt 

where the .r’s are all rational integers. These integers 
Xi, x 2) • • •, x n cannot all be divisible by p , otherwise co 
would be divisible by p , which is contrary to the hypothe¬ 
sis. Suppose then that Xi is not divisible by p. Since 
every algebraic integer rj which is divisible by co is such 
that $( 77 ) is divisible by p, it is evident that S(coco r )(r = 1, 
2, • • •, n) are numbers that are divisible by p. 

Giving to co the value indicated in formula (1), it is 
seen that 

S(cOCOr) = XiS(cOrCOi) +X 2 S(cOrC0 2 ) + ’ * * +£ n £(cO r a>n) 

(r = l, 2, •••, n). 

On the other hand 

>S(cOiCOi), $(cdiC0 2 ), •**> S(cOiCOn) 

_ S(co 2 coi), S(co 2 co 2 ), ••*, S(co 2 co n ) ' 

S(cO n COl), *S(w n W 2 ), **•» S(cO n CO n ) 
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Multiply the determinant by x u and to the first column 
add the second column multiplied by x 2} the third multi¬ 
plied by x 3) • • •, and the nth column multiplied by x n . 
It follows that 

y=n 

&(wiO> 2 ), *S(wico n ) 

*= 1 
v—n 

XiD= Xj S(ci) 2 0) 2 ), &(a) 2 CO n ) 


y=n 

<S(w n O) 2 ), S(cO n O) n ) 

S(ojoji), jS(coico 2 ), • • •, *S(cOiOJ n ) 

_ $(o>o; 2 ), aS(cu 2 w 2 ), •••, £(a> 2 co n ) 

S((x)(t) n ) } *S(a> n a> 2 ), •••, *S(a) n co„) 

The elements of the first column of the determinant on 
the right are all divisible by p. Since X\ is not divisible by 
p, it follows that D is divisible by p. Somewhat different 
is the proof of Dedekind, Werke, Vol. I, pp. 356 ff. 

The theorem just proved may be expressed in the 
following more precise form: If the integral ideal contains 
as a factor the prime ideal p to the eth power , then D contains 
p as a factor to the (e — l)st power. 

This theorem, however, is not true when e is divisible by 
V • For then D contains p as a factor to the eth power 
at least. This case which has been very troublesome in 
the full development of the theory, is again carefully con¬ 
sidered in Art. 92. Note that this exceptional case can 
occur only if p<n. For, from the relation 

n —eifl-\-e 2 f2-{ - 

it is evident that, if one of the e’s is divisible by p, then 
P^n. 
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Art. 32. Theorem. If i is an arbitrary integral ideal, 
and if a and 0 are two algebraic integers of ft, which are 
congruent {mod. i), then is 

o<* + i= o0+\. 

For, since 

a = 0 (mod. t), 

it follows that 

a = 0 + i, 

where i is an integer divisible by i. Let b be any divisor 
of o a and of i. It follows that i > b, and consequently i is 
divisible by b. On the other hand, o a is divisible by b, so 
that a is also divisible by b. Hence a — i, or 0, is divisible 
by b. Thus it is shown that 00 is divisible by b. It 
follows that every common divisor of oa and of i, is also a 
divisor of 00 and of i. In the same way it is seen that 
every divisor of 00 and of i is also a divisor of o a and of i. 
And from this it is evident that the greatest common 
divisor of oa and of i is the greatest common divisor of 00 
and of i. It follows that 

0a-H= 00 + i, 

if 

a = 0 (mod. i). 

Art. 33. A Complete Set of Incongruent Residues. 
We are now in a position to distribute the numbers that 
are divisible by o, and that is, the algebraic integers of ft 
into classes with respect to i as a modulus. The number 
of these classes was denoted (Vol. I, Art. 137) by (o, t). 

Take an arbitrary integer a which is divisible by o, and 
write down all numbers of the form a + i, where i is a 
number divisible by i. These numbers form a class. If 
there are in ft still other integers which do not appear in 
the complex a + t, let such an integer be 0. Form the 
complex 0 + l, etc. Two such complexes are, in virtue of 
the theorem of the preceding article, either completely 



PRIME IDEALS 


65 


identical, that is, they contain the same numbers; or, 
they have no number in common. In this distribution 
of the integers in ft, we thus have (o, i) different classes or 
complexes. If, further, we take from each of the (o, t) 
classes an arbitrary number as a representative of that 
class, we have a so-called complete system (Vol. I, Art. 138) 
of incongruent residues (mod. i). 

Next let a be an integer in ft, such that 

oa-|-t= o, 

and that is, oa and t are relatively prime; or, as we may 
say more briefly, a is relatively prime to the ideal i. It 
follows that all integers of the complex oa-fi are relatively 
prime to i, if « is relatively prime to i. The number of 
these complexes, which contain only such numbers as are 
relatively prime to the integral ideal t, is denoted by 
^(i); and that is, <p(t) denotes the number of those inte¬ 
gers in ft, which are incongruent (mod. t) and which are 
relatively prime to t. This function <p(i) has the same 
significance as the corresponding function in the ele¬ 
mentary Theory of Numbers. 

Theorem. If a and b are two integral ideals that are 
relatively prime , then is 

<Kab) = y?(a)^(b). 

That there may exist an algebraic integer a> which 
satisfies simultaneously the two congruences 

co = p (mod. a), 

w = (T (mod. b), 

where p and a are integers of ft, it is necessary and 
sufficient (Vol. I, Art. 143), if b = a+b, that 

P = c (mod. b). 

It was also proved that, if this condition was satisfied, 
nere was an algebraic integer « 0 in ft, which simul- 
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taneously satisfied the two congruences 

o)o = p (mod. a), 
o) 0 = (7 (mod. b). 

The general solution of these two congruences was shown 
to be (Vol. I, Art. 143) 


where 


co = co 0 (mod. m), 


m = a — b. 


The above result may be applied at once to the 
special case where a and b are relatively prime. For this 
case it is seen that (Art. 10) 

a + b = o and a — b = ab. 

If a and (3 are two integers of ft, and if the two following 
congruences are considered, namely, 

cc = a (mod. a), 
co = /3 (mod. b), 

it is evident that they may be satisfied simultaneously. 
For the necessary condition 

a = /3 (mod. o) 

is here of itself satisfied, since a — (3 is an algebraic integer 
and therefore, divisible by o. If further co 0 is a solution of 
these two congruences, the general solution is 

co = coo (mod. cib). 

Write down a system of integers of the realm ft, which 
are incongruent (mod. a) and which are relatively prime 
to a. Suppose that this system contains the <p(a) 
integers a i, • • •, Similarly, write down the 

system of integers which are incongruent (mod. b) and 
which are relatively prime to b. Denote this system of 

integers by (3 h 0 2 , • • •, /W From each of these t . w0 
systems select integers, say, a r and j0 8 , and so determine 
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an algebraic integer of the realm that the two congruences 

o) = a r (mod. a), 
o)=(3 e (mod. b), 

are satisfied. Then let r take one after the other the 
values 1 , 2 , • ■ <p(a); and independently of these values, 

let s take the values 1, 2, • • •, y?(b). Each time an 
algebraic integer o> is to be determined which satisfies the 
corresponding congruences. We thus have the *>(aMb) 
integers 

wi, ^2, • • •, av aW) . 

These integers are incongruent (mod. ab). For, 
suppose that satisfies the two congruences 

oj = a r (mod. a), 

(mod. b); 

then, if were congruent (mod. ab) to «„ which satisfies 
the two congruences 

u = a r , (mod. a), 

<o = &, (mod. b), 

it would follow, since o>„=a y (mod. a), that 


and also 


a r =ot T , (mod. a), 


(mod. b). 

But since <x h a 2 , • •a„ (j) are incongruent (mod. a), and 

e numbers 0 h 0 2 , .. p ¥ih) are incongruent (mod. b), it 

ioiiows that r must be equal to r', and that « must be 
equal to s'. 

It may next be shown that the numbers an, a> 2 , • • •, 
are relatively prime to ab. For, since ai> <* 2 , 
a f e . aU relatively prime to a; and since every one of 
S? * 8 “ con gruent (mod. a) to one of these a% it 

simil WS that aU the w>s are relative ly prime to a. In a 
7 ar manner it is seen that all the «’s are relatively 
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prime to b. Hence it follows that all the o>’s are relatively 
prime to the product ab. 

Finally, it may be proved that every integer in ft, 
which is relatively prime to ab, is congruent to one of the 
numbers an, w 2 , a^ ( , Ml .). For, if £ is an algebraic 

integer in ft that is relatively prime to ab, it is also rela¬ 
tively prime to both a and b. Hence £ is congruent to 
one of the numbers a i, a 2 , • • a ^ (a) (mod. a) and to one 
of the numbers f3 h (3 2) •••, (mod. b), and conse¬ 
quently £ must satisfy two congruences of the form 

£ = av (mod. a), 

£ = /3 r (mod. b). 

On the other hand all solutions of two such congruences 
must be congruent (mod. ab) to one of the numbers 
wi, co 2 , •••, w„( a) „( b) . From this it is seen that the 
quantities wi, to 2 , • • «*<„)*<*> form a complete system of 

quantities which are incongruent (mod. ab), and which 
are relatively prime to ab. Such a system is composed of 
<^(ab) quantities. On the other hand, it was seen that 
this number is equal to <p(a)<p(b). It follows then that 

v?(a • b) = <p(a)<p(b). 

Observe that ^(o) must by definition be equal to unity. 

Art. 34. The theorem of the preceding article may be 
extended at once to the product of several ideals. For, 
if a, b, c, • • • are integral ideals which are relatively 
prime to one another, then 

v?(abcb- • •) = ^>(a)<?(bcb- • •)• 

This follows at once, for a being relatively prime to each 
of the ideals b, c, b, •••, is relatively prime to their 
product. Similarly it is seen that 

<£>(bcb• • •) = <£>(b)<£>(cb• • •)> e ^ c * 



PRIME IDEALS 


69 


It is evident from this formula that the calculation of 
<p(i) is reduced to the case where i is the power of a 
prime ideal. For, if we suppose that i is decomposed 
into prime ideals, say 

i = P * * * Pr', 

it follows from the above formula, that 

^(i) = <p(PiO^(P?) * * • <^(pr r )* 

It is necessary therefore to calculate <p(i) only for the 
case where i is the power of a prime ideal, say 

i = p*. 

Suppose that the numbers which are divisible by o, that 
is, the algebraic integers in ft are distributed into classes 
(mod. t). The number of these classes is (o, p e ). From 
each of these (o, p c ) classes select a quantity as repre¬ 
sentative of its class. How many of these (o, p e ) 
representatives have a common divisor with i = p«? If a 
number a which is divisible by o has a divisor in common 
with p e , it is evident that a must be divisible by p. 
Reciprocally, if a is divisible by p, then i( = p c ) and a have 
a common divisor. The question raised is therefore 
identical with the following: How many algebraic integers 
are there in ft which are divisible by p and are incongruent 
(mod. i) ? Or, how many incongruent integers (mod. i) 
are there in ft which are divisible by p? We know that 
there are (p, i) such integers. Hence, if we omit these 
(p, i) numbers from the above system of representatives, 
there remain the ^>(t) numbers required. 

It is thus seen that 

^(0 = (o, i) — (p, i) or *>(p«) = (o, p‘)-(p, p«). 

It was proved (Vol. I, Art. 140) that if a, b, c are three 
moduls such that 

b>a, c>b, 
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then 

Since here 


(a, fa) (b, c) = (a, c). 


i>p 


and 


p>o, 


we have 

(o, p)(p, i) = (o, i) 
It follows that 

*0) = (o, i) 

or 


or (p, i) = 


(o,0 

(o, p) 


1 -5ri))- Ar<i) l , -i4 


v (r)=N(y)- ^ =m p) • - jvcp) 


If further i is an arbitrary ideal of the realm ft, and, when 
decomposed into prime ideals, becomes 


then from above 

t = Pi'p2 l ‘ * • Pr r , 


¥>(i) = <p( • • • <pW/) = n <p( P' v ) 

y= 1 


= nV(pd" 

y=l 


( 1 1 

1 JV(p,) J 


If further p, is the smallest rational integer that is 
divisible by p„, then (Art. 29) is 

N(p,)=pk; 

and consequently 

Art. 35. The theorem expressed through the formula 

X>(b)=A(i), 

where b denotes a divisor of i, may be proved here. 
Write i in the form 

i = tit2, 

where ii and i 2 are integral ideals that are relatively 
prime, and consider a prime factor p e of i. This factor is 
a divisor of either ii or of i 2 , but not of both, since ii and i 2 
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are relatively prime. We may therefore write 

b — bib2, 

and, as b goes through the divisors of i, let bi go through 
all divisors of ti, while b 2 goes through all divisors of i 2 . 
Observe that bi and b 2 are relatively prime, so that 

^(bib 2 ) = <p(bi) <p(b 2 ). 

Since bi and b 2 are independent of each other, it follows 
that 

EI^(bi)^(b 2 )} = L^(bi)-E^(b 2 ); 
and consequently 

Ev*(b) = L^(bi) * I>(b 2 ), 

where b takes in all divisors of t, while bi and b 2 go through 
all divisors of ii and of i 2 , respectively. 

If then it is assumed that the formula stated at the 

beginning of this article is proved for ii and for i 2 , that is, 
if 

2>(b0-tf( w and 2>(b,)=tf(U), 

it follows that (Art. 22) 

Z<pW=N(x 1 )N(x 2 )=N(i). 

Hence, to prove the formula 

Z<pW=N( i), 

in its generality, it is necessary only to show that it is 
true for the case in which i is the power of a prime ideal. 
Suppose then that 

i = b‘, 

where p is a prime ideal, e being a positive rational 
integer. The divisors which b can go through are 

o, p, p 2 , •••, p e ; 

and it is clear that 

E^(b) = ^>(o) + <p(p)-|-<p(p 2 )H— • -f<p(p e ) 

= 1+tf (p) -14-iV(p 2 ) - W(p) +A r (p 3 ) - W(p 2 ) 

H- \-N(p e )-N . 
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Hence it is evident that 


Z<^(b) =A r (p c ) =iV(t). 

As it has been shown that this formula, when true 
individually of two ideals ii and t 2 , which are relatively 
prime, is true also of their product, it is seen that the 
formula is true in general. 


Art. 36. Fermat’s Theorem. Let i be any integral 
ideal and let co be an integer that is relatively -prime to t, then 
is 


Put 


a/ (,) = 1 (mod. t). 

r = <p{ i). 


Further, let the algebraic integers wj, co 2 , • • co r form a 
system of incongruent integers (mod. t), which are 
relatively prime to i. Let one of these r integers be co, 
and form the products coco b coco 2 , • • *, coco r . The integers 
are also relatively prime to i. Further, they are incon¬ 
gruent (mod. t) to one another. For, if 

coojp = coco* (mod. i), 

where p, a are any two of the numbers 1, 2, • • •, r that are 
different from one another, then is 

cop = co a (mod. i). 

This, however, contradicts the assumption regarding 
co p and co,. It is thus seen that the numbers cocoi, coco 2 , 

• • •, coco r form a complete system of incongruent (mod. i) 
residues; and consequently, neglecting the sequence, are 
congruent (mod. i) to the numbers coi, co 2 , •••, co r . 
We thus have 

cocoi = cop (mod. i), 

coco 2 = co, (mod. i), 


COCO r = co r (mod. i), 

p, a, • • •, r being the numbers 1, 2, • • •, r, when the latter 
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are arranged in a certain sequence. If both sides of 
these congruences are multiplied together, we have 

a> r C0lW2* • • COr = CO 1 CO 2 • • *c Or (mod. i) ) 

and since <oio> 2 • • - a> r is relatively prime to i, it follows that 

co r =l (mod. t), 

and that is the Fermat Theorem 

a/ (i) = 1 (mod. i). 

This theorem is true only for an integer to which is 
relatively prime to i. 

If next the special case is considered, where t is a 
prime ideal, say, p of degree /; and if p is the least rational 
number divisible by p, then is 

tf(i)=W(p)=p'; 

and consequently 

It follows at once from Fermat’s Theorem that 

w p/_1 = l (mod. p). 

For this special case the theorem may be put in such a 
form that it is true for every algebraic integer co in ft. 
For, multiply the congruence by to. We then have 

( 0 ^= 0 ? (mod. p) or co A ’ (,r) = co (mod. p); 

and in this form the theorem is also true for the case that 
a is divisible by the prime ideal p and consequently true 
m general for every integer to in ft. It is evident, for 
example, that every integer to that is not divisible by the 
prime ideal p of degree / satisfies the congruence 

w p / (p / -i) = i (mod. p2). 

Art. 37. Congruences of the mth Degree in a Realm 
of the mth Degree. 

Let 

f(x) = Q!oX m + aiX” 1 - 1 H-b a«, 

where or 0 , a lt •••,«„ are algebraic integers of ft, and x 



74 THE THEORY OF ALGEBRAIC NUMBERS 

is a variable. If there is an algebraic integer in ft, such 
that 

/((*?) = 0 (mod. p), 
then co is a root of the congruence 

f(x) = 0 (mod. p). 

If co is a root of the congruence 

f(x)=0 (mod. p), 

then also is co' a root of the same congruence, if 

co' = co (mod. p). 

1 wo roots of this congruence are regarded as different 
only when they are incongruent (mod. p). The coeffi¬ 
cients of the congruence, a 0 , «i, • • •, a m are determined 
(mod. p) only. That is, they may be replaced by other 
algebraic integers of ft, which are congruent to them 
(mod. p). If then the coefficient of a term is divisible by 
p, this term may be omitted in the congruence. Hence, 
in the congruence 

a 0 x m -\-aiX m ~ 1 -\- • • • +a m = 0 (mod. p) 
the exponent of the highest term (the degree of the 
congruence) is m only when a 0 is not divisible by p. 
Thus the degree of the congruence is determined by the 
exponent of the first term whose coefficient is not 
divisible by p. 

Theorem. If the modulus of a congruence of the mth 
degree is a prime ideal p, this congruence has at most m 
incongruent {mod. p) roots. 

This theorem is proved first for the special case where 
m = 1. The congruence is then 

aoX-\-ai = 0 (mod. p), 

where a 0 is not divisible by p. Let w and a/ be two of its 
roots, so that 

cxqqj -f - = 0 (mod. p), 
c* 0 a/+ai = 0 (mod. p). 
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It follows that 

aoco = ao£*/ (mod. p). 

Further, since a 0 is not divisible by p, and consequently is 
relatively prime to p, it is seen that 

co = c»/ (mod. p). 

It follows that a congruence of the first degree can have at 
most one incongruent root {mod. p). 

Assume that the theorem to be proved is true for the 
cases where the degree is less than or equal to m — 1. On 
this assumption the theorem may be proved for con¬ 
gruences, whose degree is m. Suppose that 

f(x) = ocoX m + a \X m ~ l H - b am, 

where a 0 is not divisible by p. If co is a root of 

/(a:)=0 (mod. p), 

it follows that 

f(s) -/(co) = (x - co) [fioX m ~ l -\-(3iX m ~ 2 H-f/3 m _i] = 0 

(mod. p). 

If co and r\ are two incongruent roots (mod. p) of f{x) = 0 
(mod. p), so that 

/(co) — 0 (mod. p) and f(y)= 0 (mod. p), 

then, from the formula above, we have 

( 77 —co) OT?” 1-1 +i? 7 m—2 H-b/3 m _i] = 0 (mod. p). 

As rj and co are incongruent (mod. p), it follows that 
0o77 ro_1 +0i?r“ 2 -|- h/3m-i = 0 (mod. p). 

This is a congruence of the {m — l)st degree in y. Since 
0o = a 0 is not divisible by p, in view of the above as¬ 
sumption, this congruence can have at most m — 1 roots. 
It follows that the original congruence of the mth degree 
can have at most m roots, which are incongruent (mod. p). 
As this theorem was proved for m = 1, it is seen to be true 
in general. 
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Suppose that the congruence 

f(x)=a Q x m +a 1 x m - 1 + •••+«„=() (mod. p) 

has exactly m incongruent (mod. p) roots, say £ 1 , £ 2 , • • •, 
£ m . Consider the congruence 

a 0 x m + + • • • +a m -ao(x-h)(i-^ 2 ) • • • (x — £ m ) =0 

(mod. p). 

This congruence is at most of the (m- l)st degree, as the 
terms in x m cancel. It has, however, more than m —1 
incongruent (mod. p) roots {*, • • •, ( m . It follows that 
all the coefficients of the congruence are divisible by p, 
and consequently 

~~=£i+£ 2 + • • • (mod. p), 


02 

Oto 


= ^1^2 + ^1^3+ • • • T" £m—l£m (mod. p) , 


<*0 


"4“£m— 2 £m—i£m (mod. p )y 


( —l) m ^=^^ 2 * • -£m (mod. p). 

The following theorem has thus been proved. If the 
congruence of the mth degree f(x)=0 (mod. p) has exactly 
m roots, say, £i, £ 2 , • • •, £ m , there exists the identical con¬ 
gruence 

r=m 

f(x)=a 0 n (x — £ r ) (mod. p). 

r= 1 

Art. 38. Wilson’s Theorem. The above theorem 
may be applied to the special case 

f(x) =x p/ ~ 1 = 1 (mod. p), 

where p is the smallest rational integer that is divisible by 
the prime ideal p, and where / is its degree (Art. 29). 
This congruence may be written in the form 

£*( 0—1 = 1 (mod. p). 
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There are p f — 1 incongruent roots (mod. p). For, the 
congruence is satisfied, due to the Fermat Theorem, by 
all the incongruent (mod. p) integers of 12 that are 
relatively prime to p, and this number is 

<p(p)=AT(p)-l. 

It follows from the theorem of the preceding article 
that 

a: p/_1 = n(x — a>) (mod. p), 

where the product is to be taken over a system of 
incongruent (mod. p) numbers c o, that are relatively 
prime to p. This, being an identical congruence, is 
consequently true for all values of x, so that when x = 0, 
it follows that 

1 = IIco (mod. p), 

where the product is to be taken as just described. This 
may be called the Wilson Theorem , as it is the analogue of 
the Wilson Theorem in rational numbers. 

Art. 39. The Height of an Algebraic Integer. If the 
following series of numbers is considered, namely, 

O>( = C0 p °), W pl , U) pt , • • • 

where o> is an arbitrary integer of the realm 12, and p is the 
smallest prime integer divisible by p, we must finally 
come to a number r such that 

Q)p r =oi p0 (mod. p). 

If this number r is not reached earlier in the series, we 
have it at all events for r =/, where / is the degree of p. 

We shall call the smallest rational integer h, which is 
different from zero and which satisfies the congruence 

a) p *=a> (mod. p), 

the height of to. 

If h is the height of a>, it follows at once, by raising the 
above congruence to the p h power, that 

=o) pk (mod. p), or a> pl * = w (mod. p); 
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and similarly 


u pih =co (mod. p), 
u pih =co (mod. p), 


aj pmA =a) (mod. p). 

If this last congruence is raised to the p r power, it is seen 
that 


Put 


(o pmh * r =u pr (mod. p). 


mh+r = s } or r=s (mod. h), 

and it is evident that 

(1) u) pT =o) pt (mod. p). 

Reciprocally, it may be proved that if formula (1) is 
true, then also 

r = s (mod. h). 

In the proof of this theorem it is necessary to consider 
only the case where r and s are two of the integers 
0, 1, 2, •••, h — 1. For, if r and s are two arbitrary 
integers, we may always find two other integers r' and s' 
such that 


r = r' (mod. h) and s = s' (mod. h). 

Hence, since 

(o pr =( t ) pr ' (mod. p) and u p '=u pt ’ (mod. p), 

if 

co pr = co p ‘ (mod. p), 

it follows also that 


w pr/ =co pl ' (mod. p), 

and vice versa. If then r' and s' are two numbers of the 
series 0, 1, • • - , h — 1, such that 

a) pT '=u) pt ' (mod. p), 

it may be proved as follows that 





Suppose that 
and let 
where 
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rVs', 

r' = «'+f, 

lSfSA-1. 

If we raise the congruence 

co p *" w = w p * / (mod. p) 

to the p h ~ 9 '~ l power, where h — s' — t is a positive integer, 
(since h — r' is a positive integer), we have 

(X )P K =o)P K ~ l (mod. p). 

But, since 

03 ph =(o (mod. p), 

it follows that 

(mod. p). 

Since h is the smallest integer which satisfies the con¬ 
gruence 

oj pA = o) (mod. p), 

it follows that t = 0, and consequently r' = s'. 

If then r and s are two arbitrary positive integers, 
which satisfy the congruence 

o) pr =o) p ' (mod. p), 

it follows that 

r=s (mod. h). 

Incidentally, we have proved the following two 
theorems: 

1°. If s?±r (mod. h), then w pr ^a) p * (mod. p); 

2°. If a> pr f£a> p> (mod. p), then r^s (mod. h ). 

Art. 40. The Period of an Algebraic Integer. Con¬ 
sider the infinite series of numbers 


w( = co p0 ), 0 ) pl , co p \ 0 ) p5 , 

with respect to the modulus, the prime ideal p. Observe 
that the first h of the numbers, where h is the height of w, 
axe incongruent (mod. p), while the next h numbers occur 
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in the same sequence, being the same as the first h 
numbers. The numbers 

W P °, CO p> , Q) p \ • • •, u) ph ~ l 

are said to constitute the period of the number co. 

The period of the number co pr , where r is any positive 
rational integer, is o> pr , co pr+ ‘, w prM , • • •, w prt *"‘. This period 
of o> pr contains the same numbers as the period of o>, there 
being a cyclic change in sequence. 

Art. 41. We may next consider the numbers whose 
height is unity. These numbers satisfy the congruence 

o3 p = oj (mod. p). 

Note that, due to the Fermat Theorem, every rational 
integer co satisfies the congruence 

co p = co (mod. p), 

where p is any rational prime integer. Consequently, 
since p is divisible by p, 

co p = co (mod. p). 

We therefore have the theorem: Every rational integer 
has the height unity. Reciprocally, every number of the 
height unity is congruent to a rational integer {mod. p). 
Proof. The congruence 

x p — x = 0 (mod. p) 

is satisfied by the p rational integers 0, 1 , ••*, p — 1 . 
These p numbers are incongruent (mod. p). 

For, were 

r = s (mod. p) 

where r and $ are two of the integers, 0, 1, 2, • • •, p —1, ic 
would follow (Art. 29) that r-s is an integral multiple of 
p. But this cannot be true, since r and s are both less 
than p. It follows that the congruence 

x p — x = 0 (mod. p) 
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has as many incongruent roots (mod. p) as is the degree 
of the congruence. 

Observe further (Art. 37) that 

x p —x=x(x — l)(x — 2) • • ‘(x — p-f-1) (mod. p) 

is an identical congruence. If then co is a number of the 
height 1, and as 

co p — co = 0 (mod. p), 

it follows that 


co(w —1) • • - (a? — p + l) =0 (mod. p). 
Consequently, we must have 

a>=r (mod. p), 

where r is one of the integers 0, 1, 2, • • •, p — 1. From 
this it is seen that co is congruent to a rational integer r 
(mod. p), when the height of co is 1. 

Observe further that, if co is congruent to a rational 
integer r (mod. p), then also 

co p = r p (mod. p). 

But by the Fermat Theorem 


consequently also 
It follows that 
As 


r p = r (mod. p), 
r p = r (mod. p). 
co p = r (mod. p). 


it is clear that 


co = r (mod. p), 


co p = co (mod. p), 

and obviously co has the height unity. 

We have thus shown that every number that is con¬ 
gruent to a rational number (mod. p) has the height 1 , and 

that every number which has the height unity is congruent to a 
rational integer (mod. p). 
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Art. 42. If / is the degree of the prime ideal p, then 
(Art. 36) 

^= 0 ) (mod. p), 
where oo is any integer in ft. 

If h is the height of a>, then (Art. 39) 

a) Th = u (mod. p), 

and consequently 

a> p *=ci> p/ (mod. p). 

But from the theorem in Art. 39 it follows that 

h=f (mod. h), 

and consequently / is divisible by h. 

It is thus seen that the height of every algebraic integer is 
a divisor of the degree of p. 

The following question at once arises: If h is an arbi¬ 
trary divisor of /, do algebraic integers in ft of the height 
h always exist? Before answering this question, it is 
necessary to prove certain lemmas. 

Let h be the height of co, and further let 

T]=S(0J, 0) P , U P \ * * ’, Oi ph ‘) 

be an integral symmetric function of the h quantities 
o>, w p , co p \ • • •, o) ph l . It is evident that 77 is an algebraic 
integer of the realm ft. It was proved (Art. 30) that if 
R(a, 0, 7 , •••) is an arbitrary algebraic function of 
0, 7 , • • •, then 

lR(a, 0,y, • • •)] P = ^(« P J P P > 7 P , • ‘ •) ( mod - P)* 

If p is the least rational prime integer that is divisible by 
the prime ideal p, then the above congruence is true 
(mod. p). It is evident that 

[S(«, •••,u pA "‘] p . j \ 

= S(u p , co p \ o) p3 , • • •, C 0 p ) (mod. p). 

Since S is a symmetric function of its arguments, and 

(o ph = a) (mod. p), 
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it is seen that 

S(o} p , 0) p \ • • w pA ) = S(o), 0) 1 ’, u v \ • • *, co pA ~‘) = 77. 

It follows that 

v p =v (mod. p), 

and consequently 77 has the height unity and is accord¬ 
ingly (Art. 41) congruent to a rational integer (mod. p). 

Thus is proved the lemma: Every symmetric Junction of 
the h quantities 

co, co p , co pI , • • •, o) ph ~' 

is congruent to a rational integer (mod. p). 

Form the product 

P(x) =(x-a*)(x- <o p ) (X - C0 pl ) • • . (x- w p *~') , 
which, when developed in powers of x, gives 

P(x)=X h + C 1 X h ~ 1 +C 2 X h - 2 -\ - \~C h - X X + C h , 

where the c’s, being symmetric functions of co, co p , co pI , • • •, 
wP * ', are congruent to rational integers (mod. p). It 
follows that the function P(x) is an integral function of 
the hth degree whose coefficients are congruent to 
rational integers (mod. p). Since every rational integer 
that is divisible by the prime ideal p is also divisible by p, 
where p is the smallest rational integer that is divisible 
by the prime ideal p, it is clear that the coefficients are 
determined (mod. p) only. 

Art. 43. Theorem. The function P(x) is a prime 
function (mod. p), that is, it is impossible to determine two 
integral functions f(x) and g(x) with rational integral 
coefficients, such that 

P(x)=f(x)g(x) (mod. p), 

without one of the functions f(x) or g(x) being constant. 

An indirect proof of this theorem will be given. 
bup pose that there are two functions f(x) and g(x), such 

P(x)=f(x)g(x) (mod. p), 


8 
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where f(x) is of the degree r in x, and g(x) is of degree s, 
and r-fs is equal to h. We then have 

PM=f(o))g(w) (mod. p); 

and, since the function P{x) is congruent (mod. p) to the 
product 

(x - co) (x - a > p ) ( X - co p ’) • • • (x - co p *~'), 

it follows that 


0 = P(oi)=f(co)g(oi) (mod. p). 

Hence, either/(co) or g( co) is divisible by p. Assume that 
f(co) is divisible by p. Then, since 


it is seen that 


f(oj)=0 (mod. p), 


/(o>)p = 0 (mod. p); 
and since (Art. 30), 

f(u)”=f(u p ) (mod. p), 

it follows that 

f(co p ) = 0 (mod. p). 
Similarly, it is seen that 

f(u p ) p = 0 (mod. p); 


and consequently 


/( w 2 p)=0 (mod. p), 
/(co 3p ) =0 (mod. p), 


Thus it is seen that the congruence of the rth degree 

f(x)= 0 (mod. p) 

is satisfied by all the numbers that constitute the period 
of co, namely, h i 

co, co p , co p *, • • •, co p . 

A congruence of the rth degree, however, can have at 
most r incongruent roots (mod. p). It follows then that 

h^r. 
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On the other hand, since 


it is clear that 


/i = r+s, 
h = r, s = 0, 


and consequently g(x) is a constant. At the same time, 
it is proved that P(x) must be a prime function (mod. p). 

Art. 44. We come now to the question of Art. 42. 
Are there numbers of the height h, where h is any divisor 
off; and if so, how many such numbers are there? 

If we admit that there is a number co of the height h, 
then the numbers of the period of «, 

O), 0) p , 0) p \ • • •, 0) ph ~ l 

all have the height h. For 

(w p ) p * = (co **) p = oj p (mod. p), etc., 

all have the height h. We may consequently distribute 
all numbers of the height h into groups, there being h 
numbers in each group. It follows that the number of 
numbers of the height h must be divisible by h. The 
number of numbers of the height h may be denoted by 
hx h) where X h is a positive integer or zero. 

It was seen that the degree of the prime ideal p is 
divisible by A; and that is, 


f=gh, 

where g is a positive integer. It follows that p f — 1 is 
divisible by p h -l. In fact, 


~h~\ = 1+ p h + p 2h H-h p h , 

which is a positive integer. If further, we put 

x ^- 1 - 1 

-*(*), 

it is seen that $(x) is an integral function of x with 
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rational integral coefficients. It also follows that 

x l>/ — X 

■„*_ r = $ (z ); or x p/ -x = <t>(x) (x ph - x ). 

The degrees of x J>/ —x and of x^—x being, respectively p f 
and p h , it is seen that the degree of 4>(x) is p f — p h . 
From the theorem of Art. 38 the congruence 

x^—x^O (mod. p) 

has p f incongruent roots (mod. p). These roots, because 
of the identical relation 

x 1 * 1 — x = $(x) ( x ph — x ), 
must satisfy one of the two congruences 

3>(x) =0 (mod. p) or x ph — x = 0 (mod. p). 
From this it is seen that 

x ph — x = 0 (mod. p) 

cannot have fewer than p h incongruent roots (mod. p). 
For, if there were fewer than this number of roots, the 
congruence 

$(x) =0 (mod. p) 

must have more than p f — p h incongruent roots (mod. p), 
which contradicts the theorem of Art. 37. But the 
congruence 

x ph — x = 0 (mod. p) 

cannot have more than p h incongruent roots (mod. p). 
Therefore, this congruence must have exactly p h incon¬ 
gruent roots (mod. p). 

Art. 45. If the number a> satisfies the congruence 

w ph = u (mod. p), 

it is not necessary that co have the height h. We can 
only say that h must be an integral multiple of the height 
of co (Art. 39). If then a number co satisfies the con¬ 
gruence 

a)P h =(o (mod. p), • 
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the height of co must be either h or a divisor of h. It 
follows that each of the p h incongruent numbers (mod. p), 
which satisfies the congruence 

x ph =(c (mod. p), 

has either the height h or a height which is a divisor of h. 
If d is a divisor of h, the number of incongruent numbers 
(mod. p) of the height d is dx d (Art. 44). Hence, the 
number of incongruent numbers (mod. p) whose height is 
h, or a divisor of h, is had, if in the expression 

Z.dx d , 

the summation is taken over all divisors d of h, including h 
itself. On the other hand, it was seen that this number 
was p h . It follows that 

p h =Y.dx d . 

This formula is true also for all divisors of h. For, if h' 
is a divisor of h, then / is also divisible by h' f and there 
results the analogous formula as above 

where the summation is to be taken over all divisors 
d of h'. 

Next, introduce the coefficients of Mobius (Vol. I, Art. 

201) namely, mO) = 1, if m = 1; M (m) =0, if m is divisible 

by ttle square of a number which is different from 1; 

m(w) = 4-1, if m contains as factors an even number of 

prime factors; p(m) = -1, if m contains an odd number of 

different prime factors. We may then write after a well 
known theorem 

hx h = Z{M(d)p d ), 

where the summation is taken over all divisors d of h. 
Ur, more explicitly 

hx h = p h - J2p a + - Zp°*~ c -\ -, 
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h 

where the sum Y,P a is to be taken over all prime factors a 

of h, while the sum YLp ab is to be taken over all products 
of two different prime numbers a and 6, which are 
divisors of h; etc. 

It is seen at once that 

Xa>0; 

for, the right hand side of the formula just written has 

h 

the factor p ab '" t , where a, b, •••, k are all the prime 
factors of h. The second factor on the right will contain 
terms, all of which are divisible by p except the last, 
which is unity. Hence the second factor is congruent to 
1 (mod. p). It follows that X h cannot be zero and 
therefore it must be a positive integer. 

It is thus seen that, if h is a divisor of /, there are always 
numbers of the height h. 

Art. 46. Primary Prime Functions. 1 The congruence 

x ph — x = 0 (mod. p) 

has exactly p h incongruent roots (mod. p) and is satisfied 
by all numbers whose height is h, or a divisor of h. It 
follows from (Art. 38) that 

x p h — x = H{x-(x>) (mod. p), 

where the product is to be taken over a system of p h 
incongruent numbers (mod. p), whose height is h, or a 
divisor of h. In this product, if w is a number of the 
height h, there enters a product 

(x — co) (x — Cd P ) (X a> p2 ) • • ‘ {x co p '), 

which (Art. 42) may be replaced by a prime function 
with rational coefficients. 

1 In this connection see the “Report on the Theory of Numbers,” by H. J. 
S. Smith, Collected Math. Papers. Vol. I, §§ 69, 70. 
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Similarly, there enters into the original product a 
product of the form 

(x-o)')(x-u </ p )(x-o>' pI )- • • {x — a/ p ° -1 ), 

where d is a divisor of h. This last product may also be 
replaced by a congruent (mod. p) prime function of 
degree d , whose coefficients are rational integers. 

In short, we may replace the original product through a 
product of prime functions, and thus have 

x ph — x = UP(x) (mod. p), 

where P(x) denotes certain prime functions. Since the 
coefficients in the product to the right are rational 
integers, the congruence may also be taken (mod. p), 
thus giving 

x ph — x = UP(x) (mod. p). 

The question arises, How many such prime functions 
enter the product on the right? From the derivation of 
this product, it is seen that only prime functions enter in 
which the coefficient of the highest power of x is unity. 
Such prime functions are called primary prime functions. 
Further, there enter in the product only such primary 
prime functions as are of degree h, or a divisor of h. If d 
is an arbitrary divisor of h, the number of these prime 
functions of the dth degree which appear in the product 
nP(z) may be denoted by V d . The number of all 
possible primary prime functions of the dth grade was 
denoted (Art. 44) by x d . It follows then that 

^ d = X d ) 

and we shall see (Art. 50) that 

= x d> 

and that is, there appear in the product nP(x) all possible 
primary prime functions of the dth degree. 

Art. 47. Before determining the number of all possible 
primary prime functions of a prescribed degree, we must 
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first find the number of those of the first, second and 
third degrees, and that is, Xj, x 2 , X 3 . 

A primary prime function of the first degree (mod. p) 
has the form 


rr+a, 

where a is a rational integer and is taken (mod. p). It is 
seen that the functions 


z, x + 1, 2 - 1 - 2 , • •., x+p-1 

form a complete system of incongruent primary prime 
functions (mod. p) of the first degree, and consequently 
the number is 

Xi = p. 

A primary function of the second degree has the form 

x 2 +ax-\-b, 

where a and b are two rational integers determined (mod. 
V) only- Hence, to have all possible primary prime 
functions of the second degree, we must give to each of 
these numbers the values 0, 1, 2, • • -, p — 1, and subtract 
from this number the number of functions that are not 
prime. In all there are p 2 such functions. If one of 
these functions is not prime, it must be equal to the 
product of two primary prime functions. Hence, of the 
p 2 primary functions of the second degree, the number 
that are not prime is equal to the combination of p 
elements taken two at a time, allowing repetitions, so that 

X2 = P 2_P(P+11 I or 2 x, = p(p-l). 

A primary function of the third degree has the form 

2 3 -f ax 2 -}- bx+c; 

and all the primary functions of the third degree are had 
by giving to a, b, and c all possible combinations of three 
equal or different numbers chosen among 0, 1, 2, •••, 
p — 1. We thus have p 3 primary functions. These are 
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either prime functions or products of a prime function 
of the first degree with a prime function of the second 
degree; or products of three primary functions of the 
first degree. The number of primary prime functions of 
the third degree is X 3 . The number of the products of a 
primary prime function of the first degree and of a 
primary prime function of the second degree is XiX 2> 
while the number of the products of three primary prime 
functions of the first degree is equal to the number of 
combinations of p elements taken three at a time, 
allowing repetitions. It follows that 

v >= Xi+XlXi+ viE +i)(v+2) ! 

1 • L • O 

and consequently 

X 3 = p3_ XiX2 _g(g + l)(?>+2) 

o 

—p(?+ 1 ) p(p+i)(p+2) . 

^ y 2 6 

or 

3Xj“p(p>-l)=p»-p. 

Art. 48. The computation of the number of primary 
p nme functions of any degree h (mod. p) may be made 
next. The number of primary functions of degree h is 
V , since each of the h coefficients of the primary function 
may take any of the p numbers which form a complete 
system of residues (mod. p), and that is, the numbers 

0, 1, 2, • • p —1. 

Such a primary function of the fith degree may be 
either a primary prime function of the hth degree, or a 
Product of a primary prime functions of the first degree 

. Pnmary prime functions of the second degree, of c 
Prunary prime functions of the third degree, etc., where 
a,b,e, ... are arbitrary rational integers (£0), which are 
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subjected only to the condition 

a + 26 + 3c+ • • • =h. 

The question is: In how many different ways is such a 
representation of a product of a primary prime functions 
of the first degree, b primary prime functions of the 
second degree, c primary prime functions of the third 
degree, etc., possible? There are Xi primary prime 
functions of the first degree, and these may be made into 
products of a factors in 

Xi(Xi + l) • • •(Xi+q —1) 

a\ 

different ways. Similarly the X 2 primary prime func¬ 
tions of the second degree may be combined into 

x 2 (x 2 H - 1) * • * (x 2 —I - b 1 ) 

b\ 

products of b factors, etc. It is seen that a product of a 
primary prime functions of the first degree, b primary 
prime functions of the second degree, etc., may be 
formed in 

Xi(Xi-fl) • • -(Xi+a — 1) X 2 (X 2 + 1) • • *(x 2 +& —1) 

a! bl 


different ways. 


The symbol denotes the well known relation 


o- 


s(s — 1) • • • (s —n + 1) 


n 


and is used without regard to the nature of s, although n 
is always a positive integer. The above product may 
consequently be written 

— X 2 

b 

and, if a summation is taken over all systems of numbeis 


( 


uv; nut tvii 
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V h = L 

a.b.e,"' 


a, 6, c, • • •, which satisfy the condition 

a+26+3c-f- • • • = h, 

the number of primary functions of the degree h is 
expressed through the formula 

If x denotes any variable quantity, it is clear that 

x a x 2b x 3c • • • = x h , 

so that 

(p*) 4 =e{(- l)“(“ a Xl )^(-l) fc (“ X2 )r 

the summation being taken as above. 

Observe that this formula is true for all positive values 
of h, namely, h = 0, +1, +2, • • •, (ad infinitum). 

If it is assumed that 

1 


.26 


P I <1 


or 


x 


< 


it is clear that 


V 


h = oo 


= L v " xK 


x? b • • ■ 



It follows at once that 

.. i ^0 

Observe that the double summation may be transformed 
into a product of an infinite number of single sum¬ 
mations, since the infinite series that stands under the 
double summation is convergent. Further, in the double 
summation, since h extends over all integral values from 
zero to infinity, it is seen that a, b, c, • • •, must take all 
integral values from zero to infinity in each of the single 

summations, with the result that the formula above may 
be written 
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Due to the Binomial Theorem it is evident that 


b= oo 

(l_^)-x != £ 

b=0 

(l-x*)-*' = C f 

c=0 

It follows that 


( _i ) 6 ( 6 X2 M> 


etc. 


I-^—=(l-x) x '(l—® 2 ) x *(l-**)»•■ ..=*11 1(1—*«*)»-). 

± d—l 

By equating like powers of x on either side of this 
equation, the positive integers X lf x 2 , • • •, (ad infinitum) 
may be calculated. 

Art. 49. From the formula of the preceding article, 
which is true for 


it is further seen that 


x\<- 
V 


- log (\-px) = if [X d log (l-x d )J. 

</s=l 


If this expression is differentiated with respect to x, it 
follows that 


V 


d= oo 


i —px £ 


dx, 


x 


d—l 


d l-x dl ’ 

or, if both sides of this equation are multiplied by x , 

px 


Since 


d= oo 

1 —px d= l 




- Z \dx dl _ xd 


p = oo 


1 —px P=l 


it is seen that 


fi = oo 
M=1 


x d 

and \-x d ~ 

A = oo 

Ex", 

A=1 

d= oo \ = oo 

E Zdx d x"\ 

i=> 1 A=1 
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Equating like powers of x in this formula, it is clear that 

V h = H(dX d ), 

d 

where d takes all values in the summation for which 
d\ = h; and that is, d goes through all the divisors of h. 

Using the well known formula for inversion, it is seen 
that 

hx h = ZfM(d)p tf }, 

d 

where n denotes the Mobius coefficients of Art. 45, and d 
goes through all divisors of h. 

Art. 50. In the formula (Art. 46) 

x ph — x = UP(x) (mod. p), 

observe that the number of primary prime functions of 
the hth degree, which exist under the product on the 
right, was denoted by x*; while the number of primary 
prime functions of the degree d (d being any divisor of h), 
that occur in this product was denoted by >P d . Further, 
in the above identical congruence, the degree of the 
highest powers of x must be the same on the right hand 
and on the left hand sides. It is at once evident that 

P h = Zd* d , 

d 

where d goes through all divisors of h. It follows as 
above that 

h*h = 'L{n(d)p a \, 

d 

where d goes through all divisors of h. From this it 

results that 

It is thus seen that in the product nP(s) all possible 
primary prime functions enter, whose degree is equal to 
or to a divisor of h; and that is, x pK —x is congruent to 
the product of all primary prime functions, whose degree 
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is equal to li, or to a divisor of h, the congruence being 
taken (mod. p) or (mod. p). On the other hand, it was 
proved (Art. 46) that 

x p ' — x = U(x — <^) (mod. p), 

where co goes through all incongruent (mod. p) numbers, 
whose height is h or a divisor of h. It follows that in the 
congruence (Vol. I, Art. 198) 

nP(x) = n(x-w) (mod. p), 

the product on the left is to be taken over all existing 
primary prime functions, whose degree is h or a divisor of 
h; while the product on the right is to be taken over all 
numbers w, whose height is h or a divisor of h. 

Example. Derive the analogues of the Fermat and Wilson 
Theorems, where, instead of taking rational or algebraic integers, 
the primary prime functions of any degree are taken. 


Distribution of Ideals into Classes 


Art. 51. Equivalent Ideals. Definition. Two ideals 
a and b are said to be equivalent, if their quotient is a 
principal ideal; that is, if there is an integral or fractional 
number k such that 



or b = /ca. 


Some authors have defined the equivalence of two 
ideals somewhat differently, as follows: Two ideals a and 
b are said to be equivalent, if there is a third ideal c such 
that ac and be are principal ideals. This definition is 
clearly synonymous (coextensive) with the one offered 
above. For, if b is equivalent to a, then is b = xa; and, if 
we put 

0 a 



PRIME IDEALS 


97 


where a is an algebraic integer divisible by a, it is seen that 

ac = oa and bc = OKa = op. 

If, then, in accordance with the first definition, a and 6 are 
equivalent, it is seen that there exists an ideal c such that 
ac and be are principal ideals. Reciprocally, if there 
exists an ideal c such that 


then is 


ac = oa and be = o/3, 


b 0 

- = o — = OK, 

a a 


so that a and b are equivalent by virtue of the first 
definition. 


Art. 52. Principal Classes; Reciprocal Classes. Theo¬ 
rem. ( 1) If two ideals a and b are equivalent to a third 
ideal c, they are equivalent to each other. 

For, if 




To the above theorem may be added the two which 
follow, and which may be proved readily: (2) Every ideal 
is equivalent to itself. (3) If an ideal a is equivalent to an 
ideal b, then also b is equivalent to a. 

On the truth of these theorems rests the possibility of 
the distribution of all ideals of a fixed realm into classes 
pf equivalent ideals. For, if a distribution into classes 
is made such that two equivalent ideals fall into the same 
class, while two ideals that are not equivalent fall into 
different classes, then two different classes in virtue of the 
theorems above have no ideals in common. 

If a is an ideal belonging to one class, it may be taken as 
the representative of this class; or, any other ideal 



98 THE THEORY OF ALGEBRAIC NUMBERS 

equivalent to a may be taken as the representative of this 
class. All ideals belonging to the class, of which a is a 
representative, must have the form a£, where £ is an 
algebraic number. 

Reciprocally, since all ideals of the form a£ are equiva¬ 
lent to a, it is seen that they must belong to the same class 
to which a belongs. This class may be denoted by A. 
It is clear that all principal ideals belong to a class. 
This class may be called the principal class, and may be 
denoted by U. 

If a and b are two ideals, and if A and B are the two 
classes to which they belong, then all products which are 
had if an ideal of the class A is multiplied by an ideal of 
the class B, are equivalent to the product ab. For, all 
such products have the form 

a£ • b7? = ab£?; = ab^, 

and consequently belong to the class represented by ab. 

Reciprocally, all the ideals that are equivalent to the 
product ab are had, if every ideal of the class A is multi¬ 
plied by every ideal of the class B. This class C is called 
the product of the two classes A and B. Clearly, the class 
C = AB has the form ab$*, where £ is an arbitrary algebraic 
number. 

It follows that 

AB = BA. 

Similarly, it is seen that 

A(BC) = (AB)C, 

where A , B and C are three classes that are not necessarily 
different. Accordingly, in the above definition, the 
parentheses may be omitted, so that 

ABC = A(BC) = (AB)C. 

It follows then that the commutative and the associative 
principles hold for the products of classes. 
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From the associative principle follow the laws of 
exponents, so that 

AA = A 2 , AAA=A *, AAAA =A 4 , etc. 

From the associative principle, observe first that 

A r A a = A r+a 

for the case that r and s are two positive integers, 
different from zero. Note next that 

UA=A or A° = A +A = U. 

Accordingly, if s > 0, we have 

UA' = A 8 or A°A a = A 8 . 

It is seen further that the product of two principal classes 
is a principal class. For, we have 

A°A°=UU=U = A 0 ] 

and consequently, the formula 

A r A a = A r+a 

is also true if one or both of the indices is zero. 

^ A is a class, and if the ideal a is its representative, 
en all ideals of the class A have the form a£. It is seen 
also that all ideals of the form 


( a *)- 1 = q - 1 *- 1 

are equivalent to one another, being all equivalent to 
? ‘ ^ we take the reciprocal ideals (Art. 8) to all the 
i eas of a class A , it is evident that they form a class 
wmch may be denoted by A~ l . 

Further, since 


it follows that 

It is thus proved that 
class B, such that 


a^tr 1 ^ 1 = o, 

AA~ l =U. 

to every class A there 


corresponds a 


9 


AB-U. 


100 THE THEORY OF ALGEBRAIC NUMBERS 


It may be proved that there is only one class B which 
satisfies the condition 

AB=U. 


For, suppose that C is also a class such that 


AC =U. 

It follows that 

ABC = (AB)C=UC = C , 

and also that 

ABC={AC)B=UB = B ; 


and consequently, 


B = C. 


The class B which is uniquely determined through the 
condition 

AB = U } 

is denoted by A _1 and is called the reciprocal class of the 
class A. It follows that the reciprocal class A~ l is the 
class which, compounded with the class A, gives the 
principal class. 

It follows further that 


A n (A n )~ l =U, 

A n (A~ i) n = (AA~ l ) n = U n =U, 

so that 

A~ n = (A n )~ l = (A -1 )". 

Having thus defined classes with negative exponents, it 
is clear that the formulas already derived for positive 
values of r and s, namely, 

A r A* = A r+S , 

A r B r = {AB) r , 

are true also if one or both of the integers r and s are less 
than or equal to 0. 

Art. 53. The Number of Classes Is Finite. Before 
giving a proof of this statement, it is necessary to in¬ 
troduce a lemma. 
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Denote as usual by \x-\-iy\ the quantity -f yf x 2J rif. 
Further, suppose that is an algebraic realm of ration¬ 
ality of the nth degree, and let wj, ct> 2 , • • co n form a basis 
of 0 in ft. Let the quantities conjugate to co,, be coj = col), 
^*-7 * * •> wi, n) (i/ = l, 2, • • •, n). Take rational integers hi, 

K *, K, which are less than or equal to a fixed rational 
integer k, and write 


a — /iicoi+Zioa^-J- • • • +h n u n . 

Let the quantities conjugate with and including a be a', 

a", • • •, a (n) . If r is one of the numbers 1,2,... n it 
follows that ’ * 


a(r) — hico { Phzcop • • • -\-h n o)n\ 

Consequently, 


\<* (r) \ = \hi\WP\ + \h 2 \IwPI + .-. + I^Hw 

Since hi, h 2 , • *«, h n are all less than or equal to 
we have 





i“ <r> 1 wp\ +i«n+• • •+1 a? 1 ). 

In this expression give r the values 1, 2, ■■■, n and 

multiply the resulting expressions together. It follows 
that 


n | a (r) | ^ k n M , 

where 

iW=n"(| w ?| + |<o?| + ... + | w «| ); 

and, since 

nj« (r) | = | nV>| = \N(a)\, 

it is evident that 

\N(a) | ^ k n M . 

The following lemma may be proved. Lemma. If a 
an ideal of the nth order in a realm of the nth degree , there 
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is always an integer which is divisible by a and whose norm 
is ^(o, a) M. 

Since o and a are both finite moduls, (o, a) is a finite 
p ositive rational integer. Let the greatest integer in 
V(o, a) be k, so that 

k^{^~a)<k+ 1 or fc*^(o, a) <(*+l)\ 
Again, consider the algebraic integers of 12 of the form 

<x = h\i£\~\~ /12CO2“b • • • H - h n ii) n . 

If in this expression the integers hi, h 2 , • • •, h n take the 
values 0,1, 2, • • •, k, there are (&+l) n different integers 
a of ft. Next, consider these (A; + l) n integers (mod. a). 
The number of all incongruent (mod. a) numbers of the 
form (Art. 19) 

h\(j)\-\-h< 2 ,(j) 2 ~\~ • • • “t" h n o) n 

is ( 0 , a). 

Further, 

( 0 , a) <(k + l) n . 

It follows that of the (A; + l) n numbers which are had from 
the form 

<T = h\0)i-\-h<iU)2~\- * ' • ~\~h n (x)n) 

when in this form the values 0, 1 , 2, • • •, k are given to hi, 
h 2 , h n , there are at least two different, which are 
congruent (mod. a). Hence, a necessary congruence is 

61 CO 1 + 62 CO 2 +• • •+& n Wn = Cio;i + C 2 co 2 +• • •+c n w n (mod. ft), 
where &i, b 2 , • • *, b n , C\, c 2 , • • •, c n are rational integers 
which lie between 0 and k, and where all the differences 
b v - Cv ( v = 1 , 2 , 3 , • •., n) do not vanish. If then we write 

}) v — c y = a v (» = l» 2, • • •» n ) 

the a' s are not all zero. In absolute value they are all 
less than or equal to k. It is further seen that 

OlC 0 l+Q 2 W 2 + • • ' bMn 

is divisible by a. Denote this number by a. It follows 
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from above that 

and since 

it is evident that 


\N(a) | ^ k n M ; 

&" = (o, a), 


\N(a)\Mo, a)M. 

It is thus proved that in every ideal a there is a number a 


such that 

| AT(a) | =(o, a)M. 

Art. 54. Suppose that b is an integral ideal of the 
realm ft, and consequently (Art. 16), 

(o, b)=tf(b). 

Due to the lemma of the preceding article, there is a 
number /3 divisible by b, such that 

\N(fi)\±N{b)M. 

Since /3 is divisible by b, we have 

o/3 >b, 


and consequently 



is an integral ideal, equal to a, say; 


or 

It follows that 


o/3 = ab. 


\N(o0) | =N(a)N(b) mMN(b), 

or 

N(a) sM. 

If we consider any class A , its reciprocal or inverse is 
A~ x . As an arbitrary ideal may by multiplication with a 
rational integer be changed into an integral ideal (Vol. I, 
Art. 93), there is in every class at least one integral ideal. 
There is consequently in the class A~ l an integral ideal 
which may be denoted by b. If /3 is a number divisible by 
b; and if further 

o/3 
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then the ideal a belongs to the class which is the inverse of 

the class A~ that is, a belongs to the class A, since the 

ideal a compounded with the ideal b offers a principal 
ideal. 

We saw that 

N(a) ^M. 

Since the class A, with which we started is perfectly 

arbitrary, it is shown that in every arbitrary class A there 

is an ideal a which is integral and which satisfies the 
condition 

Further, since M is a finite real number, there are a finite 
number of rational integers g which are less than or equal 
to M . 

Ihere is only a finite number of integral ideals a, 
whose norm equal g (Arts. 19, 25), and this, combined 
with the fact that 

N(a) 

offers the following important theorem: The number of 
classes in a finite realm of rationality is finite. (See Art. 

158.) 

The above proof is due to Kronecker (“ De unitatibus 
complexis,” § 6). 

Art. 55. Number of Ideal-Classes. The determina¬ 
tion of the number of classes of ideals in general has not 
been done. In special realms the number is known; for 
example, in the quadratic, the cubic, and the realms that 
are determined through the roots of unity. By virtue of 
the theorem, however, that the number of classes is 
finite, many important consequences may be drawn. In 
the sequel the number of classes is denoted by h. Let 


Ai, Ao, ' m ’y Ah 
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be these different classes. If A is any one of them, then 

AA i, AA 2 , • • *, AAh 

form again h classes which are different from one another. 
For, if 

AA r = AA t , 

it would follow that 


A~ 1 AA r = A~ 1 AA 8 or A r = A a , 

which is not true. Since AA U AA 2 , •••, AA h are, 
neglecting the sequence, the same classes as A\, A 2 , • • 
A^ it is seen that 


A^A\A 2 • • ‘Ah — A\A 2 ‘ • • A 


hj 


or 


A h A\A 2 ‘• • Ah[_A\A 2 '• • Ah~\ 1 


and finally, 


= A\A 2 ‘• • Ah[A\A 2 ‘• • Ah\ S 


A h = U. 


The following theorem admits immediate proof. 
Theorem. If h is the number of classes of ideals in a 
given realm, the h power of every ideal is a principal ideal. 

For, if a is an ideal which belongs to the class A, then 
(x h belongs to the class A h \ and that is, the principal class 
U. It follows that a h is a principal ideal. 

Suppose further that 

0^ = 00:, 


where a is a number of the fixed realm 12; and let £ be any 
integer that is divisible by a. It follows that is 


divisible by a h ; and that is, by 0 a. Consequently, — 


is an algebraic integer. Since the h root of an algebraic 
integer is an algebraic integer, it follows that £/ is an 
algebraic integer. It is thus seen that every algebraic 
integer £ that is divisible by the ideal a, is divisible by Va. 
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Reciprocally, suppose that £ is divisible by Va, so that 
£ A is divisible by a, then, since 


oa = a*, 

it follows that £* is divisible by a*, and consequently 

£ by a. 

It is evident that to every ideal a there corresponds a 
number Va, which, although itself not divisible by the 
ideal a, has the property that all numbers divisible by a 
are the same as_all the numbers that are divisible by Va. 
This number Va does not in general belong to the fixed 
realm £2. It may be called an ideal number of £2. 


Art. 56. The following important theorem may be 
proved. Theorem. 1f a and (3 are two arbitrary alge¬ 
braic numbers , there is always a third algebraic number 8, 
such that ( 1 ) a and (3 are both divisible by 8; and (2) there 
are two algebraic integers £ and tj, such that 


8 = a£+Prj. 

If one of the numbers a or 0 is zero, the theorem offers 
nothing new. Without restricting the generality, it may 
consequently be assumed that a and /? are both different 
from zero. 

It is always possible (Vol. I, Art. 51) to determine an 
algebraic realm to which both a and 0 belong. If this 
realm is 9?(0), it is seen that both a and (3 may be ex¬ 
pressed rationally through the algebraic number 0. Let 
o be the order-modul formed of all the algebraic integers 
of this realm, and let 

b = oa + o/3. 

We then have 

oa > b and o/3 > b; 


and consequently ^ and ^ are integral ideals which may 
be denoted by a and by b, respectively. 
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If the number of classes of the realm 9?(0) is denoted by 
h , it follows from above that 

b h = o5i, 

where 61 is a number of 9?(0). It follows also that 

(o a) h ~ a A b A = a A o6i = a h 8 x 

and 

(o(3) h = b*b* = b^oS i — b h &i. 

It is thus seen that a h and (3 h are both divisible by 5 X and 
consequently we may write 

Si Si P" 

where a i and 0 X are algebraic integers. 

We thus have 

a h -ai8i and = /5i5i; 
or 

0 a / * = oo:i5i and = o/?i5i. 

Or, on the other hand, since 

oa h = a h 8i and oP h = b h 8 u 

we must have 

a* = o<xi and b /, = o/? x . 

Since a and 6 are relatively prime, a h and b 7 * must also be 
relatively prime, so that <*i and /3 X are relatively prime. 

We may therefore (Art. 18) determine two algebraic 
integers £ x and rj h such that 

<*i£i+/3if7i = 1. 

If this equation is multiplied by 8 U we find that 

51 = oc i5 +0151^71 = a*{i+ P h V i ■ 

If, further, we put 8i = 8 h , we have 

It was seen above that a h was divisible by 5 x or by 8 h , 
so that a is divisible by 5, and consequently c ** -1 by 8 h ~ l \ 
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and similarly, (3 h ~ l by 8 h ~K If then we put 

a h ~% = 6 h -% 

we see that £ and r\ are algebraic integers, which however, 
do not necessarily belong to the realm It follows 

that 

or 

b = at-\-pr}. 

It has thus been seen that both a and /? are divisible by 5, 
which proves the theorem stated at the beginning of this 
article. 

Art. 57. If it is assumed that there is another number 
6' which has the properties: (1) that a and /3 are both 
divisible by 5'; and (2) that two algebraic integers £' and 
v' may be determined such that 

a'=af'+/V, 

it would follow that 

d' == 5 i ^ + s ,v and J = ~5 i+ ~S V - 

a (x B 3 

Since £, *?,£',*?', 77 , To l are algebraic integers, it is 

0 0 0 0 

8 8 * 

clear that 77 and -r are algebraic integers; or 8 and 8' are 

0 0 

associated numbers (Vol. I, Art. 91). It is thus seen 
that the number 8 is not uniquely determined (but only 
as to a multiplicative algebraic unit) through the two 
properties (1) and (2). 

(X 

If 8' is any common divisor of a and 0 so that ^7 

and ^7 are algebraic integers, it is seen that ^ is an alge¬ 
braic integer, or 8 is divisible by 5'. Hence the number 5, 
determined by the two properties given above, is divisible 
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by every common divisor 8' of a and /3. It is therefore 
appropriate to say that 8, the number determined 
through these two properties, is the greatest common 
divisor of the two algebraic numbers a and /3. 

It has thus been proved, and this is the key to the whole 
theory of ideals, that every two algebraic numbers have a 
greatest common divisor 8 which is characterized by the 
two properties (1) and (2). 

It must be noted that the greatest common divisor 8 of 
two algebraic numbers a and /3 does not belong to the 
same realm of rationality in general as do a and /?. 

Art. 58. If r, r (1) , • • •, r (n_1) are conjugate quantities 
of a realm 91(0), it is seen that N(t) = r • r (1) • • • T {n ~ 1) =r, 


where r is a rational number. Further t (1) t (2) • • • r (n-1> = - 

r 

is a number of 91(0), as is also t ( 1 ) -}-t (2) -|- • • • +r (n-1 > 
= a —r, where a is a rational number. 


If r is any integer of an ideal, then is also N(t). For 
. r (1) satisfies the same algebraic equation as does r and is 


accordingly an integer, as is the product r (l) r (2) - • •r (n “ 1) . 

And this product from above is an integer of 91(0). 

Hence in every ideal there are to be found rational 
integers. 


In Art. 19 it was seen that the norm of an integral ideal 
is divisible by the ideal. 

Theorem. Every rational integer has only a finite 
number of ideal divisors. For, if a is divisible by ci= (c^, 

a 2 , • <* n ), it may be added as an element of a, so that 

a== («i, a 2 , ■ • a ny a). 


If 0)i, co 2 , 
seen that 


o)„ form a basis of all integers of 91(0), it is 


a*-01*fc>l+0 2 ,O) 2 H-l"0niO>„ d = 1,2, •••,«). 

Since the rational integers g ki (k, t = l, 2, ■. n ) may be 
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reduced (mod. a), there can be only a finite number of 
different elements a,-, and consequently also a finite 
number of ideals a. Similarly, it follows at once that 
any ideal t has only a finite number of ideal divisors. 
(See Art. 25.) The only ideal that contains 1 as an 
element is the order-modul o of the realm $K(0). For each of 
the integers g ki in this case may be replaced by 1 or 0 . 
This may also be proved as follows: 

If [1H > i, then also is o[l]>t, and that is o>i. And 
since t>o, it follows that 

o = i. 

Example. If a is any ideal, it is always possible to find an 
integer a of a such that a/a is prime to a prime ideal p. For other¬ 
wise all numbers of a would be divisible by ap, which is not true. 
Show that the theorem is at once applicable, if we take any ideal 
fa instead of p. 

Art. 59. In Art. 36 it was seen that the degree / of the 
prime ideal p is the least number, such that for every 
integer y in o there exists the congruence 

( 1 ) y^=y (mod. p). 

Let 71 , 72 , • • •, 7 n be any basis of o. All these elements 
cannot be divisible by p, otherwise o would be divisible by 
p. Let 71 be an element that is not divisible by p; then by 
joining with this element a second basal element, 72 say, 
and then a third, etc., we finally derive a certain number 
of elements 71 , 72 , • • *, 7 * that are (mod. p) independent; 
and that is, they are such that the congruence 

(2) ?*i 7 i+7*272 + * * * + 7 VY* — 0 (mod. p) 

can only exist, when the rational integers r b r 2 , * * *, t** are 
all divisible by p, where p is the rational prime integer 
that is divisible by p. It is asserted that this number k of 
basal elements of 0 which are independent of one another 
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(mod. p) is the same as f, where f is the degree of the prime 
ideal p. 

For, if y m is any other basal element, it follows that 

(3) 7Vym+ri7i-br 2 72H-brm- = 0 (mod. p), 

where r m is a rational integer that is relatively prime 
to p. 

It follows further that two other rational integers $ and 
q may be found such that 

sr m +pq = 1; 

and this combined with (3) shows that 

7m = Sl7l + $ 2 Y 2 + * * * +$*7*, 

where s { (i = 1, 2, • * •, k) are rational integers. As this is 
true of all other elements 7 ,- that do not appear in equa¬ 
tion ( 2 ), it is seen that any integer r of the realm may be 
expressed in the form 

W T = a\y 1 + 0272 + • • • + 0 * 7 * (mod. p), 

and any other integer a may be expressed through 

<t = &i7i+&272+ • • • -\-bky k (mod. p). 

It is further seen that a = r (mod. p) only when the 
difference 

(«i —&i)7t + (<*2 —{> 2)72 + •—b(a* — b k )yic = 0 (mod. p). 

And this, due to the independence of the elements 7 !, y 2 , 

•; *' yk > can onl y b e when a< = 6< (i= 1, 2, •.., k), since the 
a’s and b ’s are reduced (mod. p). 

Hence, by letting each of the integers ai, a 2 , • • •, a k go 
through a complete set of incongruent (mod. p) integers, 
we derive a complete set of incongruent (mod. p) integers 
of 0 . The number of these being 

P k = ( 0 , p) = JVXp) = pf y 

shows that k =/. 



112 THE THEORY OF ALGEBRAIC NUMBERS 


Art. 60. Another meaning of the degree / of the prime 
ideal p is given by Hensel ( CreUe's Journal , Vol. 113, p. 
68 ): Form the matrix 



where «i, co 2 , • • •, co„ are a basis of o. Since y p/ =y (mod. 
p) for every integer of o, it is seen, when this matrix is 
considered (mod. p), that there are only / consecutive 
rows that are different from one another. And from 
this it follows that all determinants of the order /+1 or 
higher are zero. On the other hand, it may be shown 
that at least one of the determinants of the /th order is 
different from zero (mod. p). For, were all the determin¬ 
ants of the matrix 


COi 




<o?, 


0)2, 

0 > 2 , 


O 

O % 


Pf -1 

Wl > 


1 

C0 2 , 


pf-l 


congruent to 0 (mod. p), it would be possible (Vol. I, 
Art. 56) to find / algebraic integers 70 , 7i> • • •> 7/-i> suc ^ 
that for all n integers on, co 2 , • • •, the congruences 


( 1 ) 7 oO>,- + 7 io>?H-(- 7 /-i^ /_, = 0 (mod. p) (»*-!, 2, ..•,») 


exist. 

Let T 0 , r,, • • •, r /—1 be any algebraic integers defined 
through the congruences (mod. p) 

r 0 = aio;i4-a 2 a>2+ • • • -\-a n Un, 

Tl = aiO)i-l-a 2 C»)2+ ‘ ' * 4" Q nO)n, 

- 

. T/_i = aiO)f _1 +a20) 2 / ‘+ • • • d-flnWn 7 , 


in which the a ’s are rational integers. 

If these congruences are multiplied respectively by 
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7o, 7i> • * *, 7/-i and added, we have 

(2) 7oto+7i7'i+ *-b7/-i T /-i = 0 (mod. p). 

In this expression write instead of the arbitrary integers 
to, ri, • • •, r/_i, the integers <rS, o-J, • • •, <7,*., and let h take 
respectively the values 0, 1, ■ •/-I. In this way are 
had the / congruences (mod. p) that follow: 

7o+7i + • • • +7/-i = 0, 
7o0'o+7i^'i+ * * • +7/_io-/_i = 0, 


70^0 1 +7i»' / i 1 ~\~ • • • +7/-i^/-l = 0. 

These congruences can only exist if their determinant =0 
(mod. p); and that is, if 


1, 

1, 

1 

& 0 ) 

• • • 


• • •> ^/-l 



• • •> 



is divisible by p. 

As the <r, are arbitrary integers, they may be taken so 
that none of their differences is divisible by p. And this 
precludes the original supposition. We may accordingly 
for simplicity suppose that the basal elements u , ... 
have been so chosen that ’ 1 



»i> 

w 2 , 

• • * > <0/ 

A = 

• • « • 


• • •, c of 


1 

w 2 , 

• • •, cor* 


(mod. p). 


(mod To 7 a 77 J 6 ementS Wl> W2 ’ ‘ * *> «, form 

imod. p) a fundamental system such that every integer -y 
the°fOTm te eXpreSSed (mod- p) in one and only way in 


7 — +^ 2 ^ 2 + • • • 

7 p = ^i<0i+g 2 a>2H- 

"*** +^20>2 ‘H (mod. p). 
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For, since the determinant of these congruences is not 
divisible by p, the g’s are uniquely determined (mod. p). 
Further, if the above congruences are each raised to the p 
power, it is seen that g v ly g? 2y • • •, gf satisfy the same 
congruences as do g i, g 2 , • • •, g/ (mod. p). And accord¬ 
ingly (Art. 41) the g’s are congruent to rational integers 
(mod. p). We have thus all the incongruent (mod. p) 
integers of o, if in the form 

<71^1+02^2 + * * * +<7/ w / 

we allow the integers g i, g 2 , • • •, < 7 / to take respectively the 
values 0, 1 , • • •, p — 1 . 

With this is proved again the theorem: The number of 
incongruent (mod. p) integers of o is p f , where f is the 
degree of p. 

Art. 61. In Art. 44 it was proved that there exist 
integers 7 of 0 that belong to p f — 1 ; and that is, 7 must be 
raised to the power p f — 1 before the congruence 

7 p/ - 1 = l (mod. p) 

is satisfied. Such numbers were called primitive numbers 
(Vol. I, Art. 224). There are <p(p f - 1) such numbers in 0 , 
as may be proved precisely as in the case for rational 

integers. 

It was proved in Art. 43 that these primitive integcis 

are the roots of j ^ irreducible functions, each of 

the /th degree. Accordingly, every primitive number of 
a fixed realm satisfies (mod. p) an irreducible equation of 

the/th degree. 

Let P(x) be any arbitrary irreducible (mod. p) function 
with rational integral coefficients, m its degree; and let 
p be any root of the congruence 

P (x) = a 0 +a i#+ a-ix 2 H- \-a, m x m =Q (mod. p), 
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and that is, let p be an integer of the fixed realm such that 
P(p) is an integer of the ideal p. 

Observe next (see Vol. I, Art. 195), if F(x) is any other 
integral function with integral coefficients, that the 
number-congruence 

F(p) =0 (mod. p) 

has the same significance 1 as the functional congruence 

(!) _ ^W=0 [modd. p, P(z)], 

and vice versa. 

For, from the latter congruence, it follows that 

F(x)=p< p (x)+P(x)<I'(x), 

where <p(x) and ^(z) are integral functions with integral 
coefficients. And from this it is seen that 

F(p)~0 (mod. p). 

On the other hand, if this last congruence exists, then 
F(x) must be congruent to zero [modd. p, P(x)]. 
Otherwise F(x) and P(x) would be relatively prime (mod. 

v )* this case there exist two functions with integral 

coefficients <pi(x) and <p 2 (x) such that 

^W^iW+P(x)^ 2 (a:) = l (mod. p); 

and since F(p) and P(p) are both congruent to zero 
(mod. p), it would follow that 

0 = 1 (mod. p). 

Further it is seen from (1) that a congruence, in which 

the degree of F(x ) is less than that of P(x), cannot exist 
unless 

F(x)= 0 (mod. p); 

and that is, unless the coefficients of F(x) are all divisible 
uy p. In other words the congruence 

F(p) ==ro+r lP -f-r 2 p 2 H-hr m _ lP m ~i=0 (mod. p), 

w erer< (i = 0,1, •. m-\) are rational integers, is only 

1 Bachmann, AUgemeine Ariih. der Zahlenk., p. 241. 
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possible, if r, are all divisible by p. And this means that 
the m powers 1, p, p 2 , • • •, p" 1-1 are independent (mod. p) 
integers. From this it is clear that every integral 
function <h(p) with rational integral coefficients is con¬ 
gruent to one and only one expression of the form 

<£(p) = a 0 +aip4- \-a m -iP ,n ~ 1 (mod. p), 

where the a’s are reduced (mod. p). Accordingly, p m is 
the number of classes into which all functions 4>(p) may be 
distributed (mod. p). 

Art. 62. In particular let P(x) be an irreducible 
function of degree / (mod. p), where / is the degree of the 
prime ideal p. Then (Art. 46) the roots of the equation 
P(x) =0 are primitive numbers that satisfy 

xiS-i = i (mod. p). 

In this case the / integers 

1, p, p 2 , • • -p /_1 

are independent, and a congruence of the form 

F( p )=r 0 +r lP +r 2 p 2 -\ -+r / _ 1 p / " 1 = 0 (mod. p) 

cannot exist unless the rational integers r , are all divisible 
by p. 

Due to the results of Art. 59, there exist / congruences 
(mod. p) of the form 

1 =7*0171+7*0272 4-h 7*0/7/, 

p = 7*n7l+ 7*1272 4-h7*l/7/, 


p /-1 = r/_i, 171+77—1.2724-b77-i. /7/> 

where the r’s are rational integers. 

The determinant of these congruences cannot be 
divisible by p, otherwise (Art. 60) there would exist f 
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rational integers r 0 , r ,, • • •, r/_i such that 

fo+fip-f-fr/_ip /-1 = 0 (mod. p). 

Solving the / congruences ( 1 ) for 7 ,, y 2 , • • •, 7 ,, it is seen 
(Art. 59) that for every integer 7 of 0 there exists a 
congruence of the form 

( 2 ) ry = a-{-aip-\-a 2 p 2 -\ -a/_ip /_1 (mod. p). 

Since r and p are relatively prime, there exist two 
integers s and q such that 

rs+pq = 1. 

This relation combined with ( 2 ) shows that every integer 
7 of 0 has the form 

(3) 7 = 9+9iP+92P 2 ~\ -K< 7 /-ip /-1 (mod. p), 

where the ^’s are rational integers, reduced (mod. p). 

With this it is proved that every integer 7 of the fixed 
realm is congruent (mod. p) to one and only one (Art. 59) 
expression of the form (3). 

Art. 63. It is possible that the integer P(p), which is 
divisible by p, might also be divisible by p 2 . It may be 
proved, however, that the root of the congruence 

P(x) =Oo-bai£-ba 2 £ 2 -}- • • * +a/sO (mod. p) 

may be so chosen that P(p) is divisible by no higher 
power of p than the first. For, if p 0 is a root such that 
P(p) is divisible by p 2 , we may put 

P — Po+r, 

where r is an integer of 0 that is divisible by p but not by 

P*. Observe that, if p 0 is a primitive number, then is p 
also one, since 

p*=p 5 (mod. p) 

for every positive integral exponent k. By the Taylor 
Theorem it is seen that 

^(p)=P(po+r)sP(p 0 )+ T P'( po ) + (( T2)) (mod 
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If P(p 0 )=0 (mod. p 2 ), it follows that 

P(p) = rP / (p 0 ) (mod. p). 

It is clear that P'(p 0 ) is not (Vol. I, Art. 40) divisible by p, 
since P(.r)=0 (mod. p) is an irreducible congruence 
(mod. p). With this it is proved that P(p) is divisible by 
p but not by p 2 . 

Art. 64. It will be proved next that every integer 
7 of o is congruent (mod. p TO ) to an integral function of p 
with integral coefficients. 

To prove this, form the expression 

(1) a 0 + ttiP(p) -f <*2 P(p) 2 + • • • +a m _iP(p) m_1 , 

and for the algebraic integers a, write all values 

cti = a iQ-\- a up -\- a up 2 -\- • • • +a*./-ip /_1 , 
in which the rational integer a a take respectively the 
values 0,1, • • •, p— 1. The expression (1) accordingly 
takes p mf values, which may be shown as follows to be 
incongruent (mod. p m )« Were two such expressions 

x 0 v a' 0 -\-a[P(p) + • • • +ai-iP(p)"" 1 , 

tto+aiP(p) + * * * -\-<Xm-iP(p) m ~ l ) 
congruent (mod. p m ), they must of necessity be congruent 
(mod. p). Since P(p) is divisible by p, it must follow 
that a'o = al Since P(p) is divisible by p but not by p 2 , 
there results the congruence 

CX 2 P (p) + ' * ‘ +<2m-lP(p)"‘ 2 

= a(+a?P(p)+ • • • +ci-iP(p) m - 2 (mod. p" x ). 

Through repetition of the above process, it follows that 

a[ = a", a 2 = a 2 , ’ a' m -i = cx m -i, 

and with this the identity of the two expressions (2). 

Since the number of incongruent (mod. p m ) integers in 0 
is (p«, o)=N(p m )=p mf , it is clear that every integer of the 

fixed realm is congruent (mod. p m ) to one of the ex¬ 
pressions indicated in (1). Due to the fact that p must 
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be an integer such that P(p) is divisible by p but not by 
p 2 , it is seen that instead of p we may write any other 
integer p' = p + t, where r is divisible by p 2 . For in this 
case 

P(p') = P(p) (mod. p 2 ), 

so that P(p') like P(p) is divisible by p but not by p 2 . 
(See Hilbert, Bericht , p. 193.) 

Art. 65. Observe that if p is the smallest rational 
integer that is divisible by p, it is necessarily a prime 
(Art. 29). Write 

o p = p m q, 

where q is not divisible by p. It is seen that there exists 
an integer of q, say y, which is not divisible by p and 
accordingly also not by p 2 . Due to the Fermat Theorem, 
it follows that 

yp / (p / -i> = i ( mo d p2). 

Multiply this congruence by p' and put p = p'yp'ip'-i). 
We thus derive 

p = p' (mod. p 2 ), 

where p' has the same significance as in the preceding 

article. Observe that the constant term in P(.t) is not 

divisible by p and therefore it is not divisible by any 

ideal factor of p, such as q. On the other hand, since p is 

divisible by y and therefore also by q, it follows that 

P(p) is not divisible by q. Since P(p) is divisible by p 

but not by p 2 , it is seen that p is the greatest common 
divisor of op and oP(p). 

Accordingly, we have the theorem : If pis a prime ideal 
Of the fth degree and if P(x) is an arbitrary prime function 
(mod. p) of the fth degree , there is a root p of P(x) such that 
every integer of the fixed realm is congruent (mod. p”), m an 
arbitrary positive rational integer , to an integral rational 
function of p with rational integral coefficients , while at the 



120 THE THEORY OF ALGEBRAIC NUMBERS 

same time p is the greatest common divisor of the two 
principal ideals op and oP(p), and that is 

p = (p, P(p)). 

Due to this theorem it is seen that any prime ideal may 
be expressed as the greatest common ideal divisor of two 
principal ideals. If further we regard p 2 as the greatest 
common divisor of op 2 and oP(p) 2 , it follows without 
difficulty that any ideal t( = pi‘p 2 2 - • -p? r ) may be expressed 
as the greatest common divisor of two principal ideals, 
where one is a rational integer. (See Bachmann, Allge- 
meine Arithmetik der Zahlenkorper, p. 246.) 

Art. 66. It may be well to close this chapter with a 
statement made by Dedekind, “ Ueber der Begriindung 
der Idealtheorie,” Nachr. von der Konigl. Gesellschaft 
der TFzss. zu Gottingen , 1895, p. 106, to the effect that 
the greatest difficulty in establishing the theory was 
overcome in the proof of the theorems: 

I. If the ideal c is divisible by the ideal a, there exists an 
ideal b such that c = ab. 

Dedekind declares that for years he had returned to 
this cardinal point with the intention of getting a proof 
simply and directly from the concept of the whole number 
(integer). (See Art. 13.) 

II. Every ideal m may by multiplication with an ideal 
n be changed into a principal ideal. (See Arts. 14 ff.) 

III. Every finite modul m which is different from zero, 
may by multiplication by a modul n, whose elements are 
formed from those of m in a rational manner, be changed 
into a modul run which contains Ql] and consists of only 
algebraic integers. (See Art. 14.) 

IV. From any m algebraic numbers pi, P 2 , * * •> Mm, 
which do not all vanish, it is possible to form in a rational 
manner m other algebraic numbers v\ t ^ 2 , • • •> v m t suc ^ 
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that 

Ml*'l+M2* / 2 - l" ' * ' -\~HmVm ~ 1> 

and at the same time the m 2 products y (i,j = 1,2, • • •, 
n) are integers. (Vol. I, Art. 163.) 

Observe that any one of these theorems can be derived 
from the other three. By making use of the modul 
concept we have seen (Art. 14) how simply Theorems III 
and IV may be derived in comparison with Theorems I 
and II, in which the ideal concept is employed. How¬ 
ever, as simple as Theorem III is for the case m = 2, 
Dedekind says that for a long time he was unable to 
extend it to the case where the modul consists of three or 
more elements and that it was only step by step by doing 
away with limiting assumptions that he was able 
eventually to come to a proof of the above theorems in all 
their generality. 1 

To these four theorems may be added 

Theorem V. If the product GH of two integral rational 
functions of an arbitrary number of independent variables 
have as coefficients only algebraic integers, then is every 
product consisting of a coefficient of G by one of H an 
algebraic integer. 

This theorem used to advantage in the proof of 
Theorem I greatly simplifies Kronecker’s Theory ( Grund- 
z UQe, §§14 et seq., and §§20 et seq.). See also the 
remarks of Hurwitz, p. 230 of the Gottingen Nachrichten, 
1895. 


EXAMPLES 

1. If a and b are arbitrary ideals, there exists an integer w in o, 
such that the greatest common divisor 

ab+coo=a. 

‘See also Landau, “Nachruf auf Dedekind,” GOU. Nachr., 1917. Noether, 
Math. Ann., Vol. 96, p. 26, builds an ideal theory from five axioms. On p. 28 
he speaks of the “etwas mehr aussagende ModulsMze.” 
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To prove this, write 

ab = pl 1 p% t - • • p£* a = pfpf*- • • pit*, 

where the p’s are prime ideals and d^Qi) are rational integers 
or zero (i-1, 2, •••, k). For each of the integers i choose a 
number 7. which is found in pf* but not in p?* +1 . Observe that 
there are more integers in pf*‘ than in p?‘+\ This may be omitted 
for the cases d, = 0. There exists an integer w (Art. 33) such that 
W=S T» (mod. p?i +1 ), w= 72 (mod. p£ +1 ), •••, w^ 7 * (mod. pf* +1 ). 
Then observe that wo is such that ab-{-wo=a. A consequence of 
this is the theorem: If a and b are arbitrary ideals, another ideal 
i may be found such that ai is a principal ideal wo and b + i=o. 
For from above a(b + i) = ab+wo= a, so that b+i=o. Prove that 
from the latter theorem the former result may also be derived. 

2. As a consequence of Example 1, prove that the least common 
multiple 

ab — wo = bw. 

3. Using Examples 1 and 2 prove that 

(o, ab) = (o, a)(o, b), 

and that is, 

N(ab) = N(a)N(b). 

4. A direct proof of the theorem as stated in Example 3 and in 
Art. 22 is very desirable. 

5. Using Example 1 prove that every ideal may be expressed 
as the greatest common divisor of two principal ideals. 

The reader may consult with advantage Lasker, “ Zur 
Theorie der Moduln und Ideale,” Math. Ann., Vol. 60, p. 
20; and he may also prove anew the fourteen funda¬ 
mental theorems given in Dedekind’s Werke, Vol. I, pp. 
115 ff. 



CHAPTER IV 


THE KRONECKER THEORY OF FORMS 


Art. 67. Definitions. By a methodical use of inde¬ 
terminate coefficients, Kronecker 1 wished to put the 
divisors of algebraic integers in a simple and natural form 
and in such a way that the intrinsic and abstract proper¬ 
ties of the generalized Kummer numbers, of the Dedekind 
ideals, etc., like those of the rational numbers, take 
concrete arithmetic expression. This principle lies simply 
in the fact that the realm of the algebraic quantities may 
be sufficiently extended that the laws of division, which 
exist for rational integers and for rational integral 
functions, may be so modified as to work effectively in the 
transition to the algebraic integers. 

An integral function F(u , u h u 2t •••, u r ) of the 

indeterminates u , U\, u 2 , • • *, u r , whose coefficients «i, a 2 , 

<* 3 , • ■ •, otr are algebraic integers of a fixed realm, was 

called by Kronecker “ a form of the realm” The 

indeterminates u, Ui , u 2 , • • •, u r play a comparatively 

unimportant r61e in this discussion, as attention is 

directed in the main to the coefficients, the algebraic 
integers. 


If the algebraic integers of the form F be replaced by 

their conjugates, there results the so-called conjugate 

forms jw» ..», where n is the degree of the 
stock-realm. 


123 
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It is clear that 

F*F W • • -F< n -»=gU, 

where U is an integral function of u u u 2 , • • •, with rational 
integral coefficients, and where the rational integer g has 
been so chosen that the greatest common divisor of the 
coefficients of U is 1 . Kronecker ( Grundzuge , p. 46) 
called g the norm of the form F. When g = 1, the form F 
is called a unit form. 

Two forms are said to be equivalent in a restricted sense , 
which equivalence is denoted by the symbol when 
their quotient is equal to the quotient of two unit forms. 
In particular, every unit form is ~ 1; and that is, an 
integral algebraic quantity (form) whose norm = 1, is an 
algebraic unit (Kronecker, p. 48). 

A form H is said to be divisible by a form F, if there 
exists a form G such that H — FG. 

A form P is called a prime form if P in the restricted 
sense of equivalence, is divisible by no form save itself 
and unity. Hence, a form is either divisible by P or it 
has no factor in common with P save unity. 

Art. 68. The Content of a Form. The relation be¬ 
tween the Kronecker theory of forms and the theory of 
ideals is put in evidence, if we note that to each form of 
the realm there corresponds a definite ideal 

a = («i, (X 2 , <*3, * • ffr); 

and to every ideal there corresponds an indefinite number 
of forms. Such forms are, for example, 

F{U , U h Uo, * • *, U r ) =aiVi + (X 2 V 2 -\ \-OiA r, 

where V t consists of any product of any powers of u, Wi, 


u 2 , • • •, and . „ . 

Vi^Vj = • * *» r)- 

The ideal a was called by Hilbert 1 the content of the form. 

* Hilbert, “Die Theorie dcr algebraischen Zahlkorper,” Jahresb. der deutsch. 
Mathematiker-Vereinigung, Vol. 4, p. 187. 
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Theorem I. The content of the product of forms is equal 
to the product of the contents of the forms. 

If the theorem is proved for two forms the general 
proof follows. 

Let Fi(u, u h u 2) • • ■), F 2 (u, u h u 2 , • • •) be two forms 
with contents 

a = {a h a 2 , ' * *> ol t ), a =(.«!, a 2 , 
and let the content of the product 

F(u\, u 2 , • • •) = F i(wi, u 2 , • • ‘)F 2 (ui, u 2 , • • •) 
be 

a = (oi, a 2y • • -, a t ). 


Write u = x, ui = x k y u 2 = x k \ •••, and choose k so large 
that the number of terms in Fi(x), F 2 (x), and F(x) are 
the same as those in Fi(u iy u 2 , • • •), F 2 (ui, u 2 , •••), 
F(u h u 2y • • •), respectively. Accordingly we may write 

F(x) =p l x h '+(3 2 x h *-\ -h fi t x ht y 

where the fts are, neglecting the order, the same as the 
as of F(u h u 2} • • •)• Similarly, it is seen that 

Fi(x) =p , l x h i+(3 , 2 x h *-\ -b/fc'S 

F t (x) =ttx’'!+{%x<'+ • • • +ftV", 

the ft’s being the same as the a n s and the ft"s being the 
same as the a"’s. 

Let p be any prime ideal of the realm and let the ideal a 
be divisible by p° while a' is divisible by p a ' and the ideal 
a" by p°", these being the highest powers of p that are 
found in the respective ideals. The exponents a, a' y and 
a" are of course zero, when p does not divide these ideals. 
It follows that all the elements ft' are divisible by p a/ 
but at least one of them is not divisible by p G ' +1 ; otherwise 
the ideal a' would be divisible by p°' +1 . Similarly, all 
the elements ft* are divisible by p a " but at least one is not 
divisible by p°" +1 . 
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Let fo be the first of the elements 0' that is not divisible 
by p a ' +1 and let 0f be the first of the elements 0" which is 
not divisible by p a " +1 , then, and in a similar manner as in 
the proof of the Gaussian Formula of Vol. I, Art. 4, it is 
seen that the term 0 a -.r A < of the function F(x), whose 
exponent /*, = /**+/?*, must have as coefficient 0,- an 
algebraic integer, that is divisible by p*' +a " but by no 
higher power of p. And further, observe that all the 
coefficients of F(x) are divisible by p' 3 ' +a ". 

It follows that the ideal 

(0i, 02, • • 0<) =a 

is divisible by p a ' +a " but by no higher power of p. It is 
thus seen 1 that every prime ideal p occurs to the same 
power as a factor of a, as it appears in the factorization of a' 
and a" taken together. With this it follows that a = a'a". 

Due to the Primary Theorem in ideals, namely, that * 
associated with every ideal t there is another ideal ti, such 
that tii is a principal ideal , follow, in connection with 
Theorem I above, the theorems: 

Theorem II. If F is a given form, another form F i 
may be so determined that the product of the two forms is 
equivalent in a restricted sense to an integer. 

Theorem III. If the product of two forms is divisible 
by a prime form P, at least one of the forms is divisible by P. 

Theorem IV. In the sense of restricted equivalence, 
every form may be factored in one and only one way into a 
product of prime forms. 

Art. 69. The definition of a unit form of the preceding 
article in the ideal terminology may be thus stated: A 
unit form is one whose content is o. This includes forms 
with rational integral coefficients whose greatest common 
divisor is unity, the primitive forms of Vol. I, Art. 5. 

1 See also Bachmann, AUgemeine T/ieorie der Zahlenkorper , p. 252. 
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Let f(x)=0 be the irreducible equation of the nth 
degree whose root a determines the fixed realm of 
rationality (a). 

Theorem. If F(u , u\> u 2 , •••) is a unit form, its 
norm is a primitive form and inversely. 

Proof. Write 

$(n, u h u 2t • • •) 

= F a) (u,ui,u 2 , • • -)F^(u,Ui, ...)•• -F (n - l) (u,u h • • •), 
so that 

N{F(u, Ui, ■ • •)} =F(u, ui, • • -)$(u, u h • • •)• 

Observe that the coefficients 0i, (3 2f •••, say, of 
$(n, u i} • • •) are algebraic integers of $(«), so that the 
content of this function is the ideal (0 b 0 2 , • • -(3 a ) of the 
fixed realm. From the preceding article it is seen that 

(<* 1 , « 2 , ••*,«r)(/3l, $ 2 ) '•-,&,)= om, 

where m is an integer. If m = 1, and that is, if N\F{u, u lt 
u 2 , • • •)} is a primitive form, it follows that 

a = («i, a 2 , • • cx r ) = o. 

Reciprocally, if a = o, it follows that (0 lf 0 2 , .. p 9 ) =mo; 

and consequently, each of the integers is divisible by 

m, the same being true of the conjugate values 0S 1 *, 

• • -0S n) . It follows also that the product of the conjugate 
values 

. . ,fr(n-n _ N\F{u, u lf • • P”" 1 } 

pmFm .. ./P(n-i) 

= m n ~ 2 F(u, u lf • • 

where 17 is a unit (primitive) form. Observe that the 
left-hand side of this equation is divisible by m n ~ l , while 
the right hand side contains only m n ~ 2 as a factor. 
Hence, it is seen that m = l and consequently N{F{u, u x 
u 2) • • •) I is a primitive form. ’ ’ 
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Prom this it is clear that two forms of equal content, 
differ only by factors which are unit forms, and inversely, 
two forms which differ thus from each other have the same 
content. For, if there exists the equation 

(1) FiU = FUi, 

where U and U i are unit forms, it follows from Theorem 
I of Art. 68 that the content of both sides of this equation 
is the same and accordingly F and F x have the same 
content. 

Inversely, if F and F i have the same content, the 
equation just written must exist. For, since F$ and 
F 1 $ have the same content, and since 

F$ = mU, 

it follows that 

/?<*>£/, 

F& = mU l ’= £ -jj Ll , or FiU=FUi. 

This coincides with the definition of two equivalent 
forms; namely, two forms are equivalent, if their quotient is 
equal to the quotient of two unit forms. 

It also shows that equivalent forms have the same 
norm, since the norm of a unit form is 1. 

Art. 70. Theorem. The norm of a form is ‘he norm 
of its content, and that is, of the ideal whose elements are the 
coefficients of the form. 

Let a = (ai, a 2 , •••, a„) be the content of the form, 
which may be written 

F = U\oc\ -\-U 2 ct 1 d" • • • ~b u n a n > 

Let coi, w 2 , • • *oj„ be the basis of all integers of the fixed 
realm; and observe that a^j ( i, j= 1, 2, •••, n) are 
integers of a. We may accordingly write 

itiiF = UnCXi + f/ 2 ,a 2 + ••• + £/: ni<*n ( 1==1 » 2 » * *'» 

where the U’s are linear functions of Ui, u 2 , • • with 
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rational integral coefficients. The determinant 

U = | U ik | (i, A* = i, 2, •••, n) 

is a unit-form of the nth degree in the us. For, suppose 
that this is not the case, and let d be the divisor (Vol. I, 
Art. 5) of this determinant. 

If p is a prime rational integer that is a divisor of d, we 
may determine (Vol. I, Art. 56) forms /i,/ 2 , • • which 
are not all divisible by p, such that 

Uiifi+U *2/2+ • • • -{-Ui n f n = 0 (mod. p) (i = 1, 2, •••, n). 
It follows that 

^(/l^l+/ 2 ^ 2 H-* T/nCd n ) 

= Xj(^*1/1+17*2/2+ * • • + Uinfn)ai = 0 (mod. pa). 

Observing that the content of F is a, it is seen from the 
expression just written that 

/iwi+/20>2+ • • • +/»Wn = 0 (mod. p). 


From this it would follow that each of the forms/ 1 , / 2 , • • •, 
in is divisible by p, which is contrary to the hypothesis. 
We may next form the determinant 

■ 


• 

• 

d 

3 

3 

• 
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u[F\ W 'F', 

* • 
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• * •, Qfn 

y 21, U 22, • • 
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•••, aS l “ 1) 

Further, since 





«* — Ci,o) 1+C2<o>2H-hc„»a>n (t=l, 2 , 
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where the c’s are rational integers, the above determi- 
nantal equation takes the form 

F-F (1) • • • J p T < n— = XJ\cik |; 
and, as (Vol. I, Art. 152) 

7V(a) = (o, a)= \c ik \, 

it is seen that 

N{F\^N(a). 

In this we have a new definition of the norm of an ideal 
in that it is the generalization of the norm of an integer 
extended to that of the norm of an integral form; and 
instead of considering an ideal as the complex of the 
infinite number of algebraic integers that constitute it, we 
may take the closed algebraic expression, the form, whose 
content is this ideal. 

Art. 71 . It is evident that all the algebraic integers of 
the fixed realm, and that is of o = (on, w 2 , • • •, w„), are had, 
if in the linear form 

(1) £ = CO i'll I -f- Ui 2 U 2 + * * * “b W n Wn) 

all possible rational integral values are given to the 
indeterminates (f=l, 2, ••*, n). The form £ was 
called by Kronecker ( Grundzuge , p. 109) the fundamental 
form of the fixed realm. 

Denote the conjugate forms by 

£ (1) = C0 ( i 1) Wi + a>2 1) W 2 -f' • • • +Wn 1) Mn> 

£(n—1) = w J*-D Wl -f aH-h Wn n_1> Wn J 

and write the equation 

F(.T) = (x-£)(o:-£ (1 >)--*(^-^ (n - 1) ) 

= x n -\- U\X n ~ l + U 2 x n 2 -\- - • • + U n — 0 , 

where U u U*, • • are integral functions of u u u 2 , 

u n , with rational integral coefficients. 

This is Kronecker’s fundamental equation of the realm. 
It is satisfied by the fundamental form. When all 
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integral rational values are given to the indeterminates w,-, 

the quantity £ goes over all the algebraic integers of the 

fixed realm, and accordingly the fundamental equation 

represents in turn the algebraic equations of the nth 

degree which these algebraic numbers satisfy. Instead 

of investigating all such equations to determine, for 

example, whether in respect to a prime integer p, as 

modulus, the corresponding algebraic integer satisfied a 

congruence which admitted prime factors (modulo p), it 

was Kronecker’s thought to make this investigation for 
the congruence 


F(x) = 0 (mod. p), 


and therefrom draw conclusions for the special cases. 

The building of the fundamental equation with 
Kronecker forms the original aim of an investigation, 
which in its extent shows the correct starting point, the 
true general form of the complex numbers and at the 
same time, through the association of Unear forms and 
ivisors, it leads to the method of reaching “ completely ” 
and “ in the simplest manner,” the scope ( Ziele) of the 
heory. To this end the present work is directed. 

Lemma I. If p is a prime ideal of the fth degree , that is , 
/ P ts a divisor of the rational prime integer p and N{ p) = pf 
there exists with respect to p, a prime function n(x; u h u 2 [ 

* ’ ',u n ) of the fth degree in x, which , if for x is substituted 

follovyir> amental f° rm ^ ==0}lUl ~^ 032U ^ f -u n u n , has the 

Wowing properties: The coefficients of the product of the 

° f U i h U2 ’ '"’ Un are each divisible by p but not by p 2 , 
factor of p ^ ^ U °^ an V other prime ideal 


Let P = S'q, where q is not divisible by ». 
defi *;® r : let A ^ be a primitive number with respect to p as 
m Art. 62, P(p)=0 ( mo d. p) being the function 
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P(x) — (x— p)(x— p p ) • • • (x — p^ ’) (mod. p), the prime 
function defined in Arts. 42, 43. 

Since every integer in o is congruent (mod. p) to an 
integral function in p (Art. 62), we may put 

s = W 1 W 1 + W 2 W 2 + • • * -\-u n u n = G(p\ u h u 2 , • • •, u n ) (mod. p), 

where G is an integral function in p, u h • • •, u n . Form 
the expression (x— G(p; u u • • •, u n ))(x—G(p p ; u h •••, 
u n )) - • • (x—G(p p/ ~ l ; u i, • • •, u n )), which (mod. p) is 
congruent to an integral function in x, u if •••, u n . 
Denote this function by n(x; u u • • •, u n ); and observe 
that, when for x is written the fundamental form £, we 
have 

n(£; u lf u 2 , • • •, R„)=0 (mod. p). 

Write 

P = 010)1 + 02^2+ • ’ * -\~(lnUn’, 

and observe that 

£ = W1W1 + W2CO2 + • • • 

becomes £ = p, where w» = a,- (i = 1, 2, • • •, n). It follows 
since p is a root of P(a;) =0, that 

n(a-; a x , a 2 , • • •, a n ) = P(z) (mod. p), 

and Art. 65 that 

p = (p, n(p; a u a 2 , • • •, a n )). 

It further follows from this last expression that the 
coefficients of the powers and product of U\, u 2 , • • •, u n in 
n(£; Ui, u 2 , • • •, u n ) are not all divisible by p 2 neither can 
they be divisible by any other prime ideal factor of p 
save p. And P{x) being a prime function (mod. p), the 
same must likewise be true of II(:r; U\ } • • u n ). 

Art. 72. The above Lemma is implicitly stated and 
proved as follows: 

Determine the congruence (mod. p) of lowest degree whic 
the fundamental form £ satisfies. 
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With Hensel ( Crelk's Journal, Vol. 113, pp. 64 et seq.) 
let 

(1) <p(x\ u u • • •, w n )=0 (mod. p) 

be an arbitrary congruence of the form 

■■• ) u n ) = U 0 x’ n +U 1 x m - 1 -\ -1 -U m , 

where the U’s are integral functions of the u y s with 
rational integral coefficients; and suppose that this 
congruence is satisfied (mod. p), when for x is written £; 
and that is, p is the content of the form 

«p(£; u 2 , • • •, u n ). 

By raising the congruence (1) to the pth power and 

making use of the Fermat Theorem as in Art. 30, it is 
seen that 


£l 0) V \U\-\-<J>2U 2 -)r • • • -\~0%Un, 

and in general 


kk — u> v iUi-\-u>fu 2 -\- • • • +o tfu n 

are the roots of the same congruence. This is the 
definition of the functions £ 2 , • • •. 

From this it may be proved that £, {,_ l are the 

roots of the irreducible congruence 

B(£) = {x—£)(x— %i) • • • (x— ^/_i) 

= x / +ciX / ~ 1 -{- • •. -\-cj (mod. p) 

(see Art. 42), where the c’s are rational integers reduced 
mod. p. (See also Art. 60.) 

In this proof observe that every integer, say y, in o 
satisfies the congruence 


(mod. p), 

where / is the degree of the prime ideal p. 

Also observe that the / functions £„, £ 1( ... t are 

( “° d ' P) ' F ° r ’ Were *«+*=*. (mod. p), it 

would follow that 

_ trbk q 

<*>< =o)t (mod. p) 


(i-l, 2 , n). 
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If this congruence is raised to the p f ~° power, it follows 
that 

cof +k =ojf (mod. p) or cof* =co t - (mod. p) (i=»i, 2, • ••, n). 

And, were this true of the basal elements, it would be true 
of all integers in o, which is true only if k =/. 

It is thus seen that p is the content of the form 

pz+n(£), 

or, as expressed by Kronecker ( Grundziige , p. 114), 

p~pz + n(£) 


(Hensel, op. cit ., p. 72). 

Lemma II. Every integral Junction <I>(x; u h •••, u n ) 
with integral coefficients, which identically in Ui, u 2 , • • •, u n 
is congruent to zero, modulo p, when the fundamental form £ 
is written for x, is, with respect to p, divisible by n(z; Ui, 

* ) U n ) • 

Proof. If this were not true, then 4> and II would be 
relatively prime and there would be two integral functions 
of Wi, • • u n with rational integral coefficients A and B , 
such that 

A<$> + Bn=U(ux, ••■,«») (mod. p). 

Since both <f> and n are congruent to zero (mod. p) when £ 
is written for x, it would follow also that U(u lf • • •, u n ) =0 
(mod. p), which is not true. 

Lemma III. If 4> is an integral function in x, u u u 2 , • • •, 
u n with rational integral coefficients, which is identically 
congruent to zero with respect to p% when £ is written for x, 
then with respect to p, the function is divisible by IT. 

Proof. Write 

4> = n^, 


where g<e, and is an integral function in x,u x , • • •, u n , 
which is not divisible by n, modulo p. It follows that 
all the coefficients of the powers and products of u u • • •, 
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u n in the expression 

{n(£; ui, • • •, Wn)| a ^(^; u u ■ • •, u n ) 

must be divisible by p e . This is evidently not true unless 
each term in the expansion of ¥(|; w lf •••,«„) is divisible 
by p to at least the first power. And, if this were true, it 
would follow from Lemma II that 'F is divisible by n 
contrary to the hypothesis. 

Art. 73. It is of interest to prove directly that the 
form n(£; u x , • • u„) is divisible by the first and no 

higher power of p, and is divisible by no other prime ideal 
factor of p. 

With Hensel ( loc . cit.) let 


03 — • • • “bflnWn, 

where the a’s are rational integers, be an integer which is 
divisible by the first but no higher power of p. Consider 
the congruence that is satisfied (mod. p) by 

£ + <0= (Wi+ai)c0i-l-(w2+a2)c02H-b(Wn + an)Wn, 

and that is, the congruence 

II(£-|-a>; Wi-f-aj, w 2 +a 2 , • • •, w n +a n ) = 0 (mod. p). 
Writing 

03k — a 1-^032*a • • • -f -0) V nCl n (fc = l, 2, •••), 

it is seen that £+d>, £i+«i, • • •, % f - x + o3 f _ x are congruent 
(mod. p) respectively to £, £i, • • •, £/_j. The same is true 
of the symmetric functions of these sets of quantities 
with the result that (mod. p) the coefficients of 

n(z; u x +a x , •. u n +a n ) and n(x; u h • • •, u n ) 

are equal; and that is, £+d> satisfies the congruence 

n(.r; u X} • • • , w n )=0(mod. p). 

Writing 5 ° < ' m0d ' then aIs ° is n (?+“)=0 (mod. p 2 ). 

n(^+«)=n(^)+a>n , (^)+(w 2 ) (mod. p), 
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it would follow that 

n '(£) = (£ — £0(£~£ 2 ) • • • (£— £/_0 = 0 (mod. p), 
which, as shown above, is not true, n(.r) being irreducible, 
mod. p. 

It may also be proved that n(£; u h •••, u n ) is not 
divisible by p', where p' is an ideal divisor of p which is 
different from p as follows: 

Observe that the fundamental form runs over all the 
integers of 0 , when rational integral values are given to 
ui, U 2 , • • •, u n . Accordingly, select an integer d> which is 
divisible by p but not by p'. Writing £ = w, it is seen that 
£ 1 , • • •, £/_ 1 are all divisible by p; and in this case 
n(x) = (x— £)(x— £0 • • (mod. p). 

And, were n(w) divisible by p', it would follow that 
d/ = 0 (mod. p') which is not true. 

Art. 74 . We may next determine the congruence of 
least degree that is satisfied by the fundamental form £ 
for the product ppi as modulus. 

Suppose that 

$(£) =0 (mod. ppO, 

where both p and pi are ideal divisors of p, then, a fortiori 

<f>(£)=0 (mod. p). 

Due to Lemma II of Art. 72 

4>(x) =n(x)4'(.r) (mod. p) 

and a fortiori 

3>(£) = n(£)>F(£) (mod. ppi), 
or 

nIll^(£)=o (mod. pi). 

It follows that 

>L(£) =0 (mod. pi). 

Due to Lemma II this requires that 

^(£) = II I (£)4> 1 (£) (mod. p,), 
where the degree of ni is the same as that of pi. 
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With this is established the theorem: The fundamental 
form £ satisfies then and only then the congruence 

$(£)=0 (mod. ppi), 

if the congruence 

$( 2 ) = n ( 2 ) II 1 ( 2 ) $ 1 ( 2 ) (mod. p) 


exists; and that is, $( 2 ) considered with respect to p, is 
divisible by n ( 2 )^( 2 ). 

An immediate consequence is the corollary: The 
fundamental form £ satisfies for the composite modulus ppi 
the congruence of least degree 

11 ( 2 ) 111 ( 2 ) =0 (mod. p), 

whose degree is f-\-f h the sum of the degrees of p and pi. 

Art. 75. We are now in a position to prove the 
following: 

Theorem I. If the factorization of the rational prime 
integer p is expressed through 


P = W ?• ■ *, 

the left hand side F of the fundamental equation is with 
respect to p factorable in the form 

F(2)=n(2)*n 1 (2) < ‘- • - (mod. p)\ 

and, if we write 


F(x)=Tl{xyTl l (xy'‘--+pG(x), 
then G( 2 ) is an integral function in 2 ; u h u 2 , • • •, u n with 
rational integral coefficients which is divisible by none of the 
prime functions IT, Hi, • • •. (Kronecker, Grundziige § 25; 
Dedekind, Werke, Vol. I, pp. 202 ff.) 

Proof. Let $( 2 ) be an integral function of 2 ; u h • • •, 
U n with rational integral coefficients, such that the 
congruence $(x) = 0 (mod. p) is satisfied by the funda¬ 
mental form £. 

Observe next that the norm of 


p = p?p2‘- • • 
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is 

J) n = J) C ^ 1 +^ 2 +’ * * 

so that 1 

n — ^ 1 / 1 + 62 / 2 + • • •• 

Let ITi(x), n 2 (x), • • • be the prime functions in x that 
are associated with the prime ideals p, pi, • • respect¬ 
ively. It follows then from the preceding article and 
Lemmas II and III of Art. 72 that 

$ = n*nj- • -SF (mod. p), 

where Sl> is an integral function like $. Since U lf U 2 , • • • 
are of degrees f h f 2 , • * *, it is seen that $ must be of 
degree at least ei/i-j-e 2 / 2 + • • • = n, and, this being the 
degree of the fundamental form F , we may write for <t> 
the function F. 

With this is proved the first part of the theorem and at 
the same time it is a proof of the following: 

Theorem. The congruence formed from the funda¬ 
mental equation , namely , 

F(x; u h • • •, w n ) = 0 (mod. p) 
is the congruence of least degree with rational integral 
coefficients which is satisfied (mod. p) t when for x is written 
the fundamental form £. 

That G(x) with respect to p is divisible by none of the 
functions, say II (x), is proved as follows: 

Were G(x ) divisible by n(x), then G(£) would be di¬ 
visible by p, and it would follow from 

F(S) =0 = n e ({)n*(£) • • • +pG(f) 

that IP(£)ir«(£) • • • is divisible by p e+1 , which is not true. 
From all this it follows that, if the fundamental equation 
written in the form of a congruence is 

F(x) = IT(x)n e '(x)- • • (mod. p), 

then is 

p~(p+n(£)) e (p+ni(£))* 1 - • *. 

And that is: If the content of n(£) is («i, a 2} • • •)> that of 
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Hi({) being (/3i, p 2 , • • •)> etc., then is 

P = (P, a u a2, * • • ) e (p , Pi, Pi, * * •)*'• ‘ *. 

And with this it is seen that the factorization of a prime 
rational integer into its prime ideal factors is made depend¬ 
ent upon the factorization , modulo p, of the fundamental 
form into its irreducible factors. 

For an example, see next chapter, Art. 99. 

Art. 76. Theorem. The largest numerical factor of 
the discriminant of the fundamental equation is equal to the 
discriminant of the realm. We write 

1 = E/u«i+ U 12 ^ 2 + •••+£/’ lnCdn, 

£—U 21 W 1 + UiiOl2-\- • • • "h UlnUn, 

£ n_I = U n i«i + U n 2 ^ 2 H - * * * + U nn tO n , 

where the U ’s are integral functions of u h u 2 , • • •, u n with 
rational integral coefficients. The determinant U of ( 1 ) 
is a unit form. For, were it divisible by any prime 
integer p } it would be possible (Vol. I, Art. 56) to de¬ 
termine n functions V h V 2 , •, V n , such that 

(2) ViUu+V 2 U 2 i+ • • • -\-V n U n i—0 (mod. p) 

(t“l, 2, •••, n). 

It would follow immediately from (1) that 

Vi+V&+ • • • -f* Vn$, n ~ l = 0 (mod. p). 

It was shown above, however, that £ does not satisfy any 
congruence (mod. p) of degree less than n. It follows 
at once from the relations ( 1 ) that 

w i> w 2 , • • •, u n 

= JJ Wl » * * *, 0)h 

CO ( i n 1} , 1) , • • •, 

If both sides of this expression are squared, it is seen that 

A(£) = IPD or A(£) 
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where D is the discriminant of the realm, the basal 
invariant of Vol. I, Art. 94. With this is proved by 
Hensel (op. cit., p. 78) the theorem conjectured by 
Kronecker (Grundziige , p. 113) that the discriminant of 
the fundamental equation of any realm is in absolute 
value equivalent to the discriminant of the realm; and 
that is, both have the same rational integral divisors. 

In this manner Kronecker “ would reduce the entire 
arithmetical theory of algebraic numbers to a theory of 
integral functions of variables and indeterminates with 
rational integral coefficients.” 

Finally, observe that from the relations (1) the quanti¬ 
ties may be expressed as integral functions of degree 
n— 1 in £, with coefficients that are integral in u x , • • •, u n 
divided by the unit form U. And, as every integer 7 of 
the realm is of the form 


7 = aioji-j- • • • +a„oj n , 


where the a 's are rational integers, it follows that every 


such integer 7 is equal to 


g(£; u u • • *, u n ) 
U 


, where g is an 


integral function of the n— 1 degree in £ with coefficients 
that are integral functions of u x , •••, u n with rational 
integral coefficients. 

Art. 77. A further consequence as given by Hilbert 
(p. 200 of his Bericht) is added here. 

He called the n — 1 ideals 


c' = ((an— coj), • • •, (w, ( ~wi)), 

c" == ((cdi 0 )\), * • *, (a>n U>n)) } 
e (»—1) = ((coj—C0 ( , n - 1) ), ’ * *, (03 n C* J) ))) 


the /i— 1 elements of the realm in which o = (o>i, o> 2 , • • •> 
w B ) is the order-modul. In general these ideals do not 
belong to the realm in which Hilbert defines them as 
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elements. Observe, however, that the product of the 
elements e', e", • • •, e (n_1) is an ideal of the fixed realm. 
The elements are the contents of the forms £— • • •, 

£—£("—i). Hilbert defines the ideal b = e-e* • • c (ri—1) — b(^) 
as the different 1 (Vol. I, Art. 96) of the fundamental 
form, and that is 

bft)=[HL= ( f-? ,)( i-n" ■ ( e-{ < - ,,) , 

which is a quantity of the fixed realm. The norm of this 
different is equal to the greatest numerical factor of the 
discriminant of the fundamental form, which from above 
is equal to the discriminant of the realm; and that is, 

|N(b(£)) | = |Aft) | = | U 2 D\. 

b(£) is sometimes called the fundamental ideal of the 
realm. (See foot-note in Art. 106.) From the con¬ 
gruence 


dF(x) „ _ an 

* en te n ? 


• • 


+ ei ^ n « n ;.- 1 


H-(mod. p), 


it is seen that the different b(£) is divisible by p e_l and 
that this different is divisible by no higher power of p, if 
the exponent e is relatively prime to p. If the norm of 
this expression is taken, it is clear that the discriminant of 
the realm is always divisible by 

/(e-l)+/ 1 (f,-l)+... 

y } 

and by no higher power of p, if all the exponents e,e lf • • •, 
are relatively prime 2 to p. With this is again (Art. 31) 
proved the theorem: The discriminant of a fixed realm 
contains all and only those rational prime integers as 
factors which are divisible by the square of a prime ideal. 

1 The different of a realm is treated by O. Ore, Acta Math., Vol. 46, pp. 365 ff. 

For the case where one of the e's is divisible by p see Art. 92. 



CHAPTER V 

THE CONTRIBUTIONS OF HURWITZ 

Art. 78. In Art. 14 it was seen that if the ideal 
c is divisible by the ideal a, there exists another ideal b 
such that 

(1) c = ah. 

It was also shown that this result follows at once, if it be 
proved that given any ideal i, another ideal ii may be 
found such that 

iti = 07, 

where y is an integer in the fixed realm and where o the 
order-modul consists of all the integers of this realm; and 
that is, the product iii is equal to a principal ideal in the 
fixed realm. 

Hurwitz 1 in his treatment of ideal makes the proof of 
the latter theorem fundamental. The proof of Hurwitz 
is an extension of the Theorem of Gauss (see Vol. I, 
Art. 4). In its reproduction I have followed Humbert. 
See Note I of the appendix of the Translation by Levy and 
Got of Hilbert’s “Bericht liber die Theorie der alge- 
braischen Zahlkorper,” Jahresber. der deutsch. Mathema- 
tiker- Vereinigung, 1894-95. 

Extension 2 of the Theorem of Art. 15 as stated by Gauss 
with a Proof of the Primary Theorem of Art. 11+. 

1 See Nachrichten von der Kdnigl. Gesellschaft d. Wissenschaften zu Gottingen' 
1894, p. 291. In a footnote to this article Hurwitz says that he was unaware 
of a proof of Dedekind of the same theorem in 1892. See Art. 14 of the 
present work. See also p. 272 of the volume of the Nachrichten just cited for 
the statement by Dedekind that as far back as 18G9-70 he had succeeded in 
overcoming the “last difficulties." 

2 See Kronecker, Werke, Vol. I, p. 109; Mertens, Der. d. K. Akad. der Wiss. 
zu Wien, 1892; and Wiener Sitzber., 1894, p. 6; J. Konig, Einleitung in die aU- 
gemeine Theorie der algehraischen Griissen, 1903, pp. 74 et seq. 

142 
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Theorem. Let 

F(x) = atoX m H~ cn \X m ~ l -f- • • • -\-oc m , 

and 

G(x) =(3 0 x n +p l x n - 1 -\ - 1 - 

be two 'polynomials in x, whose coefficients are algebraic 
integers’, and let 

F (x)G(x) = Yo£”‘ +n + 7 l£ m+n_1 -}-f-Tm+n; 

if further each of the y’s is divisible by the algebraic integer 
co, then is each of the products a$k (i = 0, 1, 2, • • •, m; 

k=0, 1, • • n) divisible by co. And that is, if — ( h=0 

CO 


1,2, • • •, m+n) are algebraic integers, then also (i = 0 

0) 


1,2, • • •, m;k = 0, 1, 2, •••, n) are algebraic integers . 

Denote the roots of the function F(x) by x u x 2 , • • 
x m , and let the roots of G(x) be y h y 2 , • • •, y n . If S 
indicates a symmetric function of the quantities that 
follow it, we have 


(*»> x *> * * •» x *)S(Vi> ‘ * *> Vk)- 

Let i and k be fixed. Next let £ 2 , • • •, £ m+n be the 
roots of the equation F(x)G(x) = 0, being the quantities 
x iy * 2 , •••, x m ] y u 2 / 2 , •••, y n without regard to their 
order. Distribute the £’s in every possible manner into 
two groups such that in the one group there are m quan¬ 
tities and n in the second. In any such distribution let 
fi> £ 2 , ‘ , tm be the quantities of the one group and tj lf 

•**, y n those of the other group. Note that the 
function w = (£ri$v . • - Vk ) is not a sym¬ 

metric function of the £’s. In making all possible dis¬ 
tribution of £i, • • •, £m +n into two groups of m and n, 

respectively, there results a certain number of functions 
u > of which one is (E*i**- • (H 2 / 12/2 - • -yd, and that is 
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^°te, however, that every symmetric function 

of the u 's is also a symmetric function of the £’s. Hence 
the u’s are the roots of an algebraic equation, whose 

coefficients are polynomials in ~ p = 0, 1, • • •, m+n~]. 
Observe that, if 

t k +Cit k ~ l -\-c 2 t k ~ 2 -\ -f-cjfc = 0 

is an equation with roots t h 4, ■ • •, 4, any symmetric 
function • • •, tp) p = 1, • • •, k~\, the a' s being 

positive integers or zero, may be expressed as a poly¬ 
nomial in Ci, c* 2 , • • *, c k , with integral coefficients, whose 
degree is that of the greatest of the a’s. 

Let 

u M +d l u M ~'+"-+d M = 0 (i) 

be the equation in u. Then is 


— di = &( 11 ( 0^2 * • •£») HiviVt’ • •*?*))• 

As the £’s occur only to the first degree in this symmetric 
function, it is seen that d A is a polynomial of the first 


degree in — p=l, 2, • • •, m+n~\. Similarly, d 2 is a 

7o 

polynomial of the second degree in the quantities —\ etc. 
We may therefore write the equation (i) in the form 



u M ~ l 




where P, p = 1, • • *, Af] are polynomials with rational 
integral coefficients of degrees i in the quantities 70, 7 i> 

_ ,v X «»' P* 

•••, 7 m +n and homogeneous. It was seen that aQ m p o 

was one of the us and therefore satisfies the abo\e 
equation. Hence, writing a,/4 = ^> and observing that 
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<*o/3o = 7 o, it is seen that v satisfies the equation 



and that is 


v m+p iV *‘-i+...+p m = o. 


This last equation may be written in the form 




Since by hypothesis each of the y’s is divisible by go, 

P 

it is clear that the coefficients ~ Q» = l, •••, M~\ are 
algebraic integers, and hence (Vol.I, Art. 88 ) - the root of (ii) 


is an algebraic integer; and that is, (i= 1 , 2, • • ■, m; 

fc = l, 2, •••, n) are algebraic integers. With this is 
proved, what we called (Art. 15) the Generalized Gaus¬ 
sian Theorem. 

It is easy to derive from this the Primary Theorem , 

namely: For any definite ideal i = (a h a 2f • • •, a n ) another 

ideal u may he found such that the product iii is a principal 
ideal. 

For, write 

£ = otxUi+oiiU'i-p • • • -\-a n u n , 

and denote the product of the n —1 conjugate forms by 

n = II (£ (0 ) =(<* < l 1) Wl + a2 1 ) W2-f-f<*n l) Wn) 

X(a ( i 2) Wi+ • • • + oin'Un) (ai n ~ I) W 1 -- +a? _1) w„) 

= 01^1+02 1^2 + • • * + 0st/a, 

where the 0 ’s are algebraic integers that belong to the 
same realm as do ori, a 2 , • • •, and the U 1 s are integral 
functions of u it • ■ •, u n . Observe that 

TLF = gU, 
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where g is a rational integer and U an integral function 
of the us with rational integral coefficients, whose great¬ 
est common divisor is unity. It follows on the one 
hand that g is divisible by the product of the contents 
of n and F, and that is, by i and ti, where u = (p lt 0 2 , • • 
(3 S ); and on the other hand, due to the above lemma, 
a,p h is divisible by g and that is iii is divisible by g. It 
follows that 

00 = iti. 

Art. 79. With the above theorem Hurwitz wished to 
establish the general theory of ideals by proving the 
following theorems. As these theorems have all been 
well established in the preceding Dedekind or Kronecker 
theories, we shall introduce them again in a synoptic 
form as they were given by Hurwitz: 

Theorem. If the three ideals a, b and c satisfy the 
equation ac = be, then is a = b. For, let the ideal Ci satisfy 
the relation cci = o g. Then due to the relation acci = bcci, 
it follows that ag = bg, or a = b. 

Definition. An ideal c is said to be divisible by an 
ideal a, if there is another ideal b such that c = ab. 
vSince a = ao, every ideal is divisible by itself and by o. 

Definition. An ideal that is different from o and 
which is only divisible by itself and by t>, is a prime ideal. 

Theorem. If all the integers of the ideal c are divisible 
by the ideal a, then is c>a. 

For, write aai = oa and observe that all the integers of 
ctic are divisible by aai and that is by a. Hence, there 
exists an ideal b such that aiC = ab and therefore also 
nciic = aab or c = ab. Obviously this is another form of 
the Primary Theorem. 

Theorem. If aai = o, then is a = o = aij for o is only 
divisible by o. 
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Theorem. Every ideal a has only a finite number of 
divisors. For as above, let b be an ideal such that 
ab = ao, where a is a positive rational integer. It follows 
that a is an element of every ideal, that is a divisor of a. 
And there is only a finite number of such ideals (Art. 25). 

Theorem. If a = ata 2 and if a 2 is different from o, 
then ai has fewer divisors than a. For if bi, b 2 , • • •, b* 
are the divisors of Qi, then the ideal a has the divisors 

bi, b 2 , • • •, b fc and bia 2 , b 2 a 2 , • • •, b*a 2 ; 

and were the last k divisors the same as the first, it would 
follow that 

bia 2 • b 2 a 2 • • • b*a 2 = bib 2 • • • b* or = o. 

It follows that a 2 = o, contrary to the hypothesis. Ac¬ 
cordingly, it is seen that an ideal can have only a finite 
number of factors. 

Theorem. If the product of two ideals ab is diirisible 

by the prime ideal p, then is one of these ideals divisible by 

b- For, if a is not divisible by p, the greatest common 

divisor of a and p is o by the definition of a prime ideal, 

or Q+p = 0 . It follows that l = <x-f-7r, where a is an 

integer of a and t one of p. Multiplying this expression 

by any arbitrary integer 0 of b, it is seen that 0 = tt0. 

And as «0 and t 0 are both divisible by p, it follows that 

0, and therefore from one of the preceding theorems, that 
b is divisible by p. 

From this follows the Fundamental Theorem , viz., the 

factorization of an ideal into its prime ideal factors is a 

unique process. For if a is not a prime ideal, it may be 

written a = cha 2 , where ai and a 2 are different from a 

and from o. And from above the number of divisors of 

both ai and a 2 is less than that of a. If one of the ideals 

Ai and a 2 is not a prime ideal it may be factored as was 

done with a, etc. Since the number of divisors of such 
12 
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ideals becomes smaller, the factorization must finally 
end in a product of prime ideal factors. It follows also 
as in Art. 2 i that such a factorization is unique. 

Art. 80. The theorem of Kronecker that the content oj 
the product of two forms is equal to the product of their 
contents, is derived as follows by Hurwitz: 

If cp, • • • are integral functions of the variables 

x h x 2 , •••, x k , they may be transformed through the 
substitutions 

x x = x'\ x 2 = x • • •, x k = x‘ k 

into integral functions <F, >F, • • •, of x; and the positive 
integers U,t 2 , • • •, t k may be so chosen that the number of 
terms that are found in tp, f, • • • is the same as that in 
'F, • • •, so that the coefficients of ip are the same as 
those of <F, those of \p being the same as those of >F, etc. 

The Generalized Gaussian Theorem is at once applic¬ 
able and may be stated as follows: 

If ip and \J/ are rational integral functions of any number 
of variables with integral algebraic coefficients, and if each 
coefficient in the product <p\J/ is divisible by the algebraic 
integer co, then a> divides every product that is formed by a 
coefficient of ip and one of \p. 

A repetition of this theorem offers a further general¬ 
ization : 

If ip, \p, x, • • • are rational integral functions in any 
number of variables with integral algebraic coefficients, and 
if each coefficient of the product divisible by the 

algebraic integer to, then is also every term made of the 
product of a coefficient of each of the functions tp, x> • • •» 
divisible by co. 

Next suppose that <p\ and tp 2 are integral rational 
functions in any number of variables with coefficients, 
respectively, ai 1) , a 2 \ ai 2) , a™, •••> and let a x , a 2 , 

• • • be the coefficients of the product <p = <pi<P 2 • 
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The Kronecker Theorem is: The product of the ideals 

«i = («i I) » « 2 ) » •••), n, = •••) 

is equal to the ideal 


a = (ai, a 2 . •*•)• (See Art. 68.) 
In fact, if (Art. 69) \p denotes the product of the functions 
that are conjugate to <p and if fr, j 8 2 , • • • are the coef¬ 
ficients of <p, then is <p\J/= where 4> is the norm 

of <p. 


If the rational integer a is the greatest common divisor 
of the coefficients of 4>, it follows from the two theorems 
just stated that 


a b = (a) and (U n 2 b = (a), 

where b denotes the ideal (/3i, /? 2 , • • •); and from these 
two relations it follows that 


Q — dido. 

Art. 81. Another proof of the Primary Theorem was 

given by Hurwitz in the Gottingen Nachrichten , 1895, p. 

324. As it depends upon a method which has been 

emphasized in the present treatise, it will be presented 
here. 

Lemma. If T is an arbitrary number of a fixed realm 

$(0) of degree n, an algebraic integer p of this realm and a 

positive rational integer h may be so determined that the 

norm of the number hr—p is in absolute value less than 1 ; 

and h is not greater than a positive integer m which does 

not depend upon r but upon the fixed realm. 

Let wi, o) 2 , • • •, o) n be any integral basis of the realm, 
so that 

r = riO)i4-r 2 o)2-|- • • • T _ 7' n o) n , 

where the r’s are rational numbers. Further let k be a 
positive integer to be determined later, and for each of 
the & n +l integers 

t = 0, 1, 2, 3, • • •, k n 
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determine the algebraic integer 

M» — +0 2 «2+ • • • + </„a;„, 

the g’s being rational integers and such that the coef¬ 
ficients in the number 

(1) IT M i = {iT 1 + (ir 2 + * ' * -J- (lV n — Qn'jcrfn 

shall be contained between 0 inclusive and 1 exclusive. 
Divide the interval from 0 to 1 into k equal parts 

0 1 1 2 / 

V k"'k’ - k > 

and as belonging to each interval count the lower limit, 
and let the upper limit be counted as belonging to the 
following interval. As there are in the formula (1) n 
coefficients and as each coefficient may fall within one 
of the k intervals, there are in all k n possible distributions 
for these coefficients. As there are, however, k n +1 values 
of i, it is seen that for two of these values the coefficients 
of the quantities ir—m must fall within the same in¬ 
tervals. If the difference of these two quantities is 
denoted by 

hr—fj = d\ 0 )\ + c? 2 co 2 -t- • • • -j-d n a>„, 

it is seen that di[i= 1 , 2 , • • •, w] are numerically less than 
7 , while h is one of the integers 1 , 2 , • • •, k n . 

1C 

It follows that the absolute value of hr—i u is not greater 
than r times the sum of the absolute values of an, an, 

K 

•••, co n . Denote this sum by a*. If ft denotes the 
largest of the absolute values of the conjugates of co, it 

is seen that N(hr—n ) is less than where ft depends 

only upon the fixed realm. If next the integer k is chosen 
greater than ft, it is clear that \hr — y \ <1, w r here h is 
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not greater than k n = m, say. With this the lemma is 
proved. 

Art. 82. Let i be an arbitrary ideal of the realm and 
let a be any integer of i. Further suppose that the 
norm of a, say a , is the smallest rational integer that is 
divisible by i, so that no other integer is found in t whose 
norm is less than a. If a is any other integer of t, it is 
seen through applying the above lemma to the number 

CL 

T = ~> that there is a number ha'— na y whose norm is less 

than a. It follows that 

N{ha'~ fioi) =0, or ha' = fxa. 

And that is, ha' is divisible by a. 

Since h is one of the integers 1, 2, 3, • • •, m, it is clear, 
if we put M — 1 *2 *3 • • that every number of the 
ideal Mx is divisible by a. The complex of these numbers 
form an ideal ax', where i' is an ideal of the fixed realm. 
It follows that 

(!) Mx = ax' f 

and with it the equivalence of the ideals i and i'. Since 
a is a number in t, it is seen from this relation that M is 
a number in i'. There are however only a finite number 
of ideals (Art. 25) in which M may appear as an element. 
With this it is proved that every ideal t is equivalent to 
an ideal in which M enters as an element. There being 
only a finite number of such ideals, it follows that there 
is only a finite number of inequivalent classes of ideals. 

Art. 83. If h denotes this finite number of classes, it is 
evident that among the /i+l ideals 

i, i 2 u ... ;/»+i 

there must be at least two equivalent to each other. If 
these are i r and i«, where s > r, it follows that 

y'i r — 7 ,, i # , 
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where y' and y" are two integers of the realm. This 
equation may be written 

( 1 ) 7 i r = i r i a-r , 

where 


Denote by 





<* 1 , CX->, • • <X n ] 01, 02, * * •, 0n, 


the bases of i r and t* -r , respectively. It follows from 
( 1 ) on the one hand that the numbers yai, ya 2 , • • •, ya n 
are linear homogeneous expressions in a u a 2 , •••, a n 
with coefficients that belong to i*~ r and are accordingly 
algebraic integers. 

If the £’s denote algebraic integers, it is also seen by 
writing 


yai = c*i£ »i+a 2 {,-2 d - • • • + (* = b 2 » •••» «)» 


that 7 is an integer of the realm. 

It follows further from (1) that 

0«tti, 0 i« 2 , •••,0,Q'n (t = l, 2, •••, n) 


are linear homogeneous expressions in yai, ya 2 , ■ • •, ya n , 

0i 

with integral coefficients, and accordingly “ = 7 .-, say, 

(i=l, • • •, n) are integers of the realm. 

If i'= ( 71 , 7 - 2 , • • 7 n), then is 


(2) \'- r = yi'. 

And from (1) it is seen that i r = t r i', and accordingly 

1 ■ ai = aiTn~\-a 2 ri 2 -\- • • • ~{-a n Ti n d' = L 2, ”)» 

the r’s bring algebraic integers, and therefore 1 is an in¬ 
teger in \', so that (Art. 58) i' = o. 

From (2) we have 

i ,,-r = 07 ; 

and that is: belonging to every ideal t there is a certain 
power, say Ic, such that i fc is a principal ideal. If further 
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k> 1, then ti( = t* -1 ) is an ideal such that tti is a principal 
ideal. For k — 1, and that is, when i is itself a principal 
ideal, then ii = o. With this the Primary Theorem is 
proved anew. 

Art. 84. Further consequences may be drawn: If 
i k is the lowest power of i, which is a principal ideal, then 
k must be a divisor of h. Evidently the ideals 

(!) t, i 2 , •••,**, 

are not equivalent. For, from the equivalence of any 
two of these ideals would follow that a lower power of i 
was a principal ideal. If k<h, there must be an ideal 
ti which is equivalent to none of the ideals (1). It may 
be proved that the ideals 

(2) iit, t,t 2 , •••, til*, 

are not equivalent either to (1) or to one another. Were 
any two of the ideals (2) equivalent, it would follow also 
that two of the ideals (1) were equivalent. For, were 
w'i 1 i r = co"t 1 i*, and were tii' = a principal ideal, say to, it 
would follow by multiplying by i', that o/i r = a/'i\ 

If = and if t* is a principal ideal oy, it follows 
through multiplying by i k ~ r that <o'yt 1 = co"7i* _r , from 
which follows the equivalence of h with one of the ideals 
( 1 ). 

Accordingly h is at least equal to 2k. If h > 2k, there 
exists an ideal t 2 which is different from the ideals (1) 
and (2). Forming the ideals 

f 3 ) W, W*, •• •, t 2 t fc , 

it may be proved that none of these ideals is equivalent 
to the ideals (1), or (2), nor is it equivalent to any of the 
ideals (3) excepting of course itself. 

Continuing in this manner, it is clear that h is some 
multiple of k. Since i fc is a principal ideal, we have the 

theorem: 
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If h is the number of classes of non-equivalent ideals, the 
h-power of every ideal is a principal ideal, and that is 

i h = Oy. 

Since the class to which the product of two ideals 

belong is the product of the classes to which these ideals 

belong, the theorems proved above for ideals are at once 

applicable to the classes. Since these results are the 

same as those found in Art. 52, they will not be repeated 
here. 

Art. 85. As an analog for the theorem relative to the 
greatest common divisor of rational integers, Hurwitz 1 
offers the following. It is in a manner an existence-proof 
of the greatest common divisor of algebraic integers: 

If ai f a 2l • • •. oi r are any algebraic integers, it was seen 
(Vol. I, Art. 51), that 

« 2 , • ' *, CX r ) = $?(<*), 

say, is a realm in which they all belong. Let h be the 
number of classes in and observe that 

i = («i, a 2 , • • •, a r ) 

is an ideal in this realm. 

Further, since 

i'‘ = («i, a 2) • • •, a r ) h = oy, (a) 

it is seen that each of the integers <*?, a 2l • • •, aj, is divis¬ 
ible by 7 , and therefore a x , a 2 , • • •, a r are each divisible 
by Vr = 7o, where 7o is an algebraic integer (Vol. I, 
Art. 88 ). It follows that 70 is a common divisor of 
ai t <* 2 , • • •, ar, and every divisor of 70 is a common divisor 
of these integers. 

It follows also from (a) that the integer 7 is a homo¬ 
geneous function of the hth dimension in the quantities 
a iy a 2 , •••, a r , with integral algebraic coefficients, and 

1 GOUinger Nachr., 1895, Heft, 3. 
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may be written in the form 

7 = o:i/3i + a 2 /M-b C*r/3r, 

where the /3’s are homogeneous function of the h— 1 
degree in the as with integral coefficients in 9?(or). It 
is seen that if b is a common divisor of a u a 2y • • •, a r , 
that b A is a divisor of 7 = tS, and accordingly b is a divisor 
of 7 0 . With this, it is seen that the common divisors of 
ctu a 2 , • • •, a r are divisors of 70 . 

Further, from above 

7 o = o:i/3i+a: 2 /3 2 + • • • + o: r /3 r , 

where 

/3* = 7o _ 1 7» (t = l, 2, •••, r), 

so that 

7o = o:i7i + o: 2 72 H-bo: r 7 r , (b) 

where 71 , 72 , • • *, y r are integers which like 70 do not in 
general belong to the fixed realm $R(a). 

It is thus proved that for any given algebraic integers 
o: 2 , • • •, a r , there is always an algebraic integer 70 of 
the form (b) and such that all its divisors are identical with 
those divisors that are common to the given integers. 

Hurwitz wished to consider 70 the greatest common 
divisor of a if a 2) • • •, a r . If 70 were an algebraic unit, 
the integers a h a 2 , • • •, a r would be relatively prime and 
have only units as their common divisor. 

In particular, if ai and a 2 are relatively prime, the 
above relation becomes 

0:171+0:272 = 1. 

EXAMPLES 

}• II ai, a 2 and /3 are algebraic integers, a x and 0 being relatively 
prime, and if a x a 2 is divisible by /3, then is a 2 divisible by /3. 

2. If is relatively prime to /3 as is also a 2 , then is a x a 2 relatively 
prime to 0 . 

3. If an integer 7 is divisible by two. integers a and 0 that are 
relatively prime, then is 7 divisible by a/ 3 . 
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Observe, however, as has been indicated in Vol. I, Art. 112, 
that we get into difficulties as soon as the discussion is not limited 
to a fixed realm. 

Art. 86. In this connection , 1 but to make a digression 
from the work of Hurwitz, let p be a prime ideal that is 
not a principal ideal, and put 

P* = 7T0, 

where p and the integer it belong to the same realm, 

l 

$K(a), say. If we put ir h = f3 and if r is any integer of p, 
then is r h divisible by p* and therefore also by 7 r = 0 \ 
It follows that t is divisible by /?. And further if r is 
any integer of the fixed realm, which is divisible by 0 , 
then is r h divisible by @ h , and that is, by i r. It follows 
that r h is a number contained in the ideal 07r = p'‘ and 
that or is divisible by p. Accordingly, the ideal p may 
be looked upon as the collectivity of the integers of the 
fixed realm which are divisible by (3. If we call the 
algebraic integer 0 , an ideal number of $K(a), which has a 
real existence in some realm in general other than the 
realm $K(a), then, corresponding to every prime ideal p 
there may be associated an ideal integer /?; and those 
integers that belong to 9?(a) and are multiples of (3 
constitute the complex of numbers p. From this point 
of view the factorization of the principal ideal 07 , or of 
the integer 7 into its prime ideal factors according to the 
formula 

07 = pi‘p 2 l • • - P r r 

has its complete analogue in the formula 

7 = • * • R'- 

PI ere the ideality of the numbers (3i, (3» } • • •, (3r means 
only their non-existence as algebraic integers in 9?(ar). 

1 See also Bachmann, Allgemeine Arithmetik der Zahlenkorper, p. 208. 
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These numbers are different from the Kummer 1 Numbers 
(Vol. I, 272), which also have no real existence in the 
fixed realm, but like the atoms and electrons they have 
served to put into existence a very potent branch of 
science. (See also Arts. 55, 56 and 57.) 

Art. 87. The theorem that every ideal may be ex¬ 
pressed as the greatest common divisor of two principal 
ideals was proved by Hurwitz as follows: 

Consider first the ideal 

b = (a, ft y). 

It may be proved that there is an integer X of the fixed 
realm, such that 

b = (a, 0 + Xy). 

In the proof it is assumed that none of the integers a, (3, 
y is zero. Since a, for example, being an element of 
b is divisible by b, we may write 

( 1 ) Oa = ba 

and similarly o/3 = bb, 07 = be. And as b is equal to 
oa-\-o(3-\-oy, it is seen that the greatest common divisor 
expressed through 

( 2 ) a + b + c 

is equal to 0 . As a special case, for example, if a = 0 , it 
would follow from (1) that both o/3 and 07 are divisible 
by a, and we would have at once 

b = (<*, ft 7 ) = («) = (a, ft. 

In this case the theorem is proved by putting X = 0. 

If, however, a is different from 0 , it may be factored 
into its prime ideal factors in the form 

a = pi 1 *# • • • p? r . 

Let be the highest power of p t - which is a factor of b, 
so that d { = 0 , if p,- is relatively prime to b. Finally, let 

1 See Kummer, CrelU, Vol. 35, p. 325. 
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X * be °. or according as the ideal oft which from ( 1 ) 
is divisible p?*’ is not. divisible by or is divisible by p?* +1 . 
It is then clear that if X,= 1, the ideal 70 which from (1) 
is also divisible by pf», cannot be divisible by pf* +1 ; 
otherwise even when d { = 0 , the three ideals a, b and c 
would have the common factor p„ contrary to the 
assumption indicated in ( 2 ). Accordingly, for each of 
the indices i= 1 , 2 , • • •, r, the congruence 

0+X*7« 0 

exists (mod. p?*), but not (mod. p? <+1 ). 

If then we determine an integer X (Vol. I, Art. 143), 
which satisfies the congruences 

X = Xi (mod. pf +1 ), X=X 2 (mod. p£ +1 ), • •X = X r (mod. p d ' +1 ), 

it is seen that the integer is divisible by every 

prime ideal which divides b, namely, p, raised to the 
power d if but to no higher power. 

Accordingly, if we write 

o((3 + \y) = bn, 

the ideal n is relatively prime to a, so that 

a + n = o. 

It then follows from equations (1) and (2) that 

b = 0 o; + 0/3 + 07 = Oa-f-oOS + Xy) or b = (a, /S + Xy). 

A repeated application of the lemma shows that every 
ideal 

i = (a, a 1 , a 2 , • • •, a r ) 

may be reduced to the form of an ideal of two elements 

i = (a, a). 

Art. 88. The question when are two ideals (a, o>) and 
(a , a/) equal, is answered by Hurwitz 1 through the 
following theorem: 

1 Hurwitz, “Die immodularen Substitutionen in einem algebraischen Zahlen- 
korper/’ Gottinyen Nachrichlen , 1895, p. 332. 
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Theorem. In order that two ideals (a, co) and (a', co') 
be equal, it is necessary and sufficient that the two pairs of 
numbers a, co; a', co', be equivalent to each other, and that is, 
that 


(1) a'= Xa:-|-pco, co'= pa + pco, 

where the integers X, p, v, p of the fixed realm, to which the 
given pairs of integers also belong, satisfy the condition 

(2) Xp— pv=\. 

For, if the equations (1) and (2) exist, it follows that 

a = pa'—p co', co = — pa'-f-Xco', 

and every number of the ideal (a', co') belongs to (a, co) 
and vice versa. 

On the other hand, if the two ideals are equal, and 
that is if 

i = (<*, co) = (a', co'); 

and, if we write 

1 

i h = 07 , to = y h ) 

it follows that 


7 — To — a£+co? 7 , To — a'^'-f-wV = 7 , 

where a, co, a', to' are divisible by 70 , while £, y, y' 
are integers of the realm and are divisible by tJ -1 . 

If we define X, p, v, p, through the relations 


x _a / £4-cd?/ a'v— 
a— ;-, u = - 


arj 


__ c*/£—co£' 0}'ri-\-a£' 

- ’■ 1 A ’ ~ _ 


v = 


y T y r t 

it is seen that they are integers of the realm that satisfy 

the equations (1) and (2). For, writing —7 in the two 
forms 


7 = 

£> co 

and —7 = 

/ / 
a, y 


V, —a 

* 

co', 


it is seen that 



^a'+co?;', £co'—co£' 


X7, vy 

yen'—ctT)', Tjco'-f-a^' 


py, py 



160 THE THEORY OF ALGEBRAIC NUMBERS 


or 

1 = Xp— fii>. 

Accordingly, the integers a , «' are equivalent to a, a>. 

The number f = - is said to be the number of the realm 

(0 

associated with the ideal (a, «). 

Since every number f of a realm may be expressed in 
an infinite number of ways as the quotient of two 
integers of the realm and as every such expression of f 
is associated with an ideal, it is seen that every number 
of the realm is associated with a whole class of equivalent 
ideals; and inversely, all numbers that are associated with 
the ideals of one and the same class are equivalent in the 
sense defined below. 

a 

Let any number = — of the fixed realm be associated 

CO 

with the ideal («', «'). If (a, «) is a second ideal that 
is equivalent to the first, we have 

(3) y(a', a/) = 7 '(or, «), 

where y and y' are integers of the realm. 

From the preceding theorem it follows that 

(4) ya = \ay'nosy', yu/ = ray'pcoy', 

where 

\p—yv = 1. 


Through division it is seen that 

a _ Xa-bM^ 

^ Ci/ va-\-po)’ 

so that f is associated with the ideal (Xa+pco, m + po>), 

which from a preceding theorem is equal to (a, a>). 

/ 

If on the other hand f = f = are two numbers of 

CO CO 

the realm which are associated with ideals that belong .to 
the same class, then the ideals (a, a>) and (a, a>) must 
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satisfy the equation (3), from which are derived (4). 
From the latter, through division, we have 


r 


\p — liv = 1 , 


a relation which may be used to define two equivalent 
numbers and See also Dedekind’s Werke, Vol. I, pp. 
174 ff. It seems that the theory as outlined in the pre¬ 
ceding articles may be made fundamental in the theories 
of the Multiplication of Elliptic Function, of the Elliptic 
Modular Functions, etc. Note the historical sketch in 
Klein’s Gesammelten mathematischen Abhandlungen, Vol. 
Ill, pp. 3-9. 



CHAPTER VI 

THE DIVISORS OF THE DISCRIMINANT 

I. The Irregular Divisors. Hensel’s Work 

Art. 89. Let a satisfy an irreducible equat on of the 
nth degree, and form the realm a = $?(«). Let o be the 
order-modul of this realm consisting of all the integers in 
0 ; and let on, co 2 , •••,«„ be a basis of all integers of o. 
Then A(a>i, a> 2 , •••, a> n )=A(o)=Z>, is the discriminant 
[fundamental invariant of 91(a); see Art. 76; Vol. I, 
Art. 94]. 

If 7i, 72, 7 n are any integers of o, it was seen 

(Vol. I, Art. 94) that 

7, =Ci,aJi + C 2 ,W 2 + • • • (t = l, 2, n), 

where the c’s are rational integers. 

We also saw that 

A(7i, 72, • • ', 7n) = \c ik \ 2 D; 

and that (Vol. I, Art. 94) the t’s form a basis of the 
realm, if |c,-* | ?*0. 

In particular, if 7 i = l, 72 = 7 , 7 3 = 7 2 , •**, 7n = 7 n_1 > 
then (Vol. I, Art. 63) 

(1) A(l, 7 , 7 2 , • • •, 7 n_1 ) = C 2 D, 

where C is constant. The rational integer C is called (Vol. 
I, Art. 94) the index of the integer 7 . If C^O, the integer 
7 is a number that generates the realm 91(a) and (Vol. I, 
Art. 61) is an integer of the Gattung G(a) = 

Corresponding to every integer 7 of © there is a rational 
integer C; and from above, the square of this integer mul¬ 
tiplied by D is the discriminant of 7 . 

162 
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Every prime factor p of D is accordingly a factor of the 
discriminant of every integer y of 

In particular instances, examples of which are found 
in Arts. 99 and 100, it may happen that the discriminant 
of every integer y of © may have as a factor a rational 
prime integer p which divides the index C of 7 ; and 
that is, in the formula ( 1 ), which may be written 

A (y)=C\y)D, 

there exists a prime rational integer p which divides the 
index C(y), where y goes through all the integers of ®. 

The divisors of C = C(y) Kronecker 1 called unessential 
(Ausserwesentliche). These divisors (op. cit ., p. 69) he 
also called irregular, the regular or essential divisors 
being those of the fundamental invariant D. The latter 
nomenclature is adopted in the present treatise. 

Art. 90. Write 

(1) T* =s Ci»«i + C 2 i« 2 + • • * +C»i&>„ (t=0, 1, 2, •••, n — 1), 

and observe that, if p is a factor of the determinant 

C 10, • • •, C n o 

C = • • • • • , 

Cb n- If • • c ny n _ 1 

rational integers g u g 2 , g n may be found (Vol. I, 
Art. 56), such that 

® c iiQi-\-c i2 g 2 -\ -f-c,- n < 7 n = 0 (mod. p) (i= 0 , 1 , 2 , 

*rom this it follows that 

® 0i“f<727H—'H-{ 7 n 7 n_1 = 0 (mod. p); 

and therefrom it is seen that 7 satisfies (mod. p) a con¬ 
gruence of degree less than n, the degree of the realm 
Hence if there is a divisor p of the index 0 ( 7 ) of 
every integer 7 of the Gattung © of 12 , it follows that 
every integer that creates the realm 12 of the nth degree, 

Grur Soff(Tp e 23 *** Berliner Akademie > March 1879, p. 214; 

fcl3. 
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when considered (mod. p), satisfies a congruence of 
degree less than n. 

If p is not an irregular divisor, and that is, one that 
does not divide C{y), then y (mod. p) cannot satisfy a 
congruence of degree less than n. For, by substituting 
the values (1) in (3) there would necessarily result a 
system of equations (2) with a determinant C which is 
divisible by p, contrary to the assumption. 

We may accordingly say: Then and only then is the 
integral congruence {mod. p) with rational integral coef¬ 
ficients, which the integer y of © satisfies, of degree less than 
n, if p is an irregular divisor of the discriminant A{y); 
and that is, if 

C(y) =0 (mod. p). 

It is thus seen that the question whether or not a prime 
integer p is a divisor of the index C{y ) of every integer y 
of © reduces to the question whether or not {mod. p) the 
congruence that every integer y of G) satisfies, is of degree 
less than n. 

Art. 91. If F{x)= 0 is the irreducible equation which 
y satisfies and if p is a prime integer that does not divide 
C{y), Dedekind 1 was able to prove that corresponding 
to a factorization of F{x) into its irreducible factors 
(mod. p), say 

F{x) = Pi{x) ai P 2 {x) tti ■ • • P r {x) a ' (mod. p), 
there exists a corresponding factorization of p into its 
ideal prime factors 

p = p?ip«*.. .tfr ( se e Arts. 74, 75). 

This conformity, necessary for the establishment of the 
fundamental law relative to the unique factorization of 
algebraic numbers, was seen to fail, however, when p was 

Dedekind, “Ueber den Zusammenhang zwischen der Theorie der Idealen 
und der Theorie der hoheren Kongruenzen,” Gottingen Abh ., Vol. 23, 1878, an 
GoUingen Am., 1871, p. 1488. See also Kronecker, GrundzUge, §25. 
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an irregular divisor of the discriminant of A( 7 ), that is, 
when p was a divisor of C(y). With this discovery was 
also seen the reason for the failure of Hummer’s con¬ 
jecture, which had to do with the establishment of a 
general theory of ideal numbers, founded upon the con¬ 
gruence F{x) = 0 (mod. p), a theory which was sufficient 
for the case of the cyclotomic realms, namely, those 
realms which were formed of the roots of unity. 

If p divides the index of every integer y of ©, it is 
impossible to use an equation of the nth degree 

F(x)=0, 

which 7 satisfies, in order that, through the factoriza¬ 
tion of F(x) into its irreducible factors (mod. p ), we may 
proceed to a factorization of p into its prime ideal 
factors by means of the Theory of Higher Congruences. 
And so the establishment of the theory in question in 
such a realm, namely, where p divides the index of every 
y that creates the realm, is not permissible, the result 
being that the general theory is faulty. This trouble 
was experienced by Kronecker. (See, for example, § 25 of 
the Grundzuge.) We are therefore emphasizing Hensel’s 
work in the presentation of this chapter, as well as the 

fact that Dedekind also used the method of higher con¬ 
gruences. 

Art. 92. To make a resume of what has been proved 
previously (Art. 74) and at the same time to set the 
proposal of this chapter in definite form, with Hensel 1 
let the left hand side of the fundamental equation be 
factored into its irreducible (mod. p) divisors, namely, 

F(x)=Pi(x) a 'P 2 (x) a >- • • P h (x) a » (mod. p), 
and observe that the derivative of this expression is 

^ , («)=Pi(x) a i~ 1 P 2 (x) tt *- 1 - • •P*(a:) a ^ 1 4>(x)+p^(a;), 

1 Hensel, Crelle’s Journal, Vol. 113, pp. 79 et seq. 
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where 

${x)=a l P 2 (x) ■ • ■P h (x)-\-a 2 Pi{x)P 3 (x) • • -P h (x)-\ -, 

and where x ) is an integral function of x with rational 
integral coefficients. Further, observe that <£(x), con¬ 
sidered mod. p, is relatively prime to each of the prime 
functions Pi{x), provided that none of the coefficients a,- 
is divisible by p. 

If we write for x the fundamental form 

£ = U\0i\-\-U 2 0)2~\~ ' * • "FWnWn, 

it is seen that F'(£) is divisible by p? 1_1 p 2 ,_1 • • and 

we may accordingly write 

F'(£) = (£- fi)(£- £ 2 ) • • • ({-fn-i) = P? 1_1 p 2 1_1 • • • pS* -1 ^({), 

where the function i/(£) is not divisible by p. Taking 
the norm of this expression, we have (Art. 76 and Vol. I, 
Art. 96) 

#(/?'(£)) =n(£-?*) = A(l, t, ■■■, {«- I )=A(f)= 2 )|^,*|*. 

Since 

JV(p,)=P /( > 

it is seen that 

A(£) ~ l) L(ui, u 2 , • • •, u n ), 

where L is an integral function in Ui with rational integral 

coefficients that are not all divisible by p. 

If the degree of the product pip 2 ** , P/» denoted by r, 
and that is, if Mp.tb- ■ Vi)=P r , and if we observe that 
a,/i+a 2 / 2 +- ■ ■+a h f h = n, it is seen that the discriminant 
of the fundamental equation, and that is, the discriminant 
of the Gattung ®, and that is, A(£) is divisible by p to the 

power n—r and no higher. 

The exceptional case, where one of the exponents a.- 
is divisible by p, will be considered in Chapter XVI. 
The preceding deduction shows in this exceptional case 
also that the (n-r)th power of p is a factor of A (5), 
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although not the highest power of p that divides this 
discriminant; for in that case $(£) is divisible by one of 
the functions P(£). 

The following is a corollary of this general theorem: 
A rational prime integer p is then and only then a factor of 
the discriminant of a Gattung, if within this Gattung, p 
contains one or several prime ideal factors to the second or 
higher powers (Art. 31). 

For the integer n—r is then and only then different 
from zero, if at least one of the exponents a, is greater 
than unity. And it follows at once, since the discrim¬ 
inant can have only a finite number of prime factors p, 
that there are only a finite number of such primes which 
admit prime ideal factors to powers higher than the first. 
This is Dedekind’s 1 fundamental theorem by means of 
which he wished to establish a general theory of algebraic 
integers. Instead of the fundamental form £ which was 
introduced above and which includes impartially all 
algebraic integers of a fixed realm, he employed a special 
algebraic integer 

To the rational integers g h g 2} • • •, g n he gave such values 
that 7 would satisfy a congruence (mod. p) of degree n, 
the degree of the realm. This he was able to do when 
and only when the determinant above | U 0 h | is not 
divisible by p for all systems of rational integral values 
Ul== 0i> u 2 = g 2 , • • •, u n = g n . It is proved in the sequel 
that such cases exist, where | U oh | is divisible by p for 
all such systems of values and definite examples are given 
of realms in which this is true. And thus, the general 
theory as given in Dedekind’s plan, where the investiga¬ 
tion has to do only with the algebraic integers themselves 

Vol “Ueber die Discriminanten endlicher Korper,” GOUingen Abh., 
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and not with the fundamental form, must in a measure 
be replaced by a theory that is based upon the consider¬ 
ation of the algebraic forms which lead more simply and 

more directly to the desired end. (See preceding article, 
end.) 

Art. 93. It was seen (Art. 76) that the discrimi¬ 
nant 1 of the fundamental form 

£ = U\(j3\-{-U 2 OJ 2 -\- • • • -j-u n o} n 

was 

A(H) = \U gh \ 2 D. 

To put in evidence the indeterminates u if write 

I Ugh | — 0(ui f u 2 , • • ♦, u n ). 

It was seen in Art. 76 that d(u u u 2) • • *, u n ) is a unit 
form; and that is, it is not divisible by any prime integer 
p; and that is, the discriminant of the fundamental form 
does not have irregular ( ausserwesentlich ) divisors. 

Observe, however, that this discriminant becomes 
A(t) = 0(<7i, • • (Jn) 2 D, if instead of £ is written the alge¬ 

braic integer 

7 =01^1+02^2 + • • * 

And it is also seen that the rational integer d(gi f g-i , • • •, 
g n ) is the index | c,* | of Art. 89. 

The prime integers p which are the divisors of 
dig i, g 2} •••, g n ) are the irregular divisors of the dis¬ 
criminant of 7 , and that is, of C(y). The question 
whether for every y of the Gattung ® there is the same 
prime factor p of C( 7 ) is settled, if it is shown that 
6(ui, u 2 , • • •, u n ) is divisible by p for every system of 
integral values that may be assigned to the indeter¬ 
minates U\j u 2} • • •, u n . 

This question is answered in the theorem of Vol. I, 
Art. 202, namely: In order that a prime integer p be a 

1 See Hensel, Theorie der algebraischen Zahlen t Chapt. XII. 
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common divisor (irregular) of the discriminant of all 
integers 7 of it is necessary and sufficient that the 
function d(ui, u 2 , • • •, u n ) be contained in the modular 
system 

(p, u 9 i—u u u\-u 2 , • • •, u v n — u n ); 

and that is, that Q{u u u 2y • • •, u n ) be of the form 

pU — U\) U \-\- * • * + (Un Wn) Un, 

where [/, U 1 , •••, U n are integral functions in u h u 2 , 

• • •, u n with rational integral coefficients. When the 
coefficients have been reduced, modulo p, and due to the 
Fermat Theorem, the exponents of the several u’s have 
been reduced, modulo p— 1 , the resulting form must be 
identically zero. When this is true, p is an irregular 
divisor of the discriminant of every integer 7 of 
(See Examples in Arts. 99 and 100.) 

Art. 94. An important consequence was derived in 
Art. 75, namely, the fundamental form £ satisfies no 
congruence (mod. p) of less degree than the degree n 
of the fixed realm. And this was true for all integers p. 
Instead of the fundamental form £ take any algebraic 
integer of the Gattung and investigate the congruence 
which it satisfies (mod. p). It is clear that, if F(x)= 0 
is the fundamental equation which is satisfied by £, then 

F(x)=Pi(x) a ^P 2 (x ) ai • • ‘P h (x) ah = 0 (mod. p) 

is satisfied for 7 , when for x = £ = Uiq)i+u 2 o) 2 -\ -(-w nWn , 

we write u 1 = g li u 2 = g 2) • • •, u n = g n . 

The question arises what are the necessary conditions 
to be fulfilled, in order that 7 satisfy no congruence 
(modulo p) of less degree than n, and that is, determine 
the necessary conditions that p shall not divide C( 7 ). 
Let 

u < = g< (t = l, 2, • • n), 

be substituted in the functions P(x) above, after £ has 
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been written for x, and let them be denoted by Q(x). 
The above congruence is satisfied by y and becomes 

Qi(x) ai Qi(x) a 2 -• .Q h ( x ) a *sE 0 (mod. p). 

It will be shown 1 first that the functions Q(x) must be 
irreducible, mod. p. For, if, say Qi(x)mE x {x)Gi(x) 
(mod. p), then also this congruence exists (mod. pi); 
and since Pi(.r )=0 (mod. pi) is satisfied for x = £, it is 
also satisfied when rational integers are written for the 
indeterminates u { ; and that is, 

Ei(y)Gi(y)=0 (mod. pi). 

With this it would follow (Art. 26) that either Pi ( 7 ) or 
£ 1 ( 7 ) = 0 (mod. p,), say Pi( 7 ) =0 (mod. pi). 

It would follow further that 

Pi(7) ai P 2 (7) a2 - • -Ph(y) ah = 0 (mod. p); 
and that is, 7 satisfies a congruence (mod. p) of degree 
less than n, since the degree of E x (x) is less than that of 
Pi(x). ' 

It will be shown secondly that the functions Qi(x), 
Qi{x), • • •, Q r (x) must be all different (mod. p). For, 
were Qi(x) = Q 2 (x) (mod. p), it would follow that 

Qi(y) = 0 = Q 2 (y) (mod. pi) 

and 

$ 2 ( 7 ) =0 = Qi(y) (mod. p 2 ). 

If then, ai^a 2 , it would also follow that Qi(y) ai is divis¬ 
ible by both p a » and by p fl2 and accordingly 7 would be a 
root of 

Qi(x) a '-Q 3 (x ) a '-• -Q*(a;) - *s0 (mod. p), 

a congruence, whose degree is less than n. 

With this it is seen that for the existence of an integer 7 
of the Gattung 0, whose index C(y) is not divisible by the 

prime integer 

p = pi , p 2 * • • • Pa*, 

> Hensel, Crelle, Vol. 113, p. 130. It is well to study this paper of Hensel in 
juxtaposition with the one of Dedekind mentioned above. 
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there must exist h incongruent prime functions {mod. p), 
whose degrees /i, / 2 , •••,//, are the degrees of the prime 
ideals pi, p 2 , • • •> p*. 

The above conditions are also sufficient 1 for the exist¬ 
ence of such a number y. To prove this, corresponding 
to every prime ideal factor p,- of p choose a prime function 
Pi of degree/,, which is also the degree of p,- (Art. 61). 
Let pi be such a root of the congruence 

Pi(x)=0 (mod. pi) 

that 

p, = (p, P,(p,)), 

where P,(p,) is divisible by p,-, but not by pf. Proceed 
in a similar way for all the functions Pi{x) (i= 1, 2, 
• ••, h). 

Further (Art. 33) determine an integer p which satisfies 
the h congruences 

P = Pi (mod. pi) (i= 1,2, •••, h). 

We are thus able to form h congruences 

Pi(p)=Pi(p,) (mod. pf), 

in which the integer P,(p) is divisible by p,- to the first 
but no higher power. 

Observe next (Art. 61) that a congruence 

<p(p) =0 (mod. p?*), 

whose coefficients are rational integers that are not all 
divisible by p , has the same meaning as the congruence 

*>(x)=0 (modd. p, Pi(x) a< ). 

It follows, if p = pi'pi* • • • pft*, that the congruence 

^(p)=0 (mod. p?«p£- • .p2*) 
has the same significance as 

(1) <p(:c)=0 (modd. p, R(x)) y 

where R(x) =P 1 (x)“iP 2 (x)‘*. • -P h {x) a \ For, observe 

1 See Bachmann, AUgemeine Arithmelik, etc., p. 273. 
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that the product of any two modular systems is 

(2) (p, Pi(x)°0(p, P*{x) a2 ) 

= (P 2 , pPi(x) a ', pP 2 (x) a2 , Pi{x) ai P 2 {x)° 2 ). 

Further, since Pi(x) ai and P 2 (x) a2 , under the given 
assumptions are different and relatively prime, we may 
find two functions 3>(;r) and &(x) such that 

Pi(z)M>(aO+P 2 (z)^F(z) = l (mod. p). 

From this it is seen that p may be added as an element to 
the right hand side of (2), which then reduces to 

(p, Pi(x) a 'P 2 (x) a2 ). 

And this process continued produces (1). 

Writing (1) in the form 

<p(x) =R(x)-S(x) (mod. p), 

where S(x) is an integral function with rational integral 
coefficients, it is seen, since R{x) is of degree n, that the 
degree of the function <p(x) which p satisfies (mod. p) 
must be at least n. Observe further that n is the degree 
of the congruence 

Pi(x) ai - • -P h (x) ah = 0 (mod. p ), 

which p satisfies. 

Art. 95. It is usually the case that the fundamental 
invariant D, the discriminant of the fixed realm, has not 
been determined; and it often involves considerable 
work in deriving it. Consequently it is desirable to 
have a method of finding the prime factors of the index 
of an integer without first determining its discriminant. 
This may be done by the following Dedekind Method 
(“ Theorie der Ideale, etc.,” Gott. Abh., Vol. 23): 

Let y be any integer of the Gattung of the fixed realm, and 
let F(x)= 0 be the irreducible equation of the nth degree 
which y satisfies. Let F(x) be factored {mod. p) into its 
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irreducible factors , taking the form 

(1) F(x)=U(x)-pM(x), 

II (x) denoting the product of the irreducible factors, and 
M(x) an integral function of x with rational integral coef¬ 
ficients. The necessary and sufficient condition that p be 
a factor of the index of y consists in that there be a multiple 
prime factor P(x) of n(x), which is also a factor of Mix) 
[mod. p). 

To prove this, first let p be a prime integer that is 
not a factor of the index of y and let the prime ideal factor 
of p in the fixed realm be 

p = pi'pS* • • • p£ A , 

so that 

F(y)=P l (y) a 'P 2 (y) ai - • • Ph{y) ah (mod. p), 

where P,(t) is divisible by p,- to the first power only, but 
by none of the other ideal factors of p. 

If D is divisible by p, one of the integers a, is greater 
than unity. It is seen that here also P,( 7 ) cannot be 
divisible by p?. For, were P 1 ( 7 ), for example, divisible 
by p? and ax>l, it would follow that 

PiM^PsCy) 0 ’- • -PaM** 

was divisible by p and accordingly y would be the root 
of a congruence 

P\(x) a '-~ l P 2 (x ) ai ■ • ’P K (x) ah = 0 (mod. p) 

of degree less than n, which is not true (Art. 94). 

And further, were P 1 ( 7 ) divisible by, say p 2 , the two 
congruences Pi(x)=0, P 2 (x)=0 (mod. p) would have a 
common root. This is not true, for since P i(x) and 
Pi(x) are prime functions (mod. p), there exists a con¬ 
gruence of the form 

Pi(x)4>i(x)+P 2 (x)4> 2 (x) =1 (mod. p). 
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And, writing x = y in this congruence, it would follow that 

0 = 1 (mod. p 2 ). 

Writing x = y in ( 1 ), we have the equation 

Tl(y)-pM(y)=0, 

and it is clear that M(y) is divisible by none of the ideal 
factors of p, since the ideal factors of p and 11 ( 7 ) mutually 
cancel one another for all cases where p does not divide 
the index of 7 . It follows that M{x) is divisible by 
none of the prime functions Pi(x) (mod. p). For, were 

M(x)=Pi(x)$i(x)+ptp{x) t 

it would follow for x = y, that M( 7 ) is divisible by p. 

From this we may conclude firstly that if M(x) is 
divisible by one of the prime factors P i{x) which, raised 
to the second or higher degrees, is a factor of II (x) (mod. 
p), that the prime rational integer p must be a divisor of 
the index of 7 . 

Inversely, if p is a divisor of the index of 7 , there exist 
(Art. 90) n rational integers x u x->, • • •, x n all of which 
are not divisible by p and such that 

$(y)=X\+x 2 y-\ -b x n y n ~ l = 0 (mod. p). 

Accordingly, we may denote by A(x) the greatest 
common divisor (mod. p) of the two functions F(x) and 
$( 3 ;). Due to equation (1), it is seen that since A(x) 
(mod. p) is a divisor of F(x), it is a divisor of n(z); and 
since it is of degree less than that of F(x), it follows that 

(2) F{ x) = A (x)B(x) — pM (:r), 

where B(x) is an integral function of x with rational 
integral coefficients. Since the function A(x) is at 
least of the first degree, it certainly has one prime func¬ 
tion (mod. p) as a factor, which may be denoted by P(x). 
Accordingly, there are two integral functions with ra- 
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tional integral coefficients, say <p(x) and f(x ), such that 

$(x)<p(x)+F(x)f(x)=A(x) (mod. p). 

From this it is seen that A ( 7 ) is an algebraic integer that 
is divisible by p , and is therefore the root of an equation 
of the form 

X*+pa\X*- y -\-p 2 a- 1 X s - 2 -\— *+p*a 8 = 0. 
Consequently, there exists the identity 

A(y) a +pchA - \-p 8 a a = 0, 

where the a’s are rational integers. 

Multiply the above expression by B(y) a and observe 
from ( 2 ) that 

A(y)B(y)=pM(y). 

It follows that 

M(y) 9 -\-aiM(y) 8 ~ l B(y)-\ -(-a«P( 7 )' = 0. 

Since 7 is a root of the irreducible equation F(x) = 0, it 
is seen (Vol. I, Art. 41) that 

A (x) ' -f pai A (re )-" 1 H-b V s a, = F(x)Q(x), 

and 

M(xy+ ai M(xy-'B(x )+.. -+a B B(xy = F(x)R(x). 
These equations written as congruences are 

A(x ) 8 = 0 (modd. p, F(x)), 
and, due to ( 2 ), 

M(x) s = 0 (modd. p, B(x)). 

Since, modulo p, the prime function P(x), which is a 
divisor of B(x), is a divisor of F(x ), it follows from the 
first of the above congruences that P(x) is a divisor, 
modulo p, of M{x). From ( 2 ), P(x) is a multiple factor 
modulo p, of F(x). Accordingly, it follows that if p is a 
divisor of the index of 7, that there exists a prime func¬ 
tion P(x) which (mod. p) is a multiple factor of n(a:) 
and is a factor (mod. p) of M(x). With this is proved 

the theorem as stated. (See Dedekind, Werke, Vol I 
PP- 213 £f.) ' ’ 
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Art. 96. The results of the two preceding articles, 
which were discovered by Dedekind ( Gotting . Abh., Vol. 
23) suggest at once another proof for the existence of 
an irregular divisor of the discriminant. For the prime 
integer p is a factor of the index C(y) of every integer y 
of ©, only if there are not h incongruent (mod. p) prime 
functions P fx) (i = 1 , 2, • • •, h ) of degreesrespectively. 

In Art. 49 it was seen that the number of irreducible 
factors (mod. p) of degree / of the expression 


where 



was 



9(f) = V'~ Zp" a + Tp w -- Ln(d)p d , 

a ««' d/f 


and where q, q', • • ■ are the different prime factors of /. 

The degrees of the prime ideals pi, p 2 , •••, Pa, are 
respectively, 

(1) fb fb * • /a- 

Some of these /’s may be equal. Denote those that are 
unequal by f h / 2 , • • •, /*. Denote the number of fs 
in the series ( 1 ) that are equal to /i by h h the number of 
these that are equal to / 2 by h 2 , etc. It follows that 

’ • • -\-hk = h. 

It is clear that there do not exist h incongruent 
(mod. p) prime functions Pi(x) {% = 1 , 2, • • •, h), if any 
one of the following k inequalities exist 


(2) A,->1<7(/.-) (‘- 1 - 2 ' ■ "■*>■ 

With this is proved Hensel’s Theorem: 

In order that a prune integer p = pi l p 2 t ’ * - Pa\ where the 
degree of the prime ideals p,- are respectively /,-, may be a 
common irregular divisor of the discriminants of every 
integer y of the Gattung ©, it is necessary and sufficient that 
at least one of the inequalities ( 2 ) exist. 
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Art. 97. The above criterion was also derived by 
Hensel in another form in which a knowledge of the 
factorization of p within the fixed realm into its ideal 
factors or the distribution of the fundamental equation 
(mod. p) into prime factors was not assumed. For, let 
P be any arbitrary prime factor p of degree /. Let 

£ = U\ 0 )\ “I - W0W2-}~ • * * ~\~u n o) n 

be the fundamental form of the realm and write in general 
(see Art. 72). 

£/» = • • • -\-u n o)^ (h=l, 2, . 

It is seen (Art. 72) that of the infinite number of such 
forms only the / forms 

£> £i> • • S/-i 

for indeterminate u’s are different (mod. p) and that 

£ = £/> ii s f/+i, • • •, &+/ = £*• • • (mod. p). 

It follows at once that a linear form 

£ = W l( w l “~«l)+ * * * +W n (c*>r _ W n ) 
is divisible by the prime ideal p, if and only if v is a 
multiple of /. If v is a multiple of /, it is proved below 
that p is a factor, but no higher power of p is a factor of 
the above linear form. For, suppose first that p 2 is a 

factor of p and observe (Arts. 36 and 44), due to the 
Fermat Theorem, that 

£*'=£ (mod. p). 

It would follow for every algebraic integer 

7 = ^iWi4-^ 2 co 2 H-h g n w n 

7=0 (mod. p 2 ). 

That this is not true is seen at once, if we put 7 = w, where 

« is divisible by p but not by p 2 . For, the above con¬ 
gruence reduces to 

# -* = 0 (mod. p 2 ), 

which is not true. 
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If, however, p occurs only to the first power in p, and if 
the linear form £ for indeterminate (u h • ••, u n ) 
were divisible by p 2 , it would follow that the n elements 

«f—c Oi (i = l, 2, •••, n) 

were each divisible by p 2 , which in general is not true. 
For, were this true for any p and any system of basal 
elements («i, •••, a; n ), we might change one of the 
elements say 10 1 to ou+p without changing the character 
(mod. p) of the basis. It would then follow that 

(wid-p)*"— (wi+p) = (cof— on) — p=— p = 0 (mod. p 2 ), 
which is not true. 

If for the element an we write 1+ p, which (Vol. I, 
Art. 100) we have seen was always possible, it would 
follow at once that £ is not divisible by p 2 . 

We thus have the Theorem: If v is a multiple of /, the 
linear form £ = tti(wf— an)-t—• +u n {o) v f— a> n ) is for 

indeterminates U\, •••,?/„ divisible by the first and only 
the first power of every prime ideal factor p of p, whose 
degree is f. 

And it is clear that, if p contains ideal factors to the 
first degree only, so that 

P /% -'P 1 p2 ’ -P h, 

then we may determine a linear form £ which is 
divisible by p\ or what is the same thing, the h congru¬ 
ences 

cof— w, = 0 (mod. p) 

are all satisfied. For, we have only to determine for v 
the least common multiple of the h numbers /i,/ 2 , * * *> /*» 
these being the respective degrees of pi, p 2 , * • *> Pa- 

If, however, p contains as a factor the ideal p to a power 
higher than the first, there is no linear form which 
is divisible by p; for none of the above differences con- 
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tains as a divisor any prime ideal factor of p to a power 
higher than the first. With this follows the theorem: 

The rational prime integer p is factorable within a given 
realm into ideal factors, none of which is equivalent to the 
other, if at least one of the linear forms — £ is divisible by 
p and only then. 

The prime integer p is a divisor of the discriminant of 
the realm, and that is, of the fundamental invariant D, 
if and only if p has a prime ideal factor to at least the 
second power. Hence, we have as a corollary of the 
above theorem: 

The prune integer p is then and only then a divisor of D, 
if one of the linear factors £ is divisible by a fractional 
power of p, but not by p itself. 

Art. 98. Let f be an arbitrary integer and form the 
quotient 

(t\ = (£/ £)fl(£//qg' £)n(£//<rgW" £) • • • 

where q, q ', q" , • • • are the different prime factors of /. 

Using the Mobius coefficient of Art. 45, this quotient 
may be written 

m 

and is a fractional function of the g(f) dimension in the 
basal elements 

, W 2, * * *, W n ), 

where 


9(f) =P’~ iy /ff + -- Zu(d)p d . 

•nr 

The above quotient is equivalent to the product of all 
the different prime ideal divisors of p, whose degree is 
exactly /. For, if p is a divisor of p , whose degree / is not 
a divisor of /, then p appears in neither the numerator 
nor the denominator of F/®. If, however, / is a divisor 
of /, it enters as many times in the numerator as in the 

14 



180 THE THEORY OF ALGEBRAIC NUMBERS 


denominator of F/(£) and accordingly cancels out. 
Finally, if / =/, then p enters once and only once in the 
numerator of F /(£). With this the assertion is proved. 

Accordingly, if p (1) , p< 2 >, • ••, pw are the different 
prime ideal factors of p, each of the /th degree, then is 
F/(£) equal to their product; and that is, 

^/({) = n({ < ,-f)« <) -p (1) p (2) ...pw. 

dif 


Taking the norm of both sides of this expression, it is 
seen that 

NtF / (S)l=p'\ 

And that is: The form F/(£), which is of the g{f) dimension 
in the basal elements, has a degree fn /, where n/ is the 
number of prime ideal factors of p which are different from 
one another , each being of degree f. If there is no prime 
ideal factor of p of degree f, then naturally, n/ = 0. 

Next write down the n forms F/(£), whose degrees are 
fn f (/= 1, 2, • • •, n). From the theorem of Art. 96 it is 
clear that p is then and only then an irregular divisor, 
and that is, a divisor of the index of the discriminant of 
every integer y of the Gattung if of the inequalities 

fn/>g(f) (/=i, 2, •••,«) 

at least one is satisfied. 

Since fn/ is the degree of the form and g(f) its 
dimension in («i, o> 2 , • • •, <*>„), this result may be expressed 
in the following form, which Hensel regards as simple 

and elegant 

The rational prime integer p is then and only then an 
irregular divisor of all discriminants A ( 7 ) of (3, if among 


the forms 


Ff(S) = md-i)** 

dff 


there is at least one, whose dimension 
is less than its degree, and that is, 


(/= 1,2, • • •, n), 

in (o>i, * * • > 

less than fn/ in the 
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expression 




Art. 99. The fact 1 that in reality there exist realms 
and Gattung such that the discriminant of every integer 
7 in them is divisible by a definite prime integer, is illus¬ 
trated in the following two examples, the first due to 
Dedekind (*Gottingen Abh., Vol. 23, p. 30) and the second 
due to Hensel. 

With Dedekind let 12 = 91(0) be a realm determined by 
the root 0 of the irreducible equation 

(1) F(x) = .r 3 — x 2 — 2x— 8 = 0; 
and let 5(0) be the different of 0, and that is 

5(0) =F'(0) =30 2 —20—2. 

It follows (Vol. I, Arts. 94 and 297) that 

A(l, 0, 0 2 ) = -jV[$(0)]. 

To determine this norm, observe, due to the identity 

(2) e 3 -e 2 - 2 e-s=o, 

that 

5(0) = — 2— 20+30 2 , 

05(0) = 24+40-J-0 2 , 

0 2 5(0) =8+260-b50 2 ; 

and accordingly 

-2-5(0), -2 , 3 

24 , 4-5(0), 1 =0, 

8 , 26 , 5-5(0) 

or, 

5(0) 3 — 75(0) 2 — 2012 = 0. 

It is thus seen that 

W[5(0)] = 2O12, 

and 


(3) A(l, 9 , 9 2 ) = —2 2 .503. 


1 See Bachmann, p. 280. 
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Evidently the only prime integer that can divide the 

index is 2. To see whether 2 is such a divisor, write 
the function in the form 

F(x) =x 2 (x— 1) —2(.r+4), 
so that (Art. 95) 

P l (x)=x, P t (x)=x-1 , M{x)=. r+4. 

Observe that 

F{x)-P l {x) 2 P 2 {x) (mod. 2 ), 
and that M(x) is (mod. 2) divisible by P\(x), and accord¬ 
ingly the index 2 is a divisor of the index of 0 (Art. 95). 
The discriminant of the realm 9t(0) is D = -503. 

Next write 

V = }0(0-1)-1, 
or 

( 4 ) 2t7 = 0(0-1)-2. 

Due to the identity ( 2 ) we have 

2*70 = 8 , 2rjd 2 = 86, 

and by the elimination of 6, it is seen that 

^+^+277-8 = 0, 

from which it follows that 77 is an algebraic integer. 
Further, observe that 


1 — 1*1 +0 • 0+0 - 77, 

0 = 0 * 1 + 1'0 + 0 * 77 , 

0 2 — 2 -1 +1 • 0 + 2 t 7, 

and therefore 

1 , 0 , 0 2 

-(1. 0 , 0 2 ) = 0, 1, 0 A(l, 0, 77). 

2 , 1 , 2 


It follows at once that D = A( 1, 0, 77) and that 1, 0, V 
form a basis of all integers in 9 i( 0 ). 




^ ith this it is seen that any integer 7 in 9 ?( 0 ) has the 


torm 


\ 


y = x+dy+Tiz, 



THE DIVISORS OF THE DISCRIMINANT 183 


where x, y, z are rational integers. We further have 

y 2 = x 2 +6 2 y 2 +7 1 2 z 2 (mod. 2). 

From (4) it is seen that 


rj 2 = 2d—rj—2, 
or 

v 2 = v (mod. 2), 
and 


d 2 = d (mod. 2); 

and therefore also 

7 2 = 7 (mod. 2) 
for every integer y of $R(0). 

From this it follows that o2 is divisible only by the 
prime ideals of the first degree. For, if / is the degree of 
any such ideal p, it would follow that there exist integers 
r of $ft(0) such that 


and since 


r 2/ =r (mod. p); 


t 2 = 7 (mod. p), 

it is seen in all cases that/, the degree of p is 1. Such an 
ideal can appear only to the first power as a factor of o2. 
For, were o2 = p 2 q, so that pq is not divisible by 2, then 
there would be an integer, say cr, that is divisible by pq 
but not by 2 although a 2 is divisible by 2. But from 
above, for every integer in 9i(0) 


and, were 


0 ^ = 0 - (mod. 2); 


<^ = 0 (mod. 2), 
it would follow also that 


<r = 0 (mod. 2). 

Accordingly we have 

o2 = p!p.,p 3 , 

and that is, the ideal o2 is divisible by the product of 
three prime ideals each of the first degree. To determine 



184 THE THEORY OF ALGEBRAIC NUMBERS 
these three ideals, write the fundamental form 

£ = Ui-\-6u 1 -\-r]Uz, 

and observe that the fundamental equation is 

.t 3 — (3wi+^2— uf)x?+{?>u\-\-2uiU 2 — 2uiu z — 2u\ 

— \Su 2 u 3 -\-2uf)x— (ii\+u\u 2 — u\u z —2uiul-- \?>uiu 2 u z 

-\-2u<ul+%ul— 6 wlu 3 4 - 10 w 2 wH- 8 w 3 ) = 0 . 

This equation in the form of a congruence is 

(.t+Wi)(x + WiH-w->)(^+Wi+w 3 ) = (mod. 2 ). 
Writing 

x = £ = U\ + dUi-\-i)U z , 

it is seen that 

Pi = (2, 0, t}), 

P 2 = ( 2 , 0 + 1 , 77 ), 

p3 = (2, 0, 77 + I). 

Finally observe that the number of incongruent (mod. 
2) prime functions P{x) is only 2, so that one of the 
inequalities of Art. 96, must always exist. From this it 
follows that 2 is a divisor of the index of every integer 7 of 
9 ^( 0 ), where 0 is defined by the equation ( 1 ). 

Art. 100. A second example of realms in which the 
index of every integer is divisible by the prime integer 
p = 2, is given by Hensel 1 as follows: 

Theorem. Let p be an arbitrary rational prime integer 
of the form p = 3m-\-l ) and let be the Gattung con¬ 

stituted through the three m-termed periods of the pth roots 
of unity. The common irregular divisors of the discrim¬ 
inants of all the integers 7 of this Gattung are to be deter¬ 
mined. 

In this connection the reader may well consult Weber s 
Algebra , Vol. I, §§ 180 et seq., and also Burnside and 
Panton, Theory of Equations , 4 th Ed., p. 172. 

1 Hensel, Crelle , Vol. 113, p. 147. 
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It was seen in Vol. I, Art. 246, III, that every prime 
integer p of the form indicated may be written 

p = (a + 6w)(a + 6cu 2 ), 

where a, b = 3g and g are rational integers, and w is the 

cube root of unity, namely, w = — 1 • 

It follows that 

(1) 4p = A 2 +275 2 , 
where 

A=2a—b and 3 B = b. 

For example, if p = 13, 

4.13 = 5 2 + 27.1 

and if 77 is a complex root of x 13 — 1 = 0 , the three periods 
are 

vo=v+v*+v' 2 +v b , 
vi = v 2 +v 3 +v ll +v' 0 , 

772 = *? 4 + 7? 6 + 7? 9 -F7? 7 . 

It is seen that 77 0 , 771 , 772 are the roots of the equation 

x 3- !-# 2 —4x -{-1 =0. 

In the general case, see above references, rj 0 , 771 , 772 
satisfy the equation 

( 2 ) + = 0 , 

where a is defined through the relation 

3<x = A+2. 

Accordingly, the different of 770 is 

S(t?o) =3770 + 2770—g —) 

i?oS(„ 0 ) =-,5+2 ^,0+3(7, 

*»(*) = (l+ 2 ^)„§+ (zc-^~j Vo -C, 


and 
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where 


C 


= K P “ +E 3 i ) 


It follows (Vol. I, Arts. 94 and 104) that 



3, 

2, 

P-1 

3 

A(l, Vo, vl) = 

-1, 

• 


3C , 


i+ 2 Y’ 

3C P 3 \ 

-C 


or 


A(l, Vo, Vo) — 
We accordingly have 


2x 4 p 2 m +4 p 2 a — 3 p 2 o? 


9 


A(l, 770, vl) = ~BY- 

Observe on the other hand that 

1 = —Vo—Vi—V2, 

Vo = 1 -^o + O -771 + 0772, 

'p- 


— V 2 o= - ™§)»o+ (^~3~ - + (^3^ _ m tyv2, 

where 1 ml, mi, m% are three rational integers, which satisfy 
the equation 

7771— mi = B. 

From these three relations it follows that 


A(l, Vo, Vo) = 


or 


-i, 

-i, -i 

i, 

0, 0 

p— i 

„ p-l . „ p—l 

3 

772 Q y 2 771 ij g 

A(l, 

7/0, vl) =B 2 A(vo, Vi, Vi)- 


m% 


MvOfVhVi), 


Hence, from above it is seen that 

A(t/ 0 , Vi, Vi) = ~P 2 ’ 

1 Bachniann, Die Lehre von der Kreisleilung , p. 201. 
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Since the discriminant of every realm (Art. 298) is dif¬ 
ferent from ±1, it is seen that — p 2 is the discriminant 
(basal invariant) of the realm 91 ( 17 ), while 770 , 771 , 772 are 
a basis of all the integers (of the order-modul 0 ) of this 
realm. 

The fundamental form is accordingly 

£ = rioUo+riiUi +77 2 w 2 , with conjugate values 

= 171^0 + ^2^1 +T7ott2> 

£" = 77 2 Wo + ’7o'^i + ’?i^2i 

while the discriminant of the fundamental equation is 

«- - *")•«" - w= # 1 u 2 -H*u h 

where 

I/i = -a 0 Wi4-Wi^2+W2^o— Wo^i — u\u 2 — uluoy 

U2 = uo+ul+ul+6u 0 uiu 2 --3(uou 2 l +uiu2+u2uo) ) 

#1 = T7ot? 1 + 771772 + t?2?7o— r] 2 QT]\ — V2Vo> 

H 2 = rio + ril+712 + ^011 111— 3 ( 77077 ? + 77 l77 2 -{"*?2*?o)* 

If the 77 ’s, as symmetric functions of the roots, are 
expressed through the coefficients of the equation ( 2 ), 
this discriminant takes the form 

— j)(aU i-\- BU 2 ) • 

In Art. 76 it was seen that 

A(l, £, ?)=Dd(u 0f ui, u 2 ) 2 , 

so that here 

tfCwo, Wi, ^ 2 ) =aU\-\-BU2> 

Observe next that 

t/i = 0 (mod. 2), 

while 

t/ 2 =w 0 +Wi+u 2 +w 0 Wi+ttiW 2 +tt 2 Wo (mod. 2). 

It follows that 

tf(w 0 , u u U 2 ) = B(u 0 +Ui+U 2 +u 0 u l +u i U 2 +U 2 Uo) (mod. 2). 
Hence, only when 5 = 0 (mod. 2), istf(u 0 , u iy u 2 ) divisible 
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by 2 for indeterminate values of u 0 , u u u 2 . In this case 
it follows from (1) that A must be divisible by 2 and 
therefore also that 

(3) p = A' i +27B'\ 

From this it is seen that the rational integer 2 is an 
irregular divisor of the discriminant of every integer y 
in if the prime integer p=3m+l is of the form (3). 
It is clear that this is true of the integers 

p = 31, 43, 109, 127, 157, 189, •••. 

See also the example given by Dedekind, Gott. 
(jelehrten Anzeigen, Sept. 20, 1871. 

Art. 101. Kronecker ( Grundzuge) called attention to a 
supposed fact that although the index d(u x , u 2 , • • •, u n ) 
for certain realms was divisible by a definite prime 
integer p, when the indeterminates u u u 2 , •••, u n ran 
through all rational integers, the same was not true when 
instead of the rational integers, the algebraic integers of 
determinate definite algebraic realms were written for 
the u f s. This conjecture of Kronecker was later proved 
by Hensel, 1 who, by making an interesting application of 
modular systems, also determined the realms of lowest 
degree whose integers, when written for the u' s, offered 
indices that were not divisible by a prime integer p. 

Hensel made use of the following theorem, which may 
be proved in a similar manner as the theorem of Vol. I, 
Art. 202: 

Let 

(1) F 1 (u l ), F 2 (u 2 ), 

be n rational integral functions with integral coefficients, each 
being of one variable, and suppose (mod. p) that each 
function F ,(w,) has as many incongruent integral roots pi 
as the degree of the function. Further, let F(u\, u 2 , • • •> u n ) 

1 Hensel, Crelle’s Journal, Vol. 113, p. 149. 
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be a rational integral function with rational integral coef¬ 
ficients of all the quantities U\ , u 2 , • • •, u n . The congruence 

(2) F(p u P 2 , Pn)= 0 (mod. p) 

eziste then and only then for all the roots of the congurences 

== 0 (mod. p) (i = l, 2 , • • •» n )» 
if F(u u u 2t • • •, w„) w contained in the modular system 

(p, Fi(tO, • • *, ^n(w)). 

Further, if 5R(a) is any algebraic realm and if p is a 
prime ideal divisor of p in this realm, the more general 
theorem may be proved; namely, that a function 
F(u u u 2 , • • •, u n ), whose coefficients are integers of 9?(a), 
is then and only then divisible by p, when for U\, • • •, u n 
are written all the roots of the congruences 

(3) F x {uf) = 0, F 2 {u 2 ) = 0, •••, F n (u n ) = 0 (mod. p), 
if it is contained in the modular system 1 

(p, Fi(Ui) t • • •, F n (u n )), 

where each function Ffui) has integral coefficients that 
belong to 9t(a) and has as many integral roots {mod. p) as 
the degree of the function. 

The proof of this theorem will be given under the 
special assumption that the functions F and Fi(i — 1, 2, 

• • •, n) have rational integral coefficients. We may then 
reduce F with respect to the modular system {Fi, F 2 , 

• • - , F n ). The resulting remainder is likewise a rational 
integral function in Ui, u 2 , • • •, u n with rational integral 
coefficients, and may accordingly be divided by p, only 
if it is divisible by p. 

Under this particular assumption it follows that the 
function F(u lf u 2 , • • •, u n ) is divisible by p for all systems 
of roots of the congruences (3), if and only if it is contained 

1 Modular systems, in which ideals enter as elements, have been treated in 
an extensive paper by the author “M6moire sur les systfemes modulaires de 
Kronecker,” L’lZcole Normale SupGrieure, Vol. 18, 1901. 
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in the modular system 

(p, F i(w0, F 2 (^ 2 ), • • F n (u n )). 

Next, let the prime ideal p be of degree /, and that is 

iV(p) = pf. 

It was seen in Art. 38 that the congruences 

u ^~Wi = 0, uf—u 2 = 0, • • •, Un—u n = 0 (mod. p) 

have as many incongruent (mod. p) roots, which are 
integers of the realm, as is the degree of p, and that is p f , 
and this is the number of incongruent (mod. p) integers 
of the realm. 

It is seen that if instead of the functions 

Fi(Ui) (<- 1 , 2 , 

above, we write the functions 

U^—Ui (? = i, 2 , •••, n). 

we have from the preceding, the following theorem: 

In order that the function d{u h u 2 , • • •, u n ) be divisible 
by p for all systems of integers of the realm Of (a), it is 
necessary and sufficient that it be contained in the modular 
system 

(p, u\'—ui, u v 2 f —u 2 , • • •, U^—Un). 

If the function r? is not contained in this system, there 
exists a system of integers a 2 , •••,<*„ of the realm 
Of (a), such that tf(ai, a 2 , • • •, «„) is not divisible by p. 

Suppose next that p, when factored in Of (a), takes the 
form 

V = P? 1 *? • ‘ * P? r > 

where the degrees of p, are respectively/,- {i = 1, 2, 

Write down the modular systems 

(4) Mi = [_p, uf—ui, u^—uo, • • •, u^—Urf] 

(t= 1 , 2 , •••,*•), 

where these systems are not necessarily different. For 
example, Mi = M 2 , if fi=U It is clear from the above > 
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if the function d(u i, u 2 , • • •, u») is contained in any one 
of these modular systems, that p is a common irregular 
divisor of the discriminants of the integers of SR(a). 
Accordingly, the necessary and sufficient condition that 
p be not an irregular divisor, is that d be not contained 
in any of the above modular systems. For this condition 
to be satisfied, there exist systems of values a l {\ a 2 \ • • •, 
a 1 ? for each p, (i = 1, 2, • • •, r) of the realm 9i(a), such 
that tKa'i 15 , <* 2 °, • * *, an 0 ) is not divisible by p f . For (Art. 
33), we may choose integers on, a 2 , • • •, a n of 9i(a), such 
that 

a k = at 1 ’ (mod. pi), = (mod. p 2 ), • • •, oc k = a¥ (mod. p r ) 

(A = 1, 2, • • •, n). 

It follows that 

<*2, * * •, «n) = l?(o:i <) , 0:2°, • • •, OC { n) (mod. pi) 

(*•-1.2, • • •» r); 

and therefore it follows also, as fl(«i, a n ) is 

divisible by none of the p’s, that it is not divisible by p. 

The above results may be expressed through the 
theorem: In order that the function fl(ui, u 2 , • • •, u n ) be 
not divisible by a rational prime integer p, when for the 
indeterminates Ui, u 2 , • • •, u n are written all systems of the 
algebraic integers of a realm $)?(«), it is necessary and 
sufficient that this function be not contained in any of the 
modular systems (4). 

A realm $fl(0) which has this property was called by 
Hensel (op. cit. } p. 153) a complete (Erganzungs) realm. 
To prove the existence of such Henselian realms and to 
determine those of the lowest degree, we may proceed as 
follows: 

Write the systems 

M i=lP, uf—u u u v j-u 2) u v n-u n ~\ (i=i,2,...), 

and observe, when i is taken sufficiently large, that there 
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is a system 71/, which does not contain as an element 

•••, u n ). For, note that the dimensions of this 

, . n(n— 1) 

function in u lt u •>, • • •, u n are — 


2 


If then k is the 


smallest integer for which p*> 


n(n— 1) 
2 ’ 


it is clear that 


D(u i, u 2 , • • •, u n ) is not contained in M k unless d(ui, u 2 , 

• • •, u n ) is divisible by p. It was shown in Art. 76 that 0 
is a unit-form and therefore not divisible by p. 

Suppose that M a is the first of the modular system 
which does not contain d(u\, u 2) • • •, u n ) and take any 
irreducible congruence P(x) = 0 (mod. p) of the <?th 
degree. If a is any root of the equation P(x)= 0, 
it may be shown that 9?(a) is a Henselian realm for the 
prime integer p. For (see note at end of this article) it 
may be shown (Art. 95) that p is not factorable in (a), so 
that the degree of the ideal op in this realm is g; and from 
above, M 0 does not contain tf(ui, u 2 , • • •, u n ). It may be 
shown further that there is no complete ( Erganzungs ) 
realm of less degree than the degree of 9?(a). For, were 
9{(0) such, where k <g, and if p is a prime ideal factor of p 
in this realm, its degree can at most be equal to k. But, 
since by hypothesis, fl(wi, u 2 , • • •, u n ) is contained in every 
modular system Mi, where i < k, it follows from above 
that p is a divisor of all values of the function d(u\, u 2 , 

• ••, u n ), when for the u’s are written any system of 

integral values of the realm 9?(0). 

Observe next that the congruence (Art. 38) 


x*'— x = 0 (mod. p) 

takes here the form 

(5) x pO -x = 0 (mod. p), 

so that there are p ff [ = A r (op)] incongruent (mod. p) 
integers of 9?(a). Further, if 9U 7 ) is another complete 
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realm of the £th degree, whose systems of integers when 
written for the indeterminates ?/, in i)(u u • • •, u n ), offer 
quantities that are not divisible by p, it would follow 
that there are also p° incongruent (mod. p) integers of 
this realm, which, however, are roots of the congruence 
(5) and are therefore quantities of 9t(a). It follows that 
the realms 9?(a) and 9 J(t) are equivalent. 

It is thus seen that the choice of the prime function 
P(x) (mod. p) of degree g, whose root is to form the 
complete realm, is arbitrary. Hensel ( loc . cit.) further 
extends this theory by making the roots of unity generate 
Henselian realms for fixed prime rational integers p. 

Note. It may be proved that p is not factorable in the realm 
$R(ar) above. For it is evident as in Art. 62 that every integer 
of 9?(«) may be expressed linearly through 1, a, a 2 , • • •, a n ~ x with 
rational integral coefficients. Hence, if op=pq, there are 
integers r, cr in (a), such that 

t= r(a)=0 (mod. p), o = a{a)= 0 (mod. q), 

r^O (mod. p), <7^0 (mod. p), 

and 

to= 0(mod. p). 

It follows (Art. 61) that 

t(x)<t(x)= 0 (modd. p, P(x)), 

which leads to the contradiction that either r or a is divisible by p. 

Example. It was proved (Art. 99) that 2 is a divisor of the 
indices of all integers y of the realm defined through the equation 

x 3 —x 2 —2a: —8 = 0. 

Show that in the extended realm, made by adjoining the cube 
root of unity to this realm, the integer 2 is no longer such an 
irregular divisor. (Kronecker.) 
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II. The Regular Divisors. The Fundamental Ideal 

Art. 102. In Art. 92 a proof was given by Hensel that 
the discriminant or fundamental invariant D of a fixed 
realm or Gattung 9?(a) is composed entirely of those 
prime integers p as factors which themselves have as 
factors prime ideals to a power higher than the first. 

This Dedekind theorem was also proved in Arts. 31 and 
77. A somewhat different proof with further conse¬ 
quences will be given here: 1 

Theorem. Every rational prime integer p, which is 
divisible by the square of a prime ideal, is a divisor of D. 

For, suppose that op = p 2 q. It is possible (Vol. I, Art. 
215) to find an integer y of the ideal pq such that 

7 = CiO>i-}-C 2C*>2+ * ' • +CnW n , 

which is not divisible by pq (or p), and in which the 
coefficients c are not all divisible by p. 

On the other hand 

7 2 = P 2 q 2 

is divisible by p, so that 

y p = C\(j3 v i-\-C20 ^-\-'• • -\~c n u>n =0 (mod. p) 

and also for the conjugate values there exist the con¬ 
gruences, 

Cia>i 1)p +c 2 a4 1)P H-bc„a£ )p = 0 (mod. p), 

c^r 1)v +c 2 ^r l)p -\ - -\-c n ^~ 1)p =0 (mod. p). 

Accordingly, it follows that 

A(otf, oi v 2 , • ■ *, col)=0 (mod. p). 

That 

D = A(o) =A(cdi, 0 ) 2 , • • co n ) 

is congruent (mod. p) to this last discriminant is clear, if 

i See Bachmann, pp. 295 et seq. 
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we observe that (Vol. I, Art. 104) 

S(d) 1 W 1 ), 5(« lWl ), •'*, S(0)i03 n ) 

£)_ iS(co 2 c^i), *S(a) 2 a) 2 ), S(u) 2 u) n ) ^ 

$(a> n a>i), $(a> n a> 2 ), ••*, $(a>„a; ri ) 

and that 

$(7) p = (7 (1) +7 (2) + • • • +7 (n) ) ; ’ 

= /y(l)P_|_.y(2)p_|_ . . . _|_,y(»)/» 

= S{y p ) (mod. p). 

Accordingly, it follows that 

D = 0 (mod. p). (See also p. 62.) 

Art. 103. The inverse of the above theorem may next 
be proved, namely: Theorem. Every prime integer p 
which is a divisor of D is itself divisible by the square of a 
prime ideal. (Dedekind, Werke, Vol. I, pp. 356 ff.) 

Let $R(o;) be the fixed realm of the nth degree and 
write D in the form of the determinant of the preceding 
article. Observe that the elements of that determinant 
are rational integers. It follows, when this determinant 
is congruent to zero (mod. p), that there exist rational 
integers x h x 2y • • •, x n , which are not all divisible by p, 
such that the following n congruences 

XiS(wio)i) H-x 2 *S(a> 2 Wi) + • • • +a: n jS(aj K co l ) =0 (mod. p) 

(*' = 1,2, • • •, n) 

are satisfied. If the integer 7 has the fixed value 

7 = Xyu\-\-x 2 <j) 2 -\- • • • +x n co n , 

the above congruences become 

£( 70 ),) =0 (mod. p) (*= 1 , 2 , •••,«). 

And, if these n congruences are multiplied respectively by 
any rational integers z lf z 2) • • •, z n and added, there 
exists for every integer of the realm 

r = a>iZi+w 2 z 2 + • • • -\-o) n z n 


IS 
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the congruence 

S( 77 -) =0 (mod. p). 

If t] is any other integer of the realm, this congruence 
may be given the somewhat more general form 

( 1 ) S(yT+pr)) = 0 (mod. p). 

Observe next that the collectivity of integers 7 r+pr?, 
where r and 77 go over all the integers of the fixed realm 
9 J(a), constitute an ideal i which is the greatest common 
ideal-divisor of the two ideals 07 and op. Since the n 
integers X\, z 2 , • • •, x n are not all divisible by p, it follows 
that the fixed integer 7 is not divisible by p, and ac¬ 
cordingly does not belong to the ideal op, and therefore 
also i is a divisor of the ideal op and is different from op. 
And that is, op>i, while t is not divisible by op. 

If then we assume that the ideal op is factorable into 
prime ideal factors that are all different from one another, 
there is at least one of these factors, say p, which is not a 
dimsor of i. Otherwise i would be divisible by p. 

Writing p = pq, it follows that q is divisible by i. And as 
every integer k of q is divisible by i, it follows from ( 1 ) that 

(2) S(k)=0 (mod. p). 

Under the assumption that p is factorable into ideal 
factors that are all different, it is thus proved that the 
prime integer p is factorable into two ideal factors pq of 
which the one is not divisible by i, while every integer x 
of the second ideal satisfies the congruence (2). If we 
prove that this leads to a contradiction, it follows that 
p must be divisible by the square of at least one prime 
ideal. With the proof of this the theorem is established. 
To prove this contradiction, write (see Art. 65) 

P = (P> P(p))» 

and observe: 

First. If / is the degree of the ideal p and (Art. il) 
P(x) an irreducible function (mod. p) of degree /, then 
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also P(x) =0 is an irreducible equation of the/th degree. 
Let <r be a root of this equation and 9?(<r) the realm 
generated by a. Denote the order-modul, discriminants, 
norms, spurs, etc., of this new realm by oi, Aj, N i, Si, 
etc. Due to the identity P(a) = 0, every power of a may 
be written in the form 

(3) <j m =cr+c ( rv h— +ca</- 1 ; 

and due to the irreducibility of the equation P(x)= 0, 
(Vol. I, Art. 44) 

(4) a^ = cP+cpx+ • • • +c ( p 1 x'- 1 +P(x)Q(x), 

where Q(x) is an integral function of x with rational 
integral coefficients. 

From (3) above we have at once 

l-<r m = cr • 1 +cpW- +cf* l o*-\ 

a • (7 m = c^ w+1) • 1 +c ( , m+1 V4-bc^t V- 1 , 

(/- 1 . o- m = c p+/-». 1 4-c < r +/ ~ 1 > • tr 4— • +crt /_1> • 

From these relations, since 1, a, a 2 , • • •, <r /-1 constitute a 
basis of may be derived (Vol. I, Art. 59) the spur of 
cr m in the form 

£(< 7 ") = S m , 

where 

^»=c (B ‘>+cr+ i) +...+ca / - ,) . 

Next observe that on the one hand 


Ai(o-) =i 

4i(l, <r, ■ 

■ ., <r^“ 1 )) 




>$>i(<t), • • • 

, -S.(«r'-) 

= 

'Si(o'), 

5i(0, ••• 

, -W) 



5i(a0, * * * 

, £i(or**) 


>S>0, &1, 

• • •, aS/_i 


— 

iSi, St, 

* * •» 

= 5, say. 


Sf-ly Sf, 

* * *i S 2 f-2 
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On the other hand (Vol. I, Art. 63) 

AiM-(-l) 2 N^P'i*)). 

Since P'(x) and P(x ) are (mod. p) relatively prime 
(Vol. I, Art. 41), it is seen that 

P(x)${x) +P'(x)'f'(x) = 1 (mod. p). 

It follows that 

PVWoOsl (mod. p), 

and consequently P'(<r) is not divisible by p. It follows 
also (Vol. I, Art. 89) that Ni(P'(a)) is not divisible by p, 
and that is, >S = Ai(o-) is not divisible by p. 

Secondly. The number p was a root of the congruence 
(Art. 61) 

P(x) =0 (mod. p). 

We further saw (Art. 62) that a congruence 

(5) Go+GiP+ • • * "bfl/—ip /_1 — 0 (mod. p) 

was impossible, and therefore also this same congruence 
was impossible (mod. p) unless all the rational integers a,- 
were divisible by p. 

Due to the assumption that in the fixed realm $ft(a) the 
ideal factors of p were all different, it is seen that if we 
write p = pq, that the two ideals p and q are relatively 
prime. We may accordingly (Art. 33) determine an 
integer r of the fixed realm such that 

r = l (mod. p), r = 0 (mod. q); 

and therefore 

(6) P=t (mod. p). 

Writing 

(7) Ki = T-l, K 2 = T-p, *•*, Kf = Tp f ~\ 

it is seen that each of these / quantities is divisible by q, 
and, due to the impossibility of the relation (5), these 
quantities are (mod. p) independent; and that is, a 
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relation 

C 1 K 1 +C 2 K 2 + • • * 4- CjKf =0 (mod. p) 

does not exist, unless all the c’s are divisible by p. 
However, more than/ (mod. 7 ;) independent integers that 
are divisible by q do not exist. For, were *i, k 2 , • • #c/+i 

such integers that 

Ci/ci+C 2 K 2 “h • * * +C/+ 1 K /+1 = 0 (mod. p), 
it would follow that this congruence existed (mod. p), 
and this is not true. 

It follows as in Art. 62 that every integer k in q may be 
written 

k = a\Ki~\-aoK 2 -{~ • • • ~\~0/K/ (mod. p), 

where the a’s are rational integers. 

Further, if g is the number of integers of p that are 
linearly independent (mod. p), and if d>i, d> 2 , • • •> are 
such numbers, then every number w in p may be written 

<0 = i<l>i —|— i> 2 <^> 2 “f~ • • • ~\~bo^o (mod. p), 
where the fr’s are rational integers, which like the a’s are 
not all divisible by p. Further, as p and q are relatively 
prime, the f+g integers 

*l t * 2 , * • •, «/, « 1 , W 2 , * * 0) 0 

are (mod. p) linearly independent; and that is, an 
integral congruence 

( 8 ) 0 -iKiCL , iK < i~\r ' ' ' (mod. p) 

can only exist if all the a’s and b’s are divisible by p. 
For, since the k’s are all divisible by q, it would follow 
from the above congruence that 

friwj.+& 2 W 2 + • • • -\-b 0 6) 0 = 0 (mod. q); 

and since the left hand side of this congruence is an 
integer that is divisible by p, it follows also that 

friwi-b& 2 <tf 2 -h • • • ~\~b g o) 0 = 0 (mod. p) 
which congruence requires that all the 6 ’s be divisible by 
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p. And, taking the congruence (8) with respect to q, the 

other divisor of p, it follows that the a’s are all divisible 
by p. 

Since o = p + q, it is seen that every integer f of the 
realm 9? (a) may be expressed through the integral 
congruence 

f = i*i+ 02 * 2 + * • • H"fl/*c/+ 6 iw 1 + • • • -\-b g u o =0 (mod. p). 

Letting the a’s and b' s go through all integral values 0, 1 , 
* * •> it is seen that in o there are p f+0 integers 

that are incongruent (mod. p). But this number is 
(Art. 11) 

(o, op) = N{op) =p n . 

It follows that 

n=f+g. 

If coi, o> 2 , • • •, a)„ form a basis of all integers of o, the 
quantities k u • • •, K f , w h • • •, u 0 may be expressed linearly 
through the basal elements on, •••, w n . If C is the 
determinant of these n linear relations, it follows that the 
co’s may be expressed as linear forms of the k s and w’s, 
each linear form being divided by C. Accordingly, any 
integer ?? of o multiplied by C may be expressed linearly in 
terms of the k’s and d>’s in the form (the r’s denoting 
rational integers) 

Ctj =TiKi-\-r 2 K 2 ~\- • • • +r/K/+r/ + io>i+ • • • -j-r n cb 0 (mod. p). 

Due to the linear independence (mod. p) of the k’s and 
o>’s on the right hand side of this expression, it is seen that 
the determinant C is not divisible by p. 

Thirdly. Writing x = p in equation (4) and multiplying 
the resulting expression by r, the congruence 

(9) tp-=cP«i+cT*i+ • • • +c£W (mod. p) 
follows at once from the relations (7). The integer on the 
right hand of this congruence being divisible by q, it is 
seen that this congruence also exists, modulo p. 
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Observe next that [see formulas ( 6 ) and (7)] 

KjTp m = T 2 p m+i ~ l = Tp m+i ~ l (mod. p). 

Hence, using the formula (9), we have the following 
congruences (mod. p): 

Kl rp m = c 8 n V 1 +c ( r ) K 2 + • • • 

ft rp-»er , «i + ^ 2 + • • • 

^p"sip+'- l) ici+Cp +/ - 1 ) K*+ • • • +c£t'“V 
Observe next that the quantities S> { are all divisible by 
p, while the quantity rp m is divisible by q. Accordingly, 
the integers w<rp w (t = l, 2 , * * •, (7) are divisible by p. 

It follows that in addition to the / congruences above, 
we have the g congruences (mod. p ): 

wirp m = 0 (mod. p), 

C) 2 Tp m = 0 (mod. p), 

w„ r p m s 0 (mod. p). 

These n congruences may be written in the form of equa¬ 
tions, if to the right hand side of each of them is added 
pti, where CpU is, from above, an expression of the form 

p (a i ,k i+a 2 iH H-b a,fiKf+b i,<« i H-h »£<,) 

(t = l, 2, • • •, n). 

It follows (Vol. I, Art. 59) that 

S(Crp m ) = C(cT ) +cT +1) + • • • +c£t / - ,) ) (mod. p); 
or, since C +0 (mod. p), that 

S(rp m ) = S m (mod. p). 

Observe next (formula (7)) that rp m is divisible by q 
and from formula ( 2 ), the spur of such a number is 
divisible by p. It would therefore follow that 

S m = 0 (mod. p), 

and therefore S would be divisible by p, which contradicts 
what was found in the first heading. 
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. Art - 104 - To ? et th e full import of the fundamental 
invariant D, the discriminant of the realm, and at the 

same time to emphasize again and from a different point 
of view, some of the results that have already been 
indicated as fundamental, it is well to develop here the 
work of Dedekind (§§ 7-14 of the paper “ Ueber die 
Discriminanten endlichen Korper,” Gottingen Abh. Vol 
29; Werke, Vol. I, pp. 351 ff.). 

Let e be an integer which satisfies the irreducible 
equation 

F(x) =x n +a l x n - l -\ - +a n _ix-\-a n =0 

of the nth degree, where the a’s are rational integers; and 
form the realm $(0). 

Every rational integral function of 0 with rational 
integral coefficients may be written (Vol. I, Art. 44) 

<pW = Cq-\-C\Q-\- ■ • • -j-c n _i0 n-1 , 

where the c’s are rational integers (including zero). 
Accordingly, the collectivity of such functions is identical 
with the modul (see also Bachmann, p. 303) 

0l = [l, e, 0 2 , - 

which modul, due to the identity F(6) =0, is a ring modul 
in 9?(0), since the product of any two functions in it is a 
function of it; and that is, 

OiOi = Oi; 

and further, it contains the unit modul $ = [1]. The ring 
leader (Vol. I, Art. 237) of this order-modul may be 
denoted by f, where 



is an ideal in o. (Dedekind, Werke , Vol. I, p. 126.) 

Let p be any prime ideal of O?(0) of which p is an 
element, and write 


op = p e q, 
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e being the highest power to which the ideal p enters as a 
factor of p } so that q is not divisible by p. 

Suppose next that F(x) is factored into its irreducible 
divisors (mod. p). Since the product of these divisors for 
x = 6 is divisible by p, one of them is divisible by p. Let 
P(x) be this factor of degree m , and suppose that (mod. 
p) the factor P(x) enters F(x) to the degree g, so that 

(1) F(x) =P(x)°U(x) (mod. p), 

where II(.t), modulo p, is not divisible by P(x). 

Observe next that every integer in o», and that is, every 
expression of the form <p(6) above is congruent (mod. p) to 
one and only one expression 

«o+ai0d -hOm-10 W_1 , 

in which the a 1 s are rational integers including zero. 

Since the a’s may go through all values 0, 1, • •, p — 1 , 

it is seen that there are p m incongruent integers in Oj, 
modulo p. 

If / is the degree of p, the number of such integers in o 
is p f , and that is, 

(o, p) =p / = A r (p). 

The following theorem is fundamental in the further 
developments: Theorem. The necessary and sufficient 
conditions that the ideal f he not divisible by p are (1) that 
m—f and ( 2 ) that p be the greatest common ideal divisor of 
the two principal ideals op and oP(B ); and that is , 

p = (p, P{6)). 

I. To prove that these two conditions given above are 
necessary , we must with Dedekind (Dirichlet-Dedekind, 
Zahlentheorie, p. 590) introduce the notion of the ring¬ 
leader of the order-modul Oi which is denoted by f, where 

f == “* It follows that f is the totality of integers y, say, 
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for which 


Since 


0f>0i. 


ofo>Oi, 

it is seen that the integers of fo are included among the 
integers of f and consequently 


Since 

we also have 
and therefore 


of>f. 

[l>o, 

f > of; 

of = f. 


Hence f is an ideal of the given realm. 

Further, since 

of > Oi and f > of, 

we observe that 

f > Oi. 

It is also true that every realm ideal i which is contained 
in Oi is also divisible by f. For, 


0t>0i, 

and consequently the integers of ot are among the y s 
above. Since Oi>o, it follows that ooi>oo or O 0 i>o. 
We further have [l]> 0 i, so that 

o[l]>ooi, or o>ooi. 


It follows that 


00i = 0. 


If f is relatively prime to p, then their greatest common 
divisor is 


f+p = o. 


Accordingly, 


o = f-f p>Oi+p>o, 


or 


o = Oi + p. 
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It follows (Vol. I, Art. 137), since 

(oi, P) = (oi+p, P), 

that 

(oi, p) = (o, p) or p m = p f , 
with which is proved the first assertion, namely, that 

m =/. 

Further p is a common divisor of op and o = P(0), since 

P{6)= 0 (mod. p). 

If f is not divisible 1 by p, then fp is not divisible by p 2 , 
and consequently, there is an integer r, say, in pf, which is 
divisible by p and not by p 2 . 

Further, since 

fp>p>Oi, 

it is seen that r is a rational integral function of 0 with 
rational integral coefficients, say 

r = $(0). 

And, due to the fact that 

r = <i>(0)=O (mod. p), 

it follows from (Vol. I, Art. 195) that this congruence is of 
the same meaning as the congruence 

3>(a0 =P(x)Q(x) (mod. p), 

where Q(z) is an integral function with rational integral 
coefficients. 

From this latter congruence it follows that P(0) and p 
are not simultaneously divisible by p 2 ; otherwise <£(0) 
would be divisible by p 2 . 

Suppose next that p' is a prime ideal factor of q, and 
observe that the ideal fp' is not divisible by p. On the 
other hand, since 

fp' > f > Oi, 

•• 

1 O. Ore has an interesting discussion of ring-leaders in Math. Ann., Vol 96 
pp. 332 ff. 
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it is seen that there is an integer a in fp' which, like r is of 
the form cx = 4> 1 (0), where 4>i is a rational integral function 
of 6 with rational integral coefficients. 

Since, however, 

<7 = <t>i(0)+O (mod. p), 

it follows (mod. p) that $ 1 ( 0 :) and P(x) are relatively 
prime, and accordingly, two integral functions with 
rational integral coefficients ^(z) and X(x) may be found 
such that 

P(x)'$'(x) = 1 (mod. p). 

Writing x = Q in this congruence, and since 

4>i(0) =0 (mod. p'), 

we have 

P( 0 )^( 0 ) = 1 (mod. p')- 

From this it is seen that P(0) is not divisible by p'. 

With this it is proved, if f is not divisible by p, that the 
principal ideals op and 0 P(0) are divisible by p but not 
by p 2 nor by p', where p' is any other ideal divisor of p; 
and that is 

( 2 ) p = (p, P(0)), 

as was to be proved. 

II. It may be shown next that the above two conditions 
are sufficient. For, if they are satisfied, the function 
P(x) is (mod. p) a prime function of the same degree as 
the prime ideal p and 0 is a root of the congruence 

P(x)= 0 (mod. p), where op = p e q. 

Due to the two assumptions, it is seen that 0, when e> 1, 
has the characteristic properties of those of the integer p 
of Arts. 63 and 64; and in particular, that P(0), while 
divisible by p is not divisible by p 2 ; and accordingly, loc. 
cit., every integer 7 of 0 is congruent (mod. p e ) to an 
integral function of 0 ; and that is, to an integer of Oi. 
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This result is also true when e = 1; for, (Art. 02) every 
integer y of o may be expressed in the form 

y = a 0 -\-ai8-\- • • • +a/_i 0 /_l (mod. p). 

Hence, in all cases co denoting an integer in 0 i, we have 

(3) 7 = co (mod. p')- 
From formula (1) it is seen for x = 0, that 

P{6)°U(d) =0 (mod. /;). 

Observe that the integer p in this congruence may be 
replaced by one of its divisors q. Since P(6) is not 
divisible by q, it follows, due to formula ( 1 ) above, that 
me) is divisible by q, but not by p, as n(;r), modulo p , is 
not divisible by P{x). Due to formula (3), it is seen that 
7 — co is divisible by p 2 , and accordingly, (7 — co)II(0) is 
divisible by p e q; and that is, by p. 

It follows that 

7H(0) =con(0)-f7?7 1 , 

where 71 is an integer in 0 . Observe that in this equation 
both co and n( 0 ) are integers of 01 , and consequently, also 
their product, so that the above equation may be 
written in the form of a congruence 

7 ll( 0 ) = pyi (mod. 0 i). 

Since 7 is an arbitrary integer of 0 , we may form in a 
similar manner a series of congruences 

7 in( 0 ) =^72 (mod. 01 ), 

7 2 n( 0 )=py 3 (mod. 01 ), 

7 *-in( 0 )=p 7 a (mod. 01 ). 

Since 0 j is an order-modul, it follows from (Vol. I, Art. 

133) that these congruences may be multiplied together, 
thus giving 

(4) 


7 n( 0 )‘ = y a p* (mod. 0 i). 
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In this expression s may be taken as the highest power 
of p that enters the index C of 0, so that 

C = cp a , 

where c is not divisible by p. Defining k by the relation 

(5) K=cu(ey, 
it follows from (4) that 

(6) y K = Cy s (mod. Oi). 

Next observe that the index C of any integer 0 of 
o = [coi, w 2 , • • •, «„] is the determinant of the n linear 
equations through which the powers of 0, and that is, 1, 
9 , • • •, 0" -1 are expressed through the basal elements of o. 
From these n relations it is seen that each of these basal 
elements multiplied by C, and therefore also every integer 
of o multiplied by C, may be expressed linearly with 
rational integral coefficients in terms of the powers of 9. 
Accordingly, it follows from (6) that every multiple of k, 
and that is, the ideal ok is contained in Oi. It was proved 
above that every ideal in Oi was divisible by the ring¬ 
leader of that order-modul. If then f were divisible by 
p, it would follow that ok was divisible by p, which, 
from (5) is not true. With this it is proved that f is not 
divisible by p. (See also Dedekind’s Werke, Vol. I, p. 
388; and Noether, Crelle, Vol. 157, pp. 82 ff., where 
many references are given.) 

Art. 105. A consequence of the above theorem is the 
following: Theorem. Corresponding to every given prime 
ideal p there exists an integer 9, which generates the fixed 
realm ft of the nth degree , so that ft = 9?(0), and such that p 
does not divide the ring leader f of the order-modul Oi = [1, 9, 

•••,0"" 1 ]. 

To prove this, let p be a number as defined in Arts. 64 
and 65, so that 

p = (p, P(p)). 
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Next, let f be any integer that generates 12 and let 
^(x )=0 be the irreducible equation which satisfies. 
Form the different 

(1) a(r)=(r - r (,) ) (r - r (2) ) r ( "- 1) ) =nr), 

where f (1) , f (2) , • • •, f (n_1) are the conjugates of Ob¬ 
serve that this different is (Vol. I, Art. 90) different from 
zero. 

Define 0 by the relation 

(2) 0 = p + patf, 

where x is an arbitrary rational integer. Observe that 0 
is an integer and satisfies the congruence 

P( 0 ) = P(p) (mod. p). 

It follows that 

P = (P, **(*))• 

The function P(x) is irreducible (mod. p) of the /th 
degree, and p is a root of the congruence 

P(x) = 0 (mod. p). 

Due to (2) it is seen that also 

P{6) = 0 (mod. p). 

If $(x)=0 is the equation of the nth degree which 0 
satisfies, so that <f>( 0 ) = 0 , it follows also that 

<£( 0 ) = 0 (mod. p), 

and further, P(x) is an irreducible (mod. p) factor of 
$(x), since both these functions are satisfied (mod. p) by 
0 . 

From (2) it is seen that 

0 — 0(0 = p-p(fl-fpx(r-?(•■)) (t = l, 2 , ♦ • n— 1 ); 

and (Vol. I, Arts. 50 and 51) we may so choose the 
rational integer x that the differences 0 — 0 (i) are all 
different from zero, as was the case with the differences 
f —f (i) . It follows that the different 5(0) is different 
from zero and also (Vol. I, Art. 61) that 3>(x)=0 is an 
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irreducible equation, and that 0 is an integer that gener¬ 
ates the fixed realm ft. 

It is thus proved that there exists an integer 0 for which 
the conditions of the theorem are satisfied and that 
therefore the given prime ideal p does not divide the ring 
leader f of the order-modul o, that corresponds to this 
integer. 

Finally it may be observed that, whereas there exist 
realms in which the indices of all integers are divisible by 
a certain rational prime integer p, due to the theorem 
just proved, it never happens that a given prime ideal p 
is a factor of all the corresponding ring leaders f. 

Art. 106. Let 0 be an integer which generates the 
realm $K(0) and let 

F(x) = z n +CiX n- M-bc„_i 2 +c n = 0 

be the irreducible equation which 0 satisfies, the c’s being 
rational integers. 

Writing 

(1) ^-^-^ = ao-\-aiX-\-(X2X 2 -\- • - • +a n -2X n - 2 + oc n -iX n 1 , 

X U 

it is seen that 

&n —1 

Qfn-2 = Cl + 0, 

a n -3 = C 2 + Ci0+0 2 , 

ai = e n -2+c n -i0-\ -bCi0"- 3 +0" 2 , 

a 0 = Cn-1 + C„_ 2 0 H-1- Ci0 n_2 + 0 n_1 . 

Observe further that these numbers all belong to the 
order-modul Oi, that corresponds to 0. Since the de¬ 
terminant of the above n expressions is 1, it is clear that 

[a 0> ai, •••,«»—i>[l, 0 , •••, 0 n_1 ] = Oi. 

In Vol. I, Art. 44 it was proved that every number T of 
9t(0) may be expressed as a function/(0) of the (n —l)st 
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degree with rational coefficients. Also observe that 

f(x) Ap Ai An -1 

F(x) x-O^x- 0 (1 > ^ t'x- 0 (n-l) ’ 

where 0 (1) , • • •, 0 (n_1) are the conjugates of 0 and that is, 
roots of F(x) =0. It follows that 


,, v m F(X) /(0 (1) ) Fix) Fix) 

F 1 {O') x — 6'F'{0^) x — 0 (1 ) * "" * ' F , ( 0 ( n— ^>) x — 0 (n ~o 1 

and that is, 


or, from ( 1 ) 


«■>-£ 

Writing x = 6, we have 


where the different d( 0 ) is written for F'(0). 

From this it is clear that the numbers (see Vol. I, Art. 171) 


0 Oil OC n —i 

d(0) ’ <9(0) ’ <9(0) 

are the complementary basis of the basal numbers 


or 

1 , 0 , 

0 ->, 


r <*o oil 

an- 1 ! , 

and that is 

Law' d(0)’ 

’ awj -0 " 


C a o, Oil, a„_i] = d( 0 )o , i, 
where o{ and 0 i are complementary moduls. 
We accordingly have 


o l =a( 0 )o , ! . 

Since (Art. 104) the relation OiO = o is true of order- 
moduls,.it follows that 


16 


o = <9(0)00;, 
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and therefore also (Vol. I, Example 1, p. 279) 

»'=(awoo',)'=^, 

or 

o'd(fl) = (oo',)'=—=-• 

0 0 

And that is 

f = o'd(0), (i) 

where o' is the complementary modul of o. 

On the other hand there exist among the basal elements 
co,- of o and the basal elements d>, of the complementary 
modul (Vol. I, Art. 171) the relations 

k~n 

(2) ■«*)«* (i = l,2 ,•••,«). 

Since the spurs £(«,•«*) are rational integers, it follows 
that 

(3) o > o'. 

Observe that the determinant 

| jS(co,- wjfc) | (i,k = l, 2, •••,«) 

is (Vol. I, Art. 104) the basal invariant D of the realm. 
It follows through the solution of the equations (2), that 
each product Du k and therefore the product D multiplied 
by any integer in o', is an integer in o, and that is, 

(4) Do'>o. 

Next observe that Do' is an ideal. For, since 



and since for an order modul 



it follows that 



or 


oo' = o'. 
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From (3) it is seen that 

Do> Do'. 


As the left hand ideal is divisible by the right hand ideal, 
it follows (Art. 14) that 

Do = Do'b, 


where b is an ideal, 
equation 


The ideal b defined through the 
o = o'b (ii) 


was called by Dedekind 1 the fundamental or basal 
(Grundideal) ideal of the realm. (See also Art. 28.) 

This ideal is of very great importance and is connected 
with the fundamental invariant D through the fact that 
the absolute value of the discriminant D is equal to the 
norm of b. For, from the relations (2) above, it follows 
(Vol. I, Art. 153) that 

| D | = (o', o) = (o', o'b) = (o, b), 
or 

|D | =7V(b). 

Multiplying the formula (i) above by b, it is seen that 
(cf. ii) 

(5) bf = o0(0). 


From this formula it follows that the fundamental 
ideal b is the greatest common divisor of the differents of all 
integers y of the Gattung ® of the realm 9?(0). For, if 
these differents had a still greater divisor, it would follow 
that all the ring leaders f of the associated order-moduls 
would have a common ideal prime divisor p; and as 
shown in the previous article, there exist integers of © 
for which this is not the case. 

Art. 107. If in the fixed realm there exists an integer 0 
such that the n elements 1, 0, 0 2 , • • •, 0 n_1 form a basis of 

1 “ Ueber die Discriminanten endlicher Kdrper,” p. 38 of the paper as it 
appears in Vol. 29 of the G6U. Abh. See also Weber, Algebra , Vol. II, § 174. 
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all integers, then is 

Oi = o. 

Since the complementary moduls must also be equal, it 
follows that 

oi = o'. 

Writing this in the formula 


o = d(0)ooi 

of the preceding article, it follows that 


Further, since 
it is seen that 
or 


o = d(0)o 7 . 
o = o'b, 
bo 7 = od(0)o', 


b = od(0), 

a formula which determines for this special case the 
fundamental ideal. 

Art. 108. In general, let p be an arbitrary prime ideal 
in a realm, which is generated by the integer 0, whose ring 
leader f is not divisible by p. The necessary and sufficient 
conditions for this, as given in Art. 105, are 

1°, P = (P,P«) 

and 


2°, P(x) is of degree /, which is also the degree of p. 

It may then be proved that the integers e and g of the 
two formulas (Art. 104) 

op = p e q and F(x) =P(x)°U(x) (mod. p) 
are equal, where F(x) = 0 is the irreducible equation of 

the nth degree that is satisfied by 0. 

For, since P(0)*n(0) is divisible by p p q and since 

n(0)+O (mod. p) and P(0)+ 0 (mod. p 2 ), 


it follows that 


9>e • 
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On the other hand, since 

n(0) = O (mod. q), 

observe that 

P(dyu(d)=py f 

where y is an integer of 0 . Writing, as in Art. 104, 

k= cn(0) a , 

where c is not divisible by p, and noting (loc. cit.) that yn 
is an integer of 01 , it is seen that 

cP(0) e n(0)* +1 = psp(0), 

where <p is an integral function with rational integral 
coefficients. Further, since 0 satisfies the irreducible 
function F(x), it follows from Vol. I, Art. 195 that 

cP(x) e U(x) a+l = p(p(x) + F(x)'i'(x), 

where 'l'(x) is an integral function with rational integral 
coefficients. Writing for F(x) its value from above, we 
have finally 

cPOc)*n(x )* +1 = P(x) a II(.T)'I'(£) (mod. p). 

Since n(x) is not divisible by P(x) it follows that e^g, 
which with the previous result shows that e = g. Ac¬ 
cordingly, we have 

F(x) =P(x) e U(x) (mod. p). 

This formula differentiated gives 

F'{x) =P'(^) e-1 IIi(x) (mod. p), 
where (see also Art. 92) 

U 1 (x)=eP'(x)U(x)+P(x)P'(x). 

If e is not divisible by p, then ni(x) is, modulo p, 
relatively prime to P(x), this being true (Vol. I, Art. 41) 
of P'(x) as also of n(z). Accordingly, from the formula 

d(d) =P'(0) =P / (0) < - 1 n 1 (0) (mod. y), 
it is seen that P'(0) is divisible by p to the power e — 1 and 
no higher. If however e is divisible by p, then is 
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n,(.r), modulo p, divisible by P(x), and accordingly 

ni(0)=O (mod. p) 

and 

d(6)=F'(d) 

is divisible by p to at least the eth power. 

Returning to formula (5) of Art. 106, and with the 
assumption that f is not divisible by p, we have the follow¬ 
ing fundamental theorem. 

If p is an arbitrary prime ideal and p the corresponding 
rational prime integer which is divisible by p to the eth and 
no higher power, then the fundamental ideal b contains p as 
a factor to the power e — 1 and no higher , unless e is divisible 
by p, in this case b is factorable by p to at least the eth 
power. (Dedekind, Werke, Vol. I, pp. 388 ff.) 

From this theorem follows anew the theorem derived in 
Art. 92 and again in Arts. 31 and 77 regarding the 
factorization of the discriminant of the fixed realm D. 
For, since 

\D | = A r (b), if p = p^pl* • • • pr r , 

it follows that D is divisible by 

yfl(e\— l)+/s(fi— l) + , “+/r(«r—1) 

and by no higher power of p unless one of the e’s is 
divisible by p. If one of the e’s is divisible by p, then p 
enters as a factor of D to a higher power than that just 
written. 

Through the above theorem the connection between 
the fundamental invariant D and the fundamental ideal b 
is put in a clear light except as to those singular ideal 
prime factors of p which occur as divisors of p to powers, 
which powers are divisible by p. Such integers p are 
called singular. Since they are divisors of one of the e s 
given above, and as 

n = eifi+e 2 f2-\ -he r /r, 
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it is seen that in any realm the number of such rational 
primes is very restricted. The last chapter of the 
present work is devoted to the discussion of these 
singular prime integers as divisors of the discriminants. 

Art. 109. A remark found in Bachmann 1 is inserted 
here. Observe that 


0 ) 1 , 

0 ) 2 , 

, .(1) 

, .O) 

0)1 , 

0)2 , 


, 1 ) 

(0\ , 

C ^2 



Developing this determinant with respect to the first 
row, we have 

«lWl - b«2^2 - b ’ ' * = ^D, 


where the subdeterminants a, are algebraic integers of 
the fixed realm. If o' is the complementary modul of o 
and ui are the elements of the complementary basis, it 
follows, as in Vol. I, Art. 173, due to the relation 

<*>lWl - l _ W2W2 - b ' * ' “l”O) n t0„ = 1 

among the complementary elements, that 


" i = V=j ( * =1, 2, • • •, n). 

Observe that are integers in o, and accordingly 

that DoV is contained in o. Since (Art. 104) 

Doo' = Do' and since oDoV = Doo'o'= Do'o' } 

it follows that DoV is an ideal. Denote this ideal by bi. 

The fundamental ideal b was defined in Art. 106 by the 
formula o = bo'. Multiply this formula by Do' and it is 
seen that 

Do' = bbi or Do = b 2 bi, 

and that is, the fundamental invariant D is always divisible 
by the square of the fundamental ideal. 

1 Alloemeine Arithmetik, etc., p. 318. 
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Passing to the norms, and noting (Art. 28) that 

D = N( b), 

it follows that 

These results are due to Dedekind (Werke I, p. 382.) 

Example. Write 

bo = c (1) c®* * * 

where the e’s are the elements defined in Art. 77. Prove that 

bo = b, 

where b is the fundamental ideal; and that is, prove that the 
fundamental ideal is the content of the different of the funda¬ 
mental form, or 

where 

£=Wicoi-f Uoa) 2 +* • • + u„to n 
is a root of the fundamental equation. (Art. 71.) 


Remark. If 


is an order-modul in 


then is 


0i= [wi, to 2 , • • *, to„] 


0= [«|, t0 2 , • • •, tO n ], 


W»— &{ 2 t0 2 -f * * ‘ +&tn&>n (t = l, 2, •••, n), 


where the k’s are rational integers. 
Further, if 

k= ± | kij 


(i = 1,2, 
0 = 1,2, 


then A-toi, &to 2 , • • •, kw n are integers of Oi. It follows also that 
ku is an integer of Oi, where to is an integer of 0. Hence Art. 
104, as every ideal in Oi is divisible by f, we have 

ko > f. 

In this connection see paper by O. Ore, Math. Ann., Vol. 96, 
p. 347, where other references are found. 



CHAPTER VII 

ALGEBRAIC UNITS 

I. The Dirichlet-Dedekind Theory 

Art. 110. Let ft = $1(0) be a definite realm of the nth 
degree, and let € be a quantity of this realm such that 
both e and 1/e are algebraic integers. That such quan¬ 
tities exist is proved in Arts. 120 and 132. It follows 
(Vol. I, Art. 89) that if 1 is divisible by e, then N{\) or 1 is 
divisible by iV(c); and consequently, 

A r M = ± 1. 

Reciprocally, it is clear that if N(e) = ±1, and if e is an 
algebraic integer, then also is 1/e an algebraic integer. 
For, let the equation which e satisfies be 

e n -f a 1 e n_1 +a 2 e n_2 H-ba n = 0, 

where a h a 2 , • • •, a n are rational integers and where 

O-n = A^(e) = i: 1. 

Further, since 

l+a,i+a 2 0y+---±(iy = O, 

it is evident that 1/e is an algebraic integer. 

Accordingly, the following definition of an algebraic 
unit is offered: An algebraic integer e is said to be a 
unit when its norm is equal to ±1. (Vol. I, Art. 90.) 
And in this case I/e is an algebraic integer , and in fact it is a 
unit. 

Art. 111 . In the present chapter a method will be 
given for presenting all the algebraic units of a fixed 
realm of rationality. It will be seen (Art. 129) that there 

219 
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are always roots of unity in every realm, and these 
quantities are, of course, also algebraic units. If a is a 
root of unity, then all integral powers of a are roots of 
unity. If, further, a and 0 are two roots of unity, then 
the product of any power of a by any power of 0 is a root 
of unity. In general, if a, ft 7 , • • • are roots of unity, 
then also a a p b y c •••, where a, b, c, ••• are rational 
integers, are roots of unity; and these roots, as is shown in 
algebra (Theory of Equations), may be expressed as 
integral powers of one single root of unity, say « 0 . If e 0 
is a primitive with root of unity, then the following m 
powers 

,° ,1 2 m — 1 

e 0) *0) *o> * • •, €0 


are different from one another, while 


, m — ,0 m+ 1_ 1 m+2_2 

e 0 ~ €q — €q, €q — €q, 


If the question is proposed: How may all the algebraic 
units of a fixed realm be expressed, it might be conjectured 
at once that they may be presented in the form 


where e 0 is a definite primitive with root of unity, and 
where ei, e 2 , • • • are other units of the realm, and m 0 , m h 
m 2 , • • • are rational integers (including zero). It will be 
seen that such a representation of all the units of Q is 
possible, the presentation being formulated in the theo¬ 
rem of Dirichlet . 1 

Theorem. All the units of the realm Q may be expressed 
through a finite number of them, say, e 0 , «i, e 2 , • • e„-i in 
such a way that from the product 




every unit of the realm is had, and indeed, only once, when 
to 7n 0 are given the values 0, 1, 2, • • •, m — 1, while m 1 , m 2 , 

1 Dirichlet, Monatsber. der Berliner Akad . vom 30 Marz, 1846; or Werke , 
Bd. 1, § 642. 
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.. •, w„_i are allowed to take all rational integral values 
(including zero). 

Art. 112. The number v , which appears in the theorem 
of the preceding article, has the following meaning. 
The realm ft consists of all rational functions of a certain 
quantity $ with rational coefficients, where 0 is the root of 
an irreducible equation f(x) = 0 of the wth degree. 

Let d" y •••, tf (n) be the conjugate roots of the 
equation of which one root is 0 itself. Further, let fti, 
ft 2 , • • ft* be conjugate realms of which one is ft. For 
example, ft* consists of all rational functions of 0 (k) with 
rational coefficients. The realms fti, ft 2 , • • •, ft* need not 
be all different. If they are all equal, the realm ft is 

called a normal realm (Vol. I, Art. 45). 

If t?', say, is real, then all the quantities of fti are real, 

and fti is said to be a real realm. 

If S-H’tj is a root of f(x) =0, then also £-i v is a root of 
this equation. Let 

d' = £-Ht 7 and &" = % — iy, 

so that fti consists of all quantities of the form 
while ft 2 consists of all quantities of the form <p(£ — 1», 
where (p denotes a rational function with rational 
coefficients. The realms fti and ft 2 are called conjugate 
complex realms. It is evident that the number of pairs 
of conjugate complex realms is equal to the number of 
pairs of complex roots of the equation f(x) = 0. If this 
number of pairs of conjugate roots of f(x) =0 is denoted 
by n — v, then, as will be seen later, v is the number whose 
significance we are seeking. 

The number of pairs of conjugate complex roots of 
f(x) = 0 being n — v, the number of real roots of this 
equation is 


n — 2n+2v = 2v — n; 
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and since 

v = (2 v — n ) + (n — p), 

it is seen that v is equal to the sum of the number of real 

roots plus the number of pairs of complex roots; or, if 

two conjugate roots are counted as only one, the number 
of roots of f(x) = 0 is 

(n — v) -f- (2u — ri)=v. 

Art. 113. The proof of the theorem stated in Art. Ill, 
as given by Dirichlet, is as follows. It may be noted 
fiist, if v = 1, that ft is either the realm of rational quan¬ 
tities, or it is a quadratic realm with negative discriminant. 
In the absolute realm of rationality, +1 and —1 are the 
only units and they may both be expressed as powers of 
the primitive root — 1. Let D denote the discriminant of 
the quadratic realms. If D^-3, and if D^-4, then 
+ 1 and -1 are the only units (Vol. I, Art. 99) in the 
quadratic realms with negative discriminant. If D= — 4 
then +1, — 1, -f- i, —i are the only units and they may be 
expressed as powers of i. When D=- 3, there are 
(loc. cit.) six units which may be presented as powers of 
the sixth root of unity. This proves the theorem for the 
case v= 1. 

Before considering the general case, it will be necessary 
first to prove the following lemma. 

If x and s are two real positive quantities, and if s>l, 
then always 

(x+l) a — x*> 1. 

For, differentiating this expression, it is seen that the 
derivative 

is positive, so that the function (x-f l) a — x 9 increases as x 
increases. As this function has the value 1 for x = 0, it 
has a greater value when x>0. 
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If, then, we put x = k, where k is a positive integer, and 

if s = n , where n and r are two positive integers and n > r, 
r 

it is seen that 

(fc+iy^ + l. 

n n 

From this it is evident that between k r and (A: + l) r there 
must be a positive integer, say m , such that 

>m^k 7 f or (fc + l) n > m r ^k n . 

Art. 114. Suppose that the quantities a>i, oj 2 , •••» 
o) n form a basis of all the integers of the fixed realm 12 of 
the nth degree, and let 

o = [wi, w 2, ■ • •> « n ]. 

All integers of 12 are therefore of the form 

a =X\0)\ -{-^ 2^2 4" ' • • + x n 0) n} 

where the x’s are rational integers. 

Let the conjugate quantities of co„ be to', to'', • • •, to^, 
while the conjugate quantities to a are denoted by a , a", 
..., a ,(n) > thus have the n equations 

a (« ) =XiC0 ( l * ) d-X 2 C02 ) + • • • 4"^nC0 ( „ J) (s = l, 2, • • •, n). 

It follows that 

|« W | £ |*i I I«p | + \x* I |co< 2 ’> i + • . • + |*» 11«« I 

(s=l, 2, •• •, n). 

Suppose next that k is any positive integer, and choose 
the values 

|3i|, |x 2 |, • • •, |x„| 
all less than k. It is clear that 

|a w |Sfc{|«P| + |«P| + --- + |«?H. 

The real quantities 

|«P| + |«tf |+ • •• + !«?! 

have n values for s = 1, 2, • • •, n. Let the greatest one of 
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these n values be c. It follows that 

|a (a) | =ck {a = l, 2, •••, n), 

where c depends upon the realms, k being independent of 
them. 

Art. 115. As the thereom to be proved (Art. Ill) has 
been shown to be true for v = 1, it remains only to prove it 
for v greater than unity. The realms Q lf fl 2 , • • •, fl„ may, 
under this hypothesis, be distributed into two groups, 
where there is at least one realm in either group; and 
further, any two conjugate complex realms are always 
put in the same group. Suppose further that the 
selection has been made that the first group consists 
of the realms Q ly ft 2 , •••, Q r , while the second group 
contains the realms Q r+ i, ft r+2 , • • •, ft*. 

In the expression 

a • • • +£ n o>„, 

let a be decomposed into its real and imaginary com¬ 
ponents. If then 

wi = Wn+i’w 2 i, 

Cd 2 — Wi2~\~lW22) 

CO 3 = Wi2~\-iW23, 


and if 

it is clear that 


Un = Wx n +iWin) 


a = y l +iy 2) 


yi=W n X\+WuX<>-\ - \-W\nXn, 

y 2 = W21X1+w 22 x 2 H- \-w 2n x n . 

When this has been done for all the real and complex 
quantities that are conjugate to a , there appear the 
additional linear forms, say 

?/3 = W 3 lZl + W 32 X 2 H- VWZnXn, 

y 4 = W41X1 -\-W42X2 H-b W 4 nXn, 


y n = WnlXl+W n 2 X 2 -\ - \-WnnX n . 
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If is a real realm, let 

c Of — l*'{IT y 

while, if and are conjugate complex realms, let 

CO^ = War + lWbr and C0r 6) = W ar ~ IV) br ( r=I » 2 . * * *» »)• 

Hence, for a real realm Q a it follows that 

| Wal | + | V ) a 2 | H“ ‘ ‘ • | V) an | = | «<,“> | + | CO-?' | + • • • 4" | <*>n ‘’ I • 

In Art. 114 it appeared that c is the greatest value 
which the sum 

| W| a) | + | 0)2° | 4~ * * * 4" J W? 1 | 

can have for a = 1,2, • • •, n. It follows that 

| W a i | 4" | V) a 2 | 4" • " • "I" | V) an | =C. 

This is also true if is a complex realm. For, if Q b is the 
conjugate complex realm, it is seen that 


W n 1 4 - I W a 2 I + * • • + I Wan 


r=n 

= E \w 

r= 1 


(IT 


= L |^ Q) | 

r=l 


(a = l, 2, •• •, n). 


Art. 116. In the n linear forms for the y’s of the 
preceding article, let the variables x if x 2 , • • •, x n take only 
the values 0, 1, 2, • • •, k. We then have 

| y a I = | Wei | xi + | w a2 1 x 2 4-b | w tn | x n 

=A:[|wj 81 | 4- | w a 2 1 4-b |uu|]; 

or 

12/. I = ck (s= 1,2, •••,«). 

It is evident, when the variables x u x 2 , • • •, x n take the 
values 0,1, 2, • • •, k y that the values of the linear forms for 
Vh 2 / 2 , • • •, y n lie between — ck and +ck. 

Determine next the positive integer m (Art. 113) such 
that 

(k-\-l) n >m r ^k n f 

where r is the number of realms that belong to the first 
group. Divide the interval from — ck to 4 -ck, whose 
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expanse is 2ck } into m equal parts, where the length of 

2 ck 

each of the intervals is — = d, say. To the variables Xi, 

7fl 

£ 2 , • • *, x n give any of the values 0 , 1 , 2 , • • •, k and 
consider the first r linear forms y h y 2} • • •, y r , which belong 
to the realm of the first group 12 2 , • • •, ft r . Since Xi 
may take any of the values 0, 1, • • •, k, as may also x 2 , 
• • • , x n , there are (k + l) n systems of values, which each 
of the forms y i, y 2 , • • •, y r may take. These y ’s must lie 
in the m intervals above, say y\ in the Si-interval, y 2 in the 
$ 2 -interval, • • •, y r in the s r -interval. Since each of the r 
numbers $i, s 2 , • • •, s r may have the values 1, 2, • • •, m, 
there are in all m r different arrangements possible of the 
y’s that are r in number. 

Since 

(k-\-l) n >m r , 

we must have at least 


where 


(fc + l)" = Z + l, 

l = m r . 


As all possible different arrangements that may be had is Z, 
it is seen that for two different systems of values of the 
x’s, the y’s fall within the same intervals. 

Suppose these two systems are 

Xi = cii and x { = b { (»'«l, 2, •••, »), 

and that the corresponding values of the y’s are 

yj = uj and yj = Vj (i=l, 2, • • •, r). 

It follows that 

| uj — vj | <d (i=t 2 . 

while the differences 

di — bi^k 


are not all zero. We had 


7 2ck 
a = — 


m 


and m r =k n , 
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so that 

It follows that 



Art. 117. Observe that 


a — Xicoi ~b ■ • ■ ~\~x n u) n 

is an arbitrary integer in ft. If ft,, and ft, are two con¬ 
jugate complex realms, write 

a <a ° = y t '+iy„ 

<* (,) = y»’—iy a ; 

while, if ft, is a real realm, put 

oc {a) = y B . 

It follows at once from the preceding article that to the 
variables x h x 2 , • • •, x n may be given such values 

a,i —bi, Oz — bz, • • •, a n — b n 

that the corresponding linear forms 


y>=U j -V j 0 = 1,2, • • •, r), 

which belong to the variables ft 1; ft 2 , • •., ft r , are all less 
than d. It is thus seen in the case of the conjugate 
complex realms that 

I« (,) I = 'tyl+tf’S SdV2 =£ ~^ 

k’~' k 7 ~' 

If ft, is a real realm, it was proved above 'that 


It has thus been shown that an integer a may always be 
found in the realm ft, such that the first r quantities 
• • •, <* (r) that are conjugate to a (including a) and 
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which belong respectively to the realms Sl lt fi 2 , • • ■, fl r , are 

3c 

in absolute value less than —— 

k 7 ~ l 

Consider next the quantities 


a (r+ i), a <r+2 \ 


• • • 



which belong to the realms fl r+ i, fi r+2 , • • •, fi n . In Art. 
114 it was seen that, if to the variables x h x 2 , • • •, x n were 
given integral values less than k, 


a (r+i) | < c £ (1 = 1, 2, • • •, n— r). 


Art. 118. It has thus been proved that there exists an 
integer a different from zero in the realm ft, which has the 
following properties: 

(1) the coordinates of a lie between 0 and k , where k is 
an arbitrary positive integer; 

(2) it is possible to distribute the realms into two 
groups such that the quantities which are conjugate to a, 
namely, a, a ", • • •, a (n) fall into two groups 

a', a", • • •, cx (r) and o: (r+1) , a (r+2) , • • •, <* (n) , 
where the quantities of the first group are in absolute 
value less than 

3c 


while the quantities of the second group, are all less than 
3 ck, the constant c depending upon the nature of the 
realm. 

From these properties of the integer a it is clear that 



l=n 


n 

<=r+l 



< (3 ck) n ~ r 


and 
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It is evident that 


l=n 

|iV(a)|= n |«<0|<(3c)». 


Further, since a is an algebraic integer, that is not a 
unit, it follows that 

| N (a) |=1. 

Art. 119. Let be one of the numbers a (r+1) , a <r+2) , 
•••, a (n) . The product of the remaining n — r — l of 
these numbers is less than 

(3 cAO n “ r_1 , 

so that 

|tf(«)|<P; |/8| (3c*)—.< |/31 J 

or 

101 >!*(«) I (3^- 

Since |iV(a) | =1, it follows that 


\fi\> 



From this it is seen that the quantities a', a", • • • , a (n) 
which are conjugate to a, including a , may be distributed 
into two groups 


a 'i <*") * • *> « (r) and <x (r+1) , o: (r+2 >, • • a in) 
in such a way that each quantity belonging to the first 

group is in absolute value less than -f—, while each 

k 7 ~ l 

quantity of the second group is in absolute value greater 

( 3 c )n-i • If A: is taken sufficiently large, the quantity 
3c 

ma y be made arbitrarily small, since n > r, while at 
k r 


k 


the same time j ^=i is arbitrarily large. If, then, A is 
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an arbitrarily small quantity, while B is an arbitrarily 
large quantity, it is evident that k may be taken so large 
that 

(3cp I>B 

and 

( 2 ) 

k r 


If, further, we put 
then, from above 


(3c)—C, 
\N(a)\<C. 


Observe that C is independent of A, B and r. 

Accordingly, it has been proved that there exists in the 
realm V. an algebraic integer a different from zero, which 
has the properties that 


where C is definitely 
quantities 


| JV(cr) | <C, 

determined; and that the conjugate 


/ II 

a , a , 


a 


(«) 


may be distributed into groups 

a', a", • • •, a (r) and a (r+1) , <* (r+2) , • • •, « (n) , 

such that every quantity of the first group is less than A, 
while every quantity of the second group is greater than 
B, in absolute value, the quantities A and B being 
perfectly arbitrary except that A<B. 

Art. 120. Having determined a quantity a which 
satisfies the conditions of the preceding article, denote by 
A i the smallest of the quantities 

|a'|, |«"|, Inl¬ 

and let B l be the largest of the quantities 

]«<'+» |, |q.o-+ 2 > I, •••, |« <n> I • 
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It is clear that 

Ai<A and B\>B. 

As seen above, we may again determine an integer an 
belonging to ft where 

\NM\<C, 

and such that ai, a", • • •, in absolute value are less 
than A\ t while a ( i r+1> , <x ( i r+2) , • • •, a\ n) are in absolute value 
greater than B\. The quantity a\ is not identical with a, 
since A i is the smallest of the quantities 


1 > <*" > 


• • • 1 


while all the quantities 


// (f) 

ai |, |ai , • • •, ai 


are less than A i. 

Continuing, let A 2 equal the smallest of the quantities 

I / I | //1 | (r) I . 

and let B 2 equal the largest of the quantities 


a ( , r+1) 


a ( r +2) 


, « ( l n) 


It is then possible to determine another integer a 2 such 
that 

\N(a % )\<C, 

and such that 

I «2 | , | 0(2 | , * * * , | OiV | 
are less than A 2) while 


at* 1 ' 




oct 


are greater than B 2 , and 


oc 2 y£ai. 

Continuing this process we may derive an infinite 
number of algebraic integers a, a h a 2 , •••, that are 
different from zero and which belong to ft. They all 
have the property that their norms are less than a fixed 
quantity C. There are, however, only a finite number of 
rational integers which are less than C, so that the 
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number of different norms less than C is finite. Hence, 
there must be in Q an infinite number of integers which 
have the same norm; and that is, there is an integer 
9 = C, which occurs infinitely often as a norm. 

It is possible to distribute all these integers, whose 
norms are equal to g, into different classes (mod. g); and 

as each such integer has the form Xiou+a^-t- \~x n o ) n ; 

and since each .r may take values 


2, • • •, g — 1, 

there are evidently g n such classes. One of these classes 
must contain an infinite number of integers; and that is, 
there must be an infinite number of integers, which are 
congruent (mod. g) and whose norms are equal to g. 
Let a and (3 be two such integers, so that 


(1) 

a = (3 (mod. g) 

and 


(2) 

N(a)=N((3)=g. 


Since N(a)=g, it follows (Vol. I, .Art. 90) that g is 
divisible by a; and since N((3 ) =g , it is seen also that g is 
divisible by /3. 

Further, owing to (1), a —(3 is divisible by g ; and since 
g is divisible by a, it follows that a — (3 is divisible by a, 
and consequently /3 is divisible by a. Similarly, it is 

oc 

seen that a is divisible by 0. It follows that ^ and - 
are algebraic units. Observe that 



(«\ N(a) 



It is evident from above that it is possible to choose the 
numbers a and such that a', a", • ■ •, <* (r) are in 
absolute value greater than 
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while all the quantities 


a (f+ 1) t a<.r+ 2) 


• • 


a 


(n) 


are less than 

|/3 (r+1) |, |/3 ( ' +2 > 
It follows that the quotients 


Afi 


(n) 


a 

I' 


a 

P 


n 


// 


a 


(r) 


/3 (r > 


are all greater than 1, while the quotients 


a (r+1 > 


a <r+2) 

♦ • • 

a (. n ) 

0<r+l> 

7 

0(r+2) 

) 7 

/3 (n) 


are all less than 1. Writing 


we have 



It is thus shown that in the realm 9 there is a unit e, such 
that the conjugate units may be distributed into two 
groups 

e', e", • • e (r) and e (r+1) , e (r+2> , • • e (n) , 

and that the units of the first group are in absolute value 
greater than 1, while the units of the second group are in 
absolute value less than 1. 

Art. 121. Consider next the logarithms of the units of 
the preceding article. If z is any complex quantity, say 

z=x+iy, 

write 

x = R cos (p , y = R sin <p, 

so that 

z = R (cos <p-\-i sin <p) = Re i<p = Re*^ 2 ***, 

It follows that 


log 2 = log R-\-i(p+2kiTr. 



234 THE THEORY OF ALGEBRAIC NUMBERS 


From this it is seen that the real part of log z is equal to 
the real quantity R or to log 1 2 1, a quantity which is 
denoted by Iz. From the theorem of Art. 120, end, it is 
seen that 




Ze<'> 


are all greater than zero, while 


k(H-l), ?e (r+2) ) ... ? J e (n) 

are all less than zero. If of the n realms that are 
conjugate to 12 we omit one of every pair of conjugate 
realms, there are v realms (Art. 112 ) which are distributed 
into two groups. In a corresponding manner, of the n 
quantities 

U", • • U <»> 

there remain v, provided one of every pair of conjugate 
complex units is omitted. 

Suppose that 77 is any arbitrary algebraic integer of the 
realm 12, and let 77', 77", •••, r\ {n) be conjugates of the 
quantities 77, so that 


N(v ) = v'-v"---v w , 

or 

|N(t?) I = 1 77 ' | • 1 77 " I • • • | T7 (n) I. 

Let s and t be any two of the numbers 1 , 2 , • • •, n and 
define a number c, through the following conditions: 

c t = 1 , if 77 (a) is real, 
while c a = 2 , if 7] {a) is complex. 

If then 77 (a) and 77 (0 are conjugate complex quantities, we 
have 

W 9 ) \-W°\ = W B) \ 2 - 

It follows that 

and consequently 

1 1 ^( 77 ) | =Cilrj'-\-C 2 W' *' * ~\~ c yW v) - 
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Suppose next that ei, e 2 , are v arbitrary units of 

the realm ft. It is evident, since 

I AT(«i) |=1=| N(€ 2 ) | = • • • = | #(«„) |, 

that 

W( €l )=0 = lN(e 2 ) = • • • = lN(e>), 

with the resulting v linear homogeneous equations 

Cile'i + Cvle'i-^-Czlei' + • • • ~\-cJ.e ( i ) = 0, 
Cile'z-^-fyle'Z-^Czle'I' • • ■ -\-cM 2 = 0 , 

... _|_ . 


C\lz v -\-c 2 ltl ~h • • • — 0 . 


As the quantities c X} c 2) • • •, c„ are not equal to zero, the 
above system of homogeneous linear equations can exist 
only if the determinant of the yth degree is zero; and that 
is, if 

| le ( r s) | =0 (r,« = l,2, 


With this is proved the following theorem; If e x , e 2 , • • •, 
c„ is a system of v units belonging to ft, then always 






U? 

Uf 




Art. 122. On the other hand, the following theorem 
may be proved: If y is any one of the numbers 1,2, • • •, 
v — 1, it is always possible to determine y units e lf e 2 , • • 
in the realm ft such that the determinant of the yth order 


Ik^l^O (r, «=i, 2 , •••, n). 

For, if y = l, it has been proved that it is possible to 
choose a unit such that 
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are individually greater than zero, while 

W+VO, UT+*<0, ur< 0. 

If the distribution of the realms fti, ft 2 , • •ft„ into two 
groups is such that the first group contains only the one 
realm fti, where, in the case of a pair of complex realms 
only one is kept; while the second group contains all the 
other realms, then it follows at once that 

h i >0, 

while 

K is", •••, ur 

are all less than zero, so that the theorem is true for /z = 1. 

Assuming the theorem to be true for /x — 1, it may be 
proved to be true for /z as follows: Suppose that we have 
determined /z — 1 units 

t\, € 2 , • • *, €„_i 

in the realm ft, such that 


U[, 

K 

•••, ur" 

£»„-i= U ' 2 ’ 

lei, 


h»-1 , 

K-i, 



has a value different from zero. It may be assumed that 
Z)„_ i is positive without limiting the generality of the 
problem. For, if 

A.-i< 0 , 

it is only necessary to interchange two consecutive rows 
or columns in the determinant. 

It may be proved next that a unit e„ may be so de¬ 
termined in ft that the determinant 

h[ f hi, • • hi 1 1} , 
jy _ h 2 , h'z, •••, hhr 

k, k, •••, hr i) , hr. 

has a value different from zero. For, if this determinant 
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is developed with respect to the elements of the last row, 
it is seen that 

(1) D M = CiZei+C f 2^+• • • +C r p_iZe^“ 1) + D M -iZ€^ ) , 
where C i, C 2 , • • •, C„_i are definite determinants of the 
(/x — I)st order composed of U[, U[, • • 

Make a distribution of the realms fti, ft 2 , • • •, ft, into 
two groups as follows: Take ft,, in the first group, while 
ft„ +1 , ft„ +2 , • • •, ft„ are taken in the second group. If 
further $ is one of the numbers 1, 2 , * • •, m — 1 , then ft a is 
taken in the first group if C, is positive; but it is put in the 
second group if C a ^=0. 

Next determine a unit in ft, such that 

le' le • • • Ze° 1+1) 

**#•1 7 

fall within these respective realms. It follows that all 
the summands on the right hand side of the expression (1) 
are positive, and consequently also, D„ has a positive 
value. Since the theorem is true for y = l, it is true for 
M = 2, 3, • • •, v — 1. 

Thus the following theorem is proved: It is always 
possible to determine v — 1 units , say , e Xf « 2 , • • •, o/ the 
realm ft, snc/i Z/iaZ the determinant o} the (v — l)st order 



W, 

K ■ 

■■■, ur» 

Dy- 1 _ 

«, 

A A A 




• ^ V w 

K- 1, 

le-u 



has a value different from zero , and this determinant may be 
taken positive. 

Such a system of units d, e 2 , • • •, €„_i is called a 
system of independent units. The determinant D v _ x is 
denoted by L(e x , e 2 , • • •, €„_i). 

Art. 123. Let o- be an arbitrary quantity having the 
form 
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where m x , m 2 , • • •, m^ x . are arbitrary rational numbers. 

If mi, m 2 , • •m,_! were rational integers, then <j would 
be an integer. 

It follows at once that 

la^=m x Uf+m 2 U?-\ -(5=1,2, ...,v-i). 

From this system of v — 1 linear homogeneous equation, 
since the determinant 

«2, • • •, 5*0, 

the quantities m x , m 2 , • • •, m v _ x are uniquely determined. 

Corresponding to different systems of integral ex¬ 
ponents m 1 , m 2 , • • •, m v -i the formula ( 1 ) offers different 
units. It is clear that there exists an infinite number of 
such units of the realm ft. There may be other units in 
ft- If e is any such unit, put 

le (s) = e x W x -\-e 2 lt 2 *+ • • • -\-e v -\le { ?-i (5=1,2, 1). 

It is seen that the real quantities e x , e 2 , •••, e v - x are 
uniquely determined. Hence, to every unit e there 
belongs a definite system of real numbers e lt e 2 , • • •, e„_i. 

If to the unit e there belongs the system of numbers 
e x , e 2 , • • *, e' y - x , then to the unit ee belongs the system 

ei+ei, e 2 -\re 2 , •••, e v - X -\-e[- X , and to the unit J there 

belongs the system e x — e\, e 2 — e 2 , • • •, e„- x — e[- x . 

If e x , e 2 , • • •, e„_i are all zero, then W, h", • • •, 
are all zero; and consequently, |e'|, |c"|, \e (v ~ 1) \ 

are all equal to unity. 

Art. 124. Denote by S the group of units which may 
be brought to the form 


where m x , m 2 , • • •, m„- X are integral rational numbers. It 
does not follow, if e is an algebraic unit, that m x , m 2 , • • •, 
7r?„_i are necessarily rational integers. A unit whose 
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corresponding exponents all lie between 0 (inclusive) and 
1 (exclusive) is called a reduced unit , or, more definitely, a 
reduced unit with regard to the group S. 

If p is a reduced unit with regard to the group S, then 

p = €]te?* • • dy'Li, 

where 

0< 1 (t=l, 2, •••, v- 1). 

It may be proved that every unit e is uniquely ex¬ 
pressed in the form pa. For, let 

e = • 4*.4-{; 

and put 

p = e \i e r 2 *. . . € r /_r>, 

a = ' • • • e?!?, 

where m h m 2) • • •, w„_i are rational integers, and 

0^7\< 1 (i=l, 2, -..,^-1). 

It follows, if we write 

e = pa, 

that 

r. + 7rc, = e,- (i—l» 2 , 


and as r< (i = l, 2 , • • •, v — 1 ) all lie between 0 and 1 , it is 
clear that the integers m { are the largest that are less than 
e<(i = l, 2, — 1). It is seen that the ra’s are uniquely 

determined and consequently a is uniquely determined. 
It also follows that 


€ 

is definitely fixed. 

Art. 125. Theorem. The number of units belonging 
to 12 that are reduced with regard to the group S is finite. 

For, let p be a reduced unit with regard to S. Then p 
satisfies the equation of the nth degree 

(x-p')(x-p")- • *(x-p (n >)= 0 ; 
or 


(1) 


x n -Fairr "" 1 -ha 2 z n “ 2 H- \-a n = 0 


(On— rfcl), 
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where a\ y a 2y • • a n are rational integers, such that 

|ai | = \ p' + p"+-- • +p (n) I, 


a 2 1 — | p p" -\-p p" -\— • +p" V (n) I, etc. 


Since p', p" y •••, p (n) lie in absolute value between 
certain finite limits, it is evident that 






are all less than g y where g is a definite finite quantity. 
It follows that 


a i| <ng, 



( 2 )^’ l“3 I < 



Since, further, cq, a 2 , •••, a n _ 1 , a» = =bl, are rational 
integers, there can exist only a finite number of equations 
like (1), whose roots with respect to the group S are 
reduced units. From this it is seen that the number of 
reduced units with respect to the group S is finite and we 
may denote this number by m. 

Art. 126. Let pi, p 2 , • • •, p m be the different reduced 
units with respect to the group S, and let € be an arbitrary 
unit of ft. It is evident that 


epi, ep 2, * • fpm 

are units, so that ep* may be uniquely expressed in the 
form <r k T ky where <r k is a unit belonging to the group S , and 
r k is a reduced unit with respect to S (k = 1, 2, • • •, m). It 
follows that 

'epi = <riri, 
ep 2 — <t 2T2, 

= & mJ m* 

The units t,, t 2 , ■ ■ ■, r. are all different; for, if ti = t 2 , it 
would follow that 


\ 

( 1 ) 


Pi __0i 
P2 <?2 


or 


Picr 2 — P2& i* 
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But we saw (Art. 124) that every unit may be expressed 
as a product p<r in only one way. Hence, if ti = t 2 , we 
must also have 

<t i = 02 and Pi = P 2 * 

This, however, is not true, since pi, p 2 , • • *, p m are all 
different by hypothesis. Further, as there are only m 
reduced units with respect to the group S, it is seen that 
ri, r 2 , ••*, T m must, neglecting the sequence, coincide 

with pi, p 2 , • • Pm- 

If the m equations (1) are multiplied together, it is 
evident that 

e m = a l (T2 • • • (T m • 

The units <r L , a 2) • • •, (r m all belong to the group S, the 
same is true of their product, which we shall call cr. 
It has thus been proved that 

€ m = ( 7 , 

and with it the following important theorem: If m is the 
number of units reduced with respect to the group S, the 
mth power of every unit that belongs to ft is a unit belonging 
to the group S. 

Art. 127. Let e be an arbitrary unit of the realm ft 
with exponents e h e 2 , • • •, e,_i; that is, write 

€ = €?€?.. -cti 1 . 

By virtue of the theorem of the preceding article, if m is 
the number of reduced units in ft with respect to the 
group S, it is clear that 

me i = m h me 2 = m 2i • • •, me„_i = m y _ h 

where m h m 2 , • • - , m v are rational integers. It follows 
also that e lt e 2 , • • - , e y -i are rational numbers which have 
m as a common denominator. 

Let the quantities iji, t? 2 , ?? v -i form another 

arbitrary system of independent units, so that the de- 
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terminant 


hi, 

h", 

■■■, Wr" 

hi, 

• • • • 

hi, 

■■■, Wr" 

W,-i. 

, h'U 

• • ■, hr," 


has a positive value different from zero. 

The units rj h 772 , • • •, r}„_ x may be expressed through the 
system of independent units a, e 2 , • • •, e,- x in the form 
(Art. 126) 


where m s 1 , m a2 , 
follows that 






m 




rn 


• • 6 1 


(s = l, 2, • • •, v — \), 


••*, are rational integers. It 


rntyl^mJeV+msiUP-) -«, « = i, 2 , •••, *-i). 

From the multiplication theorem in determinants, if we 
put 

m a t = m { s ‘\ 

it is evident that 


or 




(t, s- 1, 2, • • •, V— 1). 


Observe that and \h[ n \ are independent of the 

system of units 771 , 772 , • • •, T 7 „_i, while upon these quanti¬ 
ties depends the rational integer If, instead of 

771 , 772 , • • ? 7 ,_i we choose another independent system of 

units, we have a different integer | m ( f |. It follows that 
there must exist a system or systems of independent 
units for which this determinant has the least value. A 
system of independent units for which the determinant of 
the {y — l)st order \m^\ takes a minimum value, is 
called a, fundamental system of units , and the determinant 
L(e h € 2 , • • •, €„_i) of such a system of units was called by 
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Dedekind the regulator of the system, or the regulator of 
the realm 12. 

Art. 128. It is now possible to prove the following 
important theorem: If a unit is reduced with respect to a 
fundamental system of units, its exponents are all zero. 

For, let the quantities ci, e 2 , • • •, e y -\ form a funda¬ 
mental system of units, so that L(e lf e 2 , • • *, e„_i) is a 
minimum. Let € be an arbitrary unit, reduced with 
respect to the fundamental system, so that 


where 


and 


€ — ♦ •€r-l 1 , 

0^e*<l 


(*-1,2, •••,*-!) 


le {t) ~ Cile^e 2 U l 2 ) • • • -f-Cr-ifeJ-i. 

If it is assumed that e\ is different from zero, it is evident 


that 


€ 2 , • • •, e„_i) = 


CiUit efe", 

K ui, 


• • 


, eM-** 

, ur l) 


U’u ML 


y-l, 


, Ui rv 


- 1 ) 


Z^iZeJ, 

1 = 1 

Ee.U", 

1=1 

•••, Ze.W-" 

(cl 


*4, 

• • •, M-* 

W-., 

*4-., 

• • •, Jefci 1 ' 





• • • a 


•••, ur l) 


, uu 

UU 


Since 

it follows that 


— L(e, € 2 , • • •, eUi) 


0~c 1 <l, 


•k(ci> € 2 , • • •, €y-i) > L(e , € 2 , 



18 
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which contradicts the definition of a fundamental 
system. It follows that 


ei = 0; 

and similarly, it may be shown that 

£2 = 0 = 63= • * • = 6 „_i. 

Art. 129. In the expression 

o- = 

observe that two different sets of values of m h m 2 , • • *, 
always offer two different o-’s. Otherwise, there 
would be a linear relation among the quantities U h U 2i 
• • •, whose determinant is zero, and this contradicts 
the definition of a system of independent units. 

Let p be a unit reduced with respect to the fundamental 
system of units ei, e 2 , • • •, €„_i and suppose that m is the 
number of these reduced units with respect to e lf e 2 , • • •, 
then (Art. 127) 


where m 1 , m 2 , • • •, m y _ 1 are rational integers; and that is, 
P m is a unit that belongs to the group S. But, from the 
theorem of the preceding article, the integers m h m 2) • • •, 
„_i are all zero. It follows then that 


P m = 1, 

and with this we may state the following theorem: Every 
unit that is reduced with respect to a fundamental system of 
units is an mth root of unity. 

If e 0 is a primitive mth. root of unity, all the m mth 
roots of unity are had from eo°, where m 0 goes through a 
complete system of residues (mod. m). 

Art. 130. Let € 1 , e 2 , be a system of inde¬ 

pendent units. In Art. 124 it was seen that every 
arbitrary unit of the realm 12 may be expressed in the 
form pa, where a is a unit belonging to the group S, and 
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where p is a unit reduced with respect to S. It was seen 
that this representation is unique. 

Since p may be expressed in the form to 0 , where m 0 is an 
integer uniquely determined (mod. m) and e 0 is a primitive 
mth. root of unity and, since <r has the form 


* = €?'6p • • • £#, 

where m h m 2 , • • •, m v _ x are arbitrary rational integers, 
the theorem of Art. Ill is proved. 

Art. 131. Observe that in the Dirichlet-Dedekind 
treatment of algebraic units, there are emphasized three 
fundamental theorems, due to which it is proved (1) 
that there exists a unit through which it is possible to 
determine other units that are independent of one 
another; (2) that there are a finite number of independent 
units which, raised to rational powers, generate all other 
units of the realm; and (3) that among the different 
systems of such independent units there exists a funda¬ 
mental system, integral powers of which produce all the 
units of the realm. 

Bachmann indicates that the theory, as sketched by 
Dirichlet, was developed in full by him. 1 His derivations 

of the results of Arts. 122 ff. are of much interest and 
will be reproduced here. 


Note if a is any ideal, that ^ = a° is an order-modul. 


And since [l] = g>a°, it follows (Vol. I, Art. 132) that 
a°o = o, that a a 0 = a = -j; and a°a° = a°= 

® Q 

We shall at first limit the discussion to any order- 
modul Oi. It will become evident that similar results 
exist for o as have been found for Oi. Let « x , w 2 , • • •, w n 


1 P. Bachmann, Alloemeine Arithmelik, footnote, p. 322- also 
complexarum theoria,” Inaug. Disa., Berlin, 1864. 


“ De unitatum 
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be any basis of Oi so that 


Oi — Qwi, d> 2 , ' • «„]. 

It is seen by giving to the indeterminates u all rational 
integral values in the expression 

(1) d> = 1410)1+2*2£>2+ - ' ' +W n CO„, 

that all the integers of Oi are had. It follows, if is an 
integer of the order-modul, that ««i, ww 2 , • • are 
also integers of Oi. We may accordingly write 

(2) UWi = * * ' A'Q'in&n (* = 1, 2, • • •, n), 


where the determinant of the rational integers a is 
(Vol. I, Art. 59) the norm of «. 

It follows from solving the equations (2) that the 
product A r (d>)w, and therefore also the product of N(s>) by 
any integer of Oi, say A r (w)w' is an integer of the form 

A 2 0)2~\~ • • • +A n d>n). 

m*) 


With this it is seen that the product ~ ’ v _ w/ u, where u is 

CO 

any integer of Oi, is an integer of oi. 

And it follows, since =fc 1 is an integer of Oi, that , if e is a 

unit in Oi whose norm is =fc 1, then also - is an integer of Oi. 


Art. 132. We may next prove the existence of units in 
Oi. Let the fixed realm ft = 9?(0) be generated by 6, 
where 9 is a root of the irreducible equation E(a;)=0. 
Let 9 = 0 (1) , 0 (2) , • • •, 0 (n) be the conjugate roots of this 
equation. Of these roots, as in Art. 112, let there be r 
real, namely 0 (1) , 0 (2) , • • •, 0 (r) and q pairs of conjugate 
roots 0 (r+1) , 0< r+ « +1 >; 0(r+2) ; g(.r+q+2) • .... 0 (r+<) f 0 (r+2q) } SQ 

that n = r-h2q. 

When for 0 = 0 (1) are written its conjugate values, the 
form a> above, becomes 

d, ( ‘ ) = w 1 w ( 1 °+w 2 ^ 1) + • • • (* = 1 > 2 ' n)> 
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Write 




fr+k = 
f r+ 9+* = 


£(r+*) £(r+ 9 +*) 

V2 

,'Ar+k) _ -Ar+q+k) 


;V2 


(t-1.2, 


• • • 


I 



(fc= 1, 2, •••,-?), 


which become the n linear forms with real coefficients 


/1 — 'Wia> (1) + W2a>2 I) -j- • • • -f-W n «n > > 

/2 =1/id) (2, + W2^2 2) + • • • -T'M n d>L 2> , 


/r — Wiaj (r) H-W 2 « 2 > 4 “ • ’ • +MnWn'; 
fr+1 


fr+2 ~ 


^r+D - ^Cr+f+D 

V2 + 

^ < r 4 - 2) 4-^ < r +ff+2> . 

Wi-;=-h 


. «r fl, +sf + * f,) 

+“-—Vi—’ 
« ( » r+2, +« ( n r+ff+2) 


V 2 


+ «n 


V2 


/r+ fl+1 — "Wl 


»f +,, -»? +f+,) 


iV2 


H-- +^n 


«f +,) - »?+•+« 


iV2 


Observe that the determinant of these forms is the 
square root of the discriminant D u where D x is the 
fundamental invariant of the order-modul oi. 

To the indeterminates u { in the above expressions give 
rational integral values a,. The forms /< become con¬ 
jugate algebraic integers belonging respectively to the n 
conjugate realms. Next give to each of these integers a< 
values not greater than a fixed positive integer k, where k 
is to be determined later. Further, denote the absolute 
values of the coefficients of the u’s in the expressions for 
fi by t>S ) , so that 

LAI 5&M 0 +t>2M-H?) (i= 1 , 2 , 

Fmally, let G be the greatest of these n sums. It is 
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evident that 

|/. | (i = l f 2, ---.n). 

Observe that (? does depend upon k but upon the 
basal elements of Oi. 

Next distribute the n functional values |/, | into two 
groups A and B in such a way that there is at least one / 
in either group and always the two functional values 
fr+ij Sr+q+% must fall within the same group. 

Let s denote the number of the /’s that fall in the first 
group so that n — s is the number that occur in the second 
group. Since k > 0 and n > s > 0, it is clear that 

and consequently there exists a positive integer in, such 
that 


n n 

{k+\y>m>k*, 

or 

(k-\-\) n >m*>k n . 

Define d by the relation 

, 2 Gk 

d = - 

m 

and observe that 

(3) d<2Gk'~ 1 . 

Next divide the interval — kG - \-kG into the follow¬ 

ing m partial intervals each of the length d , 

(4) -kG, -kG+d; -IcG+d, -kG+2d] •••, 

— kG-\-(m— l)d, — kG-{-md( = kG). 

Observe that the rational integral values that are chosen 
for the u ’s in formula (1) may have any of the values 0, 1, 
so that there are (/c + l) n different choices. The s 
functions/ which belong to group A fall in the in intervals 
(4). Since each of them may fall in each of the m 
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intervals, there are m* possible distributions of the f s, 
that belong to group A. And this number m* is less than 
(&+l) n , which is the number of ways that the u 's may be 
chosen. It follows, when the u’s are chosen in all 
possible ways, that the distribution of the f s of the 
group A must be such that they occur at least twice in the 
same intervals (4). Suppose that this happens for the 
two systems of values u i = a , i and u { = a'' (i = l, 2, • • •, n), 
and denote the corresponding f’s by f and/". Next give 
to Ui the values 

(5) u i = a\ — a 1 ', 

and observe that the n functions 


which belong to the group A, since they fall within the 
same interval, are in numerical value less than d. 

Due to formulas (1), we have 


and 


a,<*> =/ 


(t=l,2, r) 


- (r+A) __ 


/ + if r+ g+k 


Oi 




co 


fr+q ifr+q+k 


2 

(k = l, 2, • ••, q). 

Observe that the absolute values of & ir+k) and w (r+ « +fc) are 
the square roots of With the limitations 


thus made, it is seen that those of the functional values 
<o (i } which belong to the group A satisfy the inequality 

(6) | co (i) |<d, 

while due to (2), those which belong to group B satisfy 
the inequality 

(7) |a> ( *> | ~kG. 

It follows that if we give the values (5) to the u' s, the « 
of formula (1) of the preceding article becomes an 
algebraic integer of Oi, and due to the inequalities (6) and 
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(7), it is seen that the product P of those w (< > which 
belong to group A is less than d\ while the product Q of 
those £.<•> which belong to group B is not greater than 
(*£)"-•, so that finally 

| PQ | = | i\T(<i) | < d\kG) n -’, 

or, from (3) 

|#(&)|<(2G)". 

Since the norm of every algebraic integer is in absolute 
value > 1, it follows that 

and therefore ^ ^ > 

IQI5 £>«*-. 

If w (0 is any one of the conjugates of group B and as the 
product of the remaining n — s — 1 of this group, due to 
(7), is not greater than (kG) n - 9 ~\ it is seen that 

Q 




(JcG)*-'- 1 

Further, since Q>d~ 9 , and that is, from (3) 

Q> k 


it follows, since n>s, that 


(2(7) 


( 8 ) 


w (0 I > 


k 


k 


2'G"~ 1> (2G)"~ l 
Due to formula (3) the positive integer k may be taken so 
large that d may be made smaller than any arbitrary 

k 

quantity however small, while at the same time ^Qy- x 

may be made greater than any arbitrary quantity 
however large. 

Observing (6) and (8), it is seen that the above results 
may be formulated in the theorem: In any order 0 i there 
exists an integer w for which those conjugate values u (l) 
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which belong to group A are in absolute value less than a 
fixed quantity a however small, while those of the « (0 which 
belong to group B are in absolute value greater than an 
arbitrary value b, however large, and at the same time 
\N(Z)\<{2G) n . 

Art. 133. It follows from the above theorem that 
there exists an integer a in Oi whose norm in absolute 
value is less than (2 G) n , and further there exists in Oi an 
integer (3 whose norm in absolute value is less than 
(2G) n and whose conjugates /3 (,) which belong to group A 
are all less than the absolute value of the smallest a (i) in 
group A, while all those conjugates /3 (i) which belong to 
group B are all greater than the greatest « (<) of group B, 
Continuing this process, we can form an indefinitely large 
number of integers 

(1) a, (3, 7 , • • •, X, • • •, p, • • • 

whose norms in absolute value are less than (2G) n , while 
all those conjugates of p that belong to group A are less 
than the smallest of the conjugates of X which belong to 
A ; and all those conjugates p {i) which belong to group B 
are greater than the largest of the conjugates X (0 which 
belong to group B. Since, however, the norms of 
algebraic integers are rational integers, and there being 
only a finite number of rational integers that are less than 
(2 G) n , it follows that an indefinitely large number of the 
integers (1) must have the same norm, say N. Further, 
since all the integers (1) are of the form 

03 + ‘ ’ -\~U n 03 n , 

when rational integral values are given to the u’s, it is 
clear, when these integers are considered, modulo N, 
that there are only N n different integers to, and accord¬ 
ingly, that of the integers (1) there must be at least two, 
say X and p which are congruent, modulo N. And that 



252 THE THEORY OF ALGEBRAIC NUMBERS 


is, 

X — n = Nw\ 

where X, /i and w 1 are all integers of oi. 
It follows that 



Further, see Art. 131, the right hand side of this ex¬ 
pression is an integer in Oi. If then we put ^ = e, it 
is seen that e is an integer in Oi whose norm is +1, since 

N(\) =A r (/i) = A r , and at the same time ( loc. cit.) ^ is an 
integer of Oi. 

Observing that m comes after X in the sequence (1) it 
follows from the method by which these integers were 
formed that all the conjugates e (,) which belong to group A 
are in absolute value >1 , while those conjugates e (,) which 
belong to group B are in absolute value <1. 

The same results are at once established for the order 
modul o of any fixed realm if instead of the basal elements 
«i, U 2 , • • *, w n of Oi, we write the basal elements on, w 2 , • * •> 
co n of o. With this is proved the theorem as stated by 
Bachmann (op. cit., p. 331): In every order modul Oi 
including o of a fixed realm, there exists a unit e with 
positive norm such that in absolute values those conjugates 
e (i) which belong to group A are greater than 1 while those 
conjugates of group B are all less than 1. 

Art. 134. Another derivation of this theorem is given 
by Minkowski (Gottingen Nachrichten, 1900, p. 90, 
Collected Works, Vol. I, p. 316). It depends upon the 
following theorem in determinants: 

If in the determinant 


(i, A; = 1,2, m) 
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with real elements , all the terms save those of the principal 
diagonal are negative , while the sum of the terms in every 
row is positive , the value of the determinant is positive. 

For m = 1, the determinant is the positive quantity an. 
If m — 2, with the assumption that 

Sl =<I|l-bai2 > S 2 =U21“l“fl22 
are positive, it is seen that 

=a 22Sl—U 12 S 2 , 

which is positive. 

Suppose then that the theorem is true for determinants 
of degree less than m , and write in the determinant 
I k I for ahh the sum S/,-bcr/,/„ where <r hh is a positive 
quantity, since a hh >s h . Observe that 

(1) «Al+aA 2 + • • • +<7aa+ • • • +ah m = 0 2, • • •, m), 

and accordingly that the determinant 

<r 11 , a 12 , • • •, ai m 

fl 21, 0"22, • • a 2m 

• • • • 

• • • • 

• • • • 

Omij a m 2 , a mm 

since the sum of the elements of any row may be written 
for the first element and this sum is zero. 

Develop the determinant 

Si+<rn, ai2, • • •, a^ 

021) S2+<r 2 2, * • *, a2m 

a * nl , a m 2, * * *, S m ~}~ (7 mm 

with respect to the quantities It follows from above 
that the determinant independent of the s’s is zero, the 
coefficient of SiS 2 - • -s m is unity, and by hypothesis s\, s 2> 

• • •, s m are all positive; the coefficient of any other term 




/ 
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say Si$ 2 is the determinant 

33, a34, • • •, a 3m 

O43, 0-44, • • •, a im 

} 

^m3) OmAy * * > ^mm I 

where the elements outside of the principal diagonal are 
all negative, while the sum of the rows, due to (1), are all 
positive and the determinant, being of less degree than 
m, is by hypothesis positive. Accordingly all the terms 
in this development are positive, which renders the given 
determinant positive. 

To make an application of this theorem, observe next 
that if e (1) , e (2) , • • •, e (,,) are any conjugate values of the 
unit €, and if their logarithms in absolute value (Art. 121) 
are denoted by 

h(e), h(e)) • • •, 

then at pleasure (Art. 122) one of these logarithms may 
be taken positive and all the others negative. Ac¬ 
cordingly, we may determine m = v — 1 units ei, e 2 , • • •, e m 
such that Zi(ci), Z 2 (« 2 ), W«m) are positive, while all 
the other logarithms are negative. Due to the formula 

Zi( € *)+W € ») + • * * + W e >) =0, 

it follows that 

hM+hM+- • • +U«<)>0, b'=b 2 , .... m). 

Accordingly, it follows from the theorem of this article 
that 

h(e 1), Z 2 (€i), • ••, l m (e 1) 

2 ) 

M^m), W«»)> • • •> !«(««) 

is positive. 

From this it is seen that the units «i, e 2 , • • •, fm form a 
system of vn = v — 1 independent units of the order- 

modul 0 . 
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Observe that, whereas in Art. 122 the method given by 
Dirichlet for the determination of such a system of 
independent units requires the formation of certain 
determinants which are composed of successively derived 
units, here the derivation of the single units as given in 
Art. 133 is done directly and in an independent manner. 

II. The Hilbert-Minkowski Exposition 
Art. 135. The following fundamental Lemmas due to 
Minkowski were proved Vol. I, in Arts. 26 ff. The proof 
for n variables due to Minkowski is found in Art. 147. 
See also Hilbert, Bericht , Chap. VI. 

Lemma I. If 

fi = cinUi-\- • • • +<Zi n u n , 


fn =GnlWi+ • • • -\-a nn u n , 

are n linear homogeneous forms in u x , • • •, u n with arbitrary 
real coefficients an, • • •, a nn , whose determinant = 1 , it is 
always possible to give to u x , • • •, u n rational integral values 
that are not all zero, and such that the absolute values of the n 
forms just written are all ^1. 

Lemma II. Iffi, • • •,/„ are n linear homogeneous forms 
in ui, • • •, u n with arbitrary real coefficients and with 
positive determinant A, and if k x , •••, k n are arbitrary 
positive quantities, whose product =A, it is possible always 
to give tou x , • • ♦, u n integral rational values which are not all 
zero and such that the absolute values of the n forms above 
satisfy the conditions 

|/i| =k x , • • •, |/ n | ^k n . 

Deviating from our previous notation, write £2 = £2', so 
that the n conjugate realms are £2', £2", • • •, £2 (n) . Lemma 
II may be used to prove the following theorem. 

Theorem. Let k x , • • •, k n be n real positive constants 
whose product is equal |Vl>|, and which satisfy the 
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conditions k, = k s ,, if 12 (s) and 12 <s0 are conjugate complex 
realms. It is always possible to determine in the realm 12 
an integer o>, which is not zero and such that its conjugates 

|« (1) |^*i, |co (n) | ^A* n . 

Proof. Corresponding to the realms 12 (1) , • • •, 12<">, let 
there be arranged linear forms which satisfy the following 
requirements: 

If 12 (r) is a real realm, write 

fr = co[ n u 1 -\ -I-C 

if however, 12 (s) and 12 (s ° are conjugate complex realms, 
write 

/ " = ^2 l( "‘ > ~“ r>) “ 1+ ' '' + W” 

and observe that all the coefficients are real. 

Note that the absolute value of the determinant of the 
n forms as above constructed is =|VZ)|. The proof 
follows from Lemma II, if we observe that on the one 
hand 

\f:+if'"\ 2 = (Yff+tf) 2 £*?+*? = 21c;, 

and on the other hand, 

| f, + if* I 2 = 2 | ulfUi + • • • + C O^Un I 2 , 

\f, -if,, | 2 = 2 I C JpUx H-+c oTUn | 2 . 

The following theorem was proved in Art. 125, end. 
Theorem. If k is an arbitrary positive constant, there 
are only a finite number of algebraic integers which together 
with their conjugates are in absolute value <k. 

Art. 136. Theorems regarding the absolute value of 

the discriminant of the realm are: 

Theorem I. The discriminant D of the realm 12 is 
always different 1 from ztl. The proof is given below. 

1 Minkowski's proofs of these theorems are found in Art. 149 . 
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Theorem II. There are only a finite number of realms 
of the nth degree that have a given discriminant D. 

This theorem was proved by Hermite: “ Sur la theorie 
des formes etc./’ Crelle, Vol. 47, p. 335. 

In the proof of the above theorem we must use the 
following lemma: 

Lemma. If fu •••>/« are the linear forms in u x , • • •, u n 
that were given in the proof of the theorem of the preceding 
article, there always exists in ft an integer (?^0), say 
a = aicoi+ • • • +Q n w„, whose conjugate values for u x =a\, 
• • * t y>n — a ni satisfy the conditions 

(l) |/i|*|V5|, |/,|<1, •••, |/.|<1. 

Observe that in the theorem of the preceding article the 
equality sign also occurs with the expressions just 
written. 

From the theorem of Art 147 it will be seen that there 
are only a finite number of algebraic integers in ft say a, 
oc\, a 2) ■ ■ •, which satisfy the conditions 

|/i | < | VD | +k, where k is a positive quantity, 

|/2 | < 1 , • * *> \fn | < 1 . 

Let a be the integer for which |/i | has the smallest 
value and let <p denote this smallest value. If A; = 0, then 
<P satisfies the postulates of the Lemma. 

If <p is not ^ | VDI, determine a positive number e such 
that (1 + e) n—1 1 Vi) | < <p. Due to Theorem I of the 
preceding article, it is always possible to determine a 
system of positive rational integers for u l} • • •, u n such 
that 

I/,| S(1 +«)-> 

and consequently 

\fl\<<P) |/2 | <1, *•*, \fn | < 1» 
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But /i cannot be less than as by hypothesis <p was the 
smallest value that } x may take. 

To prove Theorem I we proceed as follows: If I2 (1) is a 
real realm, the form /i is definitely determined; if, 
however, f2 (1) is a complex imaginary realm and if I2 (2) is 
conjugate to it, there is a choice of two forms for/i. In 
this case put 

f l = tJ= { to” - <oi 2) ) Wl + . . . + to” - a ?)Un }. 

The other forms / 2 , •••,/„, may be taken in any sequence. 
Due to formulas (1) there exists an integer a, such that 
|c/1 = | Vi) |, while | a" | < 1, •• •, |or n | < 1. 

Observe next that 

| N{a) | = n |/ r I n £±£, 

T 3, 3' ^ 

where the first product is taken over all real forms / r , 
while the second product is over all pairs of conjugate 
complex imaginary forms f sy f s >. 

Since |i\T(a)|=l, it follows that |/i|>l, and conse¬ 
quently also | VZ> | >1. And accordingly Theorem I is 
proved. 

From the conditions |/i|>l, |/ 2 |<1, |/„|<1, it 

is evident that a is an integer of £2 which is different from 
all its conjugates and therefore (Vol. I, Art. 61) a de¬ 
termines the realm 12. As | VZ) | is fixed it follows from 
the relations (1) that there are only a finite number of 
algebraic integers a which satisfy the conditions just writ¬ 
ten. And this offers an immediate proof of Theorem II. 

From these theorems it is seen that the discriminant of 
every realm must contain at least one prime integer as a 
factor. It follows immediately that there are only a finite 
number of realms of finite degree which have a fixed dis¬ 
criminant D. 
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More definite limits for the discriminant of a fixed 
realm are found in Art. 149. 

Art. 137. Theorem. If a is a given ideal of the realm 
ft, there is always an integer a that is divisible by a and 
whose norm satisfies the condition 

\N(«)\^N(a)\^D\. 

(See Minkowski, Werke, Vol. I, p. 258.) 

Proof. Let 

«i = anaji+ • • • -j-ai„a; n , 


OL n —a n iCOi-f- ■ • • H-UnnWn, 

constitute the basis of the ideal a. 

As in Art. 136 write 


fr — ocVui^r • • • +an r) w„, 

for real realms, and 

f* = ^ f + + --f- ) 

( M s) — «i*°) Wi 4-f- (a ( n ] — a^)u n } 

for pairs of conjugate complex realms. 

Observe that the determinant of the n real forms thus 
constructed is 



„«> 


av ( w) 

Oil , 


) cXn 


a? 


fl ll) • ' ') CLln 


«?’, ■ • 0,’n" 


a n l, 


a 


nn 




<0? 


which in absolute value (Art. 11) is = |JV(a)V2)|. Next 
take any n positive constants k h whose product is 

equal to the determinant A, the only restriction being 
that k.-k„, when fi ui and are a pair of conjugate 
complex realms. Determine by the Minkowski Theorem 
rational integers a u ■■■, a „, which when substituted in 
the n forms/,, •••,/„ cause these forms to be respectively 
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= the constants k h • • •, k n . The number a, which with 
its conjugate values is represented through the forms f h 
• • •, /„, has the property required in the theorem. 

Art. 138. The following articles are in great measure 
the work of Minkowski (Geometrie der Zahlen, §§ 44 et 
seq.; see also Hilbert, Bericht, §§ 19-21). They present 
the Dirichlet Theory of Units in a way somewhat 
different from that given above. The Hilbert statement 
and proof of the Dirichlet Theorem is as follows: 

Theorem. If among the n conjugate realms ft (1) , • • •, 

t 

ft (n) , there are r i real realms and r 2 = —^— P a ^ rs °f complex 

imaginary realms, there is a system of r = ri+r 2 — 1 units 
e h • • •, e r in the realm ft = ft (1) such that every other unit e of 
this realm may be expressed in one and only one way in the 
form 

e = pe i* • • • e? r , 

where a x , • • •, a r are rational integers and where p is a 

definite root of unity which appears in ft. 

As a preparation for the proof of this theorem, arrange 
the n conjugate realms ft (1) , •••> ft (,,) as follows: Write 
down the r, real realms ft (1) , • • •, ft (r,) ; then choose one 
realm from each of the pairs of conjugate complex 
realms; denote these by ft (r,+l) , • • •, ft ( ' 1+r,) ; and then let 
follow the realms ft (r > + ' 1+1 \ • • •, a (n) , which are the con¬ 
jugates of the complex realms. Next form with the n 
indeterminates U\, • • w n , the n linear forms 

^=CO ( 1 % 1 + • • • +a 'nU n (» = b 2 * **•» n) ' 

where ^i = ^, and where w ( 2 s) , •••, ^ constitute a 
basis of ft (8) . The quantities £i, • • •, U being different 
from zero, write, when ft (8) is a real realm, 

log |£,| =W£); 
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and, if fi (,) and 12 (5 ° are conjugate complex realms, put 

log (&)=iW0-i'fctt). 
log (£«') = }W£) 

WO = log fc)+log (£„) =log (£,£,/), 

where Zi(£), Z»(£) are all real quantities. Observe 

that we may put 

0 = re^ 2 '*, = r 2 , 

and therefore from above 

log. (0 =2 log r. 

By definition we may take £ s and such that 0mv<2t r, 
and that is 

0sWO<2ir. 

The quantities Zi(0> • ••» Zn(£) are thus defined as one 
valued real functions of the quantities u h • • •, w n , and 
may be called the logarithms for the form £. 

If further ZJV(0 denotes the real part of the logarithm 
of N(0, then is (since n+r 2 = r+l) 

^l(0 + * * • +Zr+l(0 = ^V(£). 

If u h • • •, u n are rational integers that do not all vanish, 
then is £ = £i an algebraic integer, say a, in ft. 

The quantities Zi(0» • ••» Z»(0 are then uniquely de¬ 
termined through a and are called the logarithms for the 
integer a. 

If e is a unit in Q then, since AT(e) = ±1, it follows that 

Zi(e) +W0 + • • • +Zr+i(e) =0. 

Observe that the real indeterminates u X) • • •, w n are not 
uniquely determined through the values of the logarithms 
W0» • • •, Z m (0, being in fact 2 r ‘ valued, since the n real 
values 6, • • • , £ r , are determined only as to sign, while the 
pairs of conjugate complex quantities ... t arp 
completely determined. 1 ’ 
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Art. 139. Lemma. In the realm ft there is always a 
unit e which satisfies the condition 

7iM«H - bTr^rW^O (r+l = n), 


where 71 , • • •, y r are arbitrarily 'prescribed real constants, 
which are not all zero. 

Proof. Let w be any integer in ft that is 5 ^ 0 , and for 
brevity put 

L(a>) = 7iM w ) + •* * +7 rlr(u>). 

Further, determine any system of r real quantities Xi, • • •, 
X r , so that 

71 X 1 + • • • +7rXr = 1, 

and write 


Ai = e Kl ‘, • • •, A ri = e Xr >‘, A, l+ i = e* x '»+ 1< , •, A r = e iV , 

where t is an arbitrary real parameter. Note that A ri+1 , 
Ar 1+2 , • • • occur, when there are imaginary realms. 

There are two cases to consider: 1°, when all the n 
conjugate realms are real, and 2 °, when some of them are 
conjugate complex. 

In the first case, arrange according to the realms 
ft (1) , • • •, ft (r) the quantities Ai, • • •, A r and for the last 
realm ft (n) ( = ft (r+1) ) put 

A n = -r—- 1“ , so that therefore Ar •-A»= | V5|. 

Ai • * Ar 

In the second case corresponding to the r 1 real realms, 
again arrange the quantities Ai, A r ,; while corre¬ 
sponding to each complex pair ft (ri+1> and ft (ri+ * + ft 1+ 
and ft (r i+ r 2 + 2) ; ..., ft (r i +r * ) and ft (n) arrange respectively the 

quantities A, 1+1 , A ri+2 , • • A r ; and finally, for the last of 
the conjugate complex pairs of realms ft 1,+ 2> and ft ) set 
down the value 




Ar • -ArjArj+r • *Ai 
Again observe that Ai • • • A n = | ^ |. 


i 
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In both cases it is seen that the quantities Ai, • • •, A n 
satisfy the requirements made of the constants k u • • •, k n 
in the theorem of Art. 135. 

Due to the theorem of Art. 135 there exists an integer a 
of 2, which is different from zero, and is such that 

|a (1) | =Ai, •••, |a (n) | = A„, (i) 

and consequently | N(a) | ^ | VjD |. 

On the other hand, since |iV(a)| ^1, it is clear that 


«(•) > 


Further since 


a 


(i) 


a 


(«-i) 


a 


(a+l) 


a 


0 ) 


A. i 


a 


(n) 


1 _ 

A n ’ 


and as Ai • • • A„ = I VD |, it follows that 




| <¥ ( *> | 

From (ii) it is seen, if 5 = log| VZ)|, that 

2 log | a (a) | ^2 log A 8 — 25, 

which with (i) offer for imaginary complex pairs 
as well as for real a’s the inequalities 






\st^lsM^\ e t-28 («= 1 , 2 , •••,»•>, 

25 appearing with imaginary a’s. From the latter ex¬ 
pression it follows that the absolute value of 
lies between 0 and 25, or 

0^ \ls(oi)-\ 8 t\ ^25 (s = l, 2, 

It is evident from this that the expression 

7i{li(cx) —Xi£} + • • • + 7 r —\ r t] =L(a) —t 

lies between two definite limits, say 5i and 5 2 >5j, which 
depend only upon D and y lt • • •, y rf but not upon the 
parameter t. 

From the inequality 

8 l <L(a)-t<8 2} 
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it is seen that 

5i + 2 <L(a) <8 2 -\-t. 

In this expression let t take successively the values 0, A, 
2A, 3A, •••, where A = 5 2 — 5i+Z, k being a positive 
quantity. It is seen that 

5i <L(a 0 ) < 

8 2 -^-k<L(a i) <25 2 —5i+&, 
2S 2 -S 1 +2fc<L(a 3 )<35 2 -26 1 +2&, 


where a 0 , a lt a 2 , • • • are algebraic integers in ft, whose 
norms are all less than | VZ) |, and which further satisfy 
the conditions 

L(a 0 )<L(a 1 )<^(« 2 )<---. (iii) 

Observe that there are only a finite number of rational 
integers which in absolute value are less than | VD |. 
This finite number of rational integers can offer only a 
finite number of different ideal factors. Hence, among 
the infinite number of principal ideals (ao), (<*i), (<* 2 ), • • • 
there can appear only a finite number of different ideals. 
It follows that there is an indefinite number of such 
ideals that are equal. 

If then (a) = (0), it is clear that a is divisible by (/3) and 
that is, ^ and - are algebraic integers, or, e= - is an 

P OL 

algebraic unit 

If 13 comes later in the series (iii) than a, then is 

L(e) = L((3) - L(a) > 0, 

which proves the lemma of this article. 

Art. 140. The lemma of the preceding article may be 
used to prove the fundamental theorem of Art. 122. 
For, let t] be a unit in ft for which Ii(t)i) 7*0, and further 
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let rj 2 be a unit for which 

71 = ^( 172 ) and — 72 = 21 ( 172 ), 

where 

72^1 (17 O+72Z2 (171)^0, 

or 

2 i(i 7 i), hivt ) n 

UM, UM ^ u ‘ 

Then let 773 be a unit for which 

U ( vi ), hO 72), *1(173) 

*2(171), *2(172), *2(173) 5 ^ 0 . 

^3(771), *3(172), 23(173) 

In this way derive a system of units 771 , • • •, 7 ? r , where 
finally the determinant 

*1(171), • • *i(i?r) 

5 ^ 0 . 

*r(l 7 l), * * ‘ > lr ( Vr ) 

If # is any arbitrary unit of 12, it is clear, due to the fact 
that the determinant just written is not zero, that real 
quantities e x , • • •, e r may be determined so that the r 
logarithms for H may be written in the form 

l\(H) ~e x l\{rn) + • • • -j-e r 2i(77r), 


lr(H) — e X l r (vi) + * * * H-C r 2r(77r). 

If mi is the greatest integer in e x , m 2 ine 2 , • • •, m r in e r , 
the above expressions may be written 

1\{H) = wz 1 Z 1 (t?i) -f- • • • ~{-m T li{r] r ) 

l r (H) = 7nil r (Tji) + * • • + m r l r (ri r ) -\-E r , 

where 

El= Hlli(lJi) H-+ Mr*l(l7r) — l x H , 


E r — /*l*r(l7l) + * * * ~\~^rlr(Vr) = l r H, 
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where the quantities m, • • •, m r are real and ^0 and <1. 

It is clear that the values Ei, • • •, E r are in absolute 
value less than a fixed quantity k, which does not depend 
upon H. 

Observing that 


is a reduced unit , it is seen that the r logarithms for H are 
in absolute value less than k. 

Since (see Art. 138) 

h(H) + • • • -\-l r+ i(H) = 0, 

it is clear that the absolute value of l r +i(H) is less than kr. 
There consequently exist the inequalities 

\HM\<e k , •••, \H {r) | <e k , |# (r+1) \<e rk ; 

and that is, all the conjugate values of the unit H are in 
absolute value less than e rk . 

Due to a theorem in Art. 135 there are only a finite 
number of such units. Denote them by Hi, •••, H 0 . 
It follows that H = H s , and accordingly, 

H = Hsr,?'---V? r , 

where S has one of the values 1, •••, G. Hence, if 
H t is any one of the units Hi, • • *, H 0 , and if we form the 
first G-\- 1 powers of Ht , it follows that there must be 
two of these powers which are expressed in the form 

Hsvi 1 ' • • • y? r ' and HsvT" • • • y?"- 

It is seen that the quotient of these two units has the 
form tjT 1 • • • T)? r . It is thus proved that for each of the 
units H i, • • •, H g , say H t (T= 1, 2, • • -, G) there exists an 
exponent M T such that Ht t is equal to a product of 
powers of tji, • • *, rj r . If the least common multiple of 
Mi, • • •, M 0 is denoted by M, it is clear that each of the 
reduced units Hi, • • •, Ha has the property that H T is 
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equal to a product of powers of 171 , 42 , * • •, Vr* From this 
it follows that the r logarithms for any arbitrary unit 
H of the realm ft may be expressed in the form 



1 ,TT\ - ’ ' -bW r Zl(?7r) 

“ M 


j ,tt\ m dr(Vl) 4“ ‘ * ' +W r J r (77 r ) 

l(H) = M - 


where mi, • • •, m r are rational integers. 

Art. 141. If next we consider all the units of ft, and 
for each unit form a corresponding system of logarithms 
as in ( 1 ) above and if we proceed with these systems of 
logarithms as was done in detail in Vol. I, Art. 96 for the 
determination of a basis for all integers of ft, it is seen that 
there exists a system of r units, say € 1 , • • •, e r , such that 
through the logarithms of these r units the logarithms for 
every arbitrary unit H of the realm ft may be expressed in 
the form 


( 2 ) U(H) =aiZ,(ci)+ • • • -\-a r li(e r ) (* = L 2, •••, r), 

where a h • • •, a r are rational integers. This system of 
units «i, • • •, c r fulfill the requirements demanded in the 
Dirichlet Theorem of Art. 130. 

In fact, if H is an arbitrary unit and if the logarithms 
for it have the form just written, then 




is a unit reduced with respect to H. The logarithms for p 
are all =0. Such a unit is necessarily a root of unit. 
For, from what was proved above 


where m h • • •, m r are rational integers. Taking the 
logarithm of this expression and observing from ( 3 ) 
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that log p = 0, it is seen that 

mih(vi) + •' • -\-m r li(yr) =0, 

'Mllriyi) + • • • -\-m r l r^Tj r) = 0. 

It follows that 

Wi = 0, • • •, m r = 0, 

and consequently, 

P v = 1 . 

From this follows at once the expression of H in (3) in 
the form required by Dirichlet’s Theorem. 

From the method in which ei, • • •, e r were determined, 
it is clear that 

li(vi), li(vr) b(*i), •••, h(e r ) 

. =A .••. = AR, 

lr(Vl), *•*, lr(Vr) l), •**, Jr(«r) 

where A is a determinant which is a rational integer, 
varying with every system of independent units 771 , • • *, 7 ? r 
and where the determinant R is the regulator of the 
realm ft, an invariantive quantity 9 ^ 0. The sequence of 
the units ei, • • •, e r must be so taken that R is positive. 
From this it is clear that the expression of the unit H 
through the units € 1 , • • •, e r may be done in only one way. 
The proof of the Theorem of Art. 138 is thus completed in 
all detail. 

The above proof of Dirichlet’s Theorem also offers a 
means (difficult though it be) of determining the system 
of units € 1 , • • •, e r through a finite number of operations. 
A method of treating this question leads to a Theory of 
the Algorithms in continued fractions which with the 
allied questions of periodicity is treated by Minkowski. 
(“ Generalization de la theorie des fractions continues,” 
Ann. de VEcole Normale, 1896, 3 d S 6 rie, t. XIII; Collected 
Works, Vol. I, p. 278.) 
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Art. 142. The Fundamental Units. The system of 
units «i, that was introduced in the previous 

article, was called (Art. 127) a system of fundamental 
units of the realm ft. 

It is clear, if t?i, • • •, y f is another system of fundamental 
units, that the determinant of the corresponding system 
of the r logarithms must be the same as R except as to 
sign. For 

Mm)» * * *> li(Vr) 

;;;;;;;;;;;;;;; =a 

Ir(yi)) • • •, Ir(rjr) 

ll(Vl), * ' •> ll(Vr) 

=aa 1 , 

Mm), • • •» Mm) 

so that AAi = 1, or A = A\ = ±1. 

In the proof of the results of the preceding article, it 
was seen that a unit whose corresponding logarithms were 
all =0, was necessarily a root of unity. And this has 
expression in the following. 

Theorem. Every unit , which with all its conjugates are 
in absolute value equal to 1 , is a root of unity . 

Direct proofs of this theorem are given by Kronecker, 
Werke, Vol. I, p. 103, and by Minkowski, paper above 
noted in the Ann. de VEcole Normale , and Geometrie der 
Zahlen, §43. Also note proof given by Weber, Alg. f Vol. 
II, p. 705. 

Since —1 and 1 are roots of unity in every algebraic 
realm, and since every other root of unity is a complex 
quantity, it is seen that the number of all roots of unity in 
any realm is even and that this number is only greater 
than 2 when all the conjugate realms are imaginary. 

Art. 143. An arbitrary system of t units tji, • • •, 
Vt is called a syste?n of t independent units, if among them 


h(ei), • • •» hGr) 


lr(e l), • • *, IrGr) 
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there exists no equation of the form 

rn t _ i 

Vi 1 • • *i?i *= l, 

where m h • • *, m t are rational integers. The number t 
must (Art. 140) always be ^r. In particular, the 
system of fundamental units ei, • • •, e r forms a system of r 
independent units. 

If there exists another system of r independent units 
V\> • • *, Vr, an integer M may always be found, such that 
for every unit e of Q there is an equation of the form 

£ Af _ rn r 

€ — If! 1 • * -rir r y 

where m u •••, m r are rational integers. For, by 
Dirichlet’s Theorem 

(2) Vs = Ps€ a i u - • •€?" for s = 1, 2, •••,?*, 
where p is a definite root of unity for each s, and ai„ • • •, 
a r8 are rational integers. Further, the determinant 
£=fcan- • a rr is different from zero due to the fact that 
the rj’s are independent units. Denote this determinant 
by A. It follows from (2), if 



that 

log (f! a ) =a u log (€i)H -hflr3 log (e r ) (s = l, 2 , •••, r). 

Hence, 

log (€<) = log (*?l) + • * * log (^r)] 

(t= 1 , 2 , •••,*■)» 

where the A’s are rational integers, or 

A\t Art ^rt 

ttPl A • ”Pr A =Vl A --Vr A (t = l, 2, -,r). 

By the Dirichlet Theorem e = pel 1 • • • e“ r and, if p E = 1 for 
all the roots of unity in the fixed realm, then clearly the 
integer M = AE has the property required of M above. 



CHAPTER VIII 


EXTRACTS FROM MINKOWSKI’S GEOMETRY 

OF NUMBERS 

Art. 144. Let x u x 2 , •••, x n be a system of real 
quantities independent of one another, which are 
continuous and may have infinite values. These quanti¬ 
ties may be taken as the rectangular coordinates of a 
point in space S n of n dimensions. We thus have a 
mode of expression which is visualized in the cases n = 1, 
2, 3 and which through analogy is at once intelligible in 
the general case. It is seen that the results derived in 
the general case may be checked as to correctness by 
making n — 1, 2, 3, and by noting the corresponding 
results in these cases. Accordingly, in S n we shall 
speak of a point x which may be represented by a system 
of real values Xi, x 2 , • • •, x„. These vary in a continuous 
manner as x is caused to move in a continuous manner. 
If y is a second point in S n with coordinates yi,y 2 , • • *, y n , 
the positive square root 

(!) P = V(xi — yi) 2 + (x 2 - y 2 ) 2 H- \-(x n -y n ) 2 

denotes the distance between the two points. The 
totality (or collectivity) of all points y , whose distance 
from x does not exceed a definite positive quantity «, 
where c is taken arbitrarily small, is called the neighbor¬ 
hood of the point x. 

We consider next a domain X of points in S n , regarding 
which the two following postulates are made: 

I. With respect to each point in S n it is definitely 
determined whether or not it belongs to X. 
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II. X is finite; that is, the coordinates of every point x 
in X are contained between definite finite limits. 

A point having a neighborhood, in which all the points 
belong to X , is called an interior point of X. A point, in 
whose neighborhood no point of X is situated, is called an 
exterior point of X. 

A point in whose neighborhood are situated points 
that belong toX and points that do not belong to X is 
called a boundary point of X. The totality of all bound¬ 
ary points is called the boundary of X and is denoted by 
B. 

The interior points belong to the domain X, the 
exterior points do not belong to this domain. We shall 
consider (although it is unessential) the boundary points 
as belonging to X. 

The collectivity of all points whose coordinates satisfy 
a linear equation is called a plane. The coordinate planes 
are 

.T, = 0 (»*= 1.2, •••,»). 

The space S n is divided by means of n equidistant 
assemblages of planes which are parallel to the coordinate 
planes 

• • •, x t = a t — 5, x, = a„ Xi = a,-}-5, x, = a,+25, • • • 

(i=1,2, ••*,«) 

into elements, called cuboids or cells (Wurfeln). In two 
dimensions these cells are squares and they are cubes 
in three dimensions. The volume of a cell is 5 n . 

The interior of a cell is determined through the n 

inequalities 

a t -+M<x,•<«,+ (&,+1)5 (* = 1,2, •••,*), 

where the k’s are integers. 

Among these cells there are some which contain only 
points of X and which may therefore be called interior 
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cells. There are a finite number of them. Denote this 
number by M. 

Among the cells there are others which contain points 
of X and also points that do not belong to X. These 
may be called boundary cells. Denote this number by m. 

If there exist boundary cells, it is evident that the 
volume M8 n does not contain all the points of X. How¬ 
ever, ( M-\-m)8 n does contain all the points of X and in 
addition other points. We may therefore say that the 
volume V of X lies between the limits 


(2) M8 n ^V^(m + M)8\ 

Now, if 8 is diminished in a continuous manner, the 
numbers M and m become larger and larger and in such a 
way that M8 n increases while (M+m)8 n decreases. 
These two quantities are finite and approach definite 
limits. If the two limits are the same, it is evident that 

(3) lim M8 n = lim (m+M)8 n = V; 
or, if 

(4) lim m8 n =0, 

then V may be called the volume of X. When this 
condition is satisfied, the limiting value 1 of V is the 
same if other methods of distribution of the elementary 
parallelopipedons are introduced, where the domain is 
distributed into elements through surfaces that have been 
formed otherwise. 

Each of the elementary cells in the space S n has a 
definite center. Let N denote the number of centers 
which lie within the domain X. Hence, since every 
interior cell has its center within X and since every 

exterior cell has its center on the outside of X, it follows 
that 


M ^ N +m. 

Worfo, No. 12, and for the extension to multiple integrals 
see Wilson’s Advanced Calculus, pp. 50 ff. 
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Hence, 

Nb n — mb n ^Mb n t and (M+m)b n ^Nb n +mb n . 

It therefore follows from (2) that 

Nb n —mb n ^V^Nb n +mb n . 

If we put 

V = Nb"+Rb, 

then it is seen that 

— mb n ~ l <R<mb n ~ l . 

It may be proved as follows that mb n ~ l lies within a 
finite limit, so that mb n approaches zero when 6 is very 
small. Suppose that the boundary B of X consists of a 
finite number of portions B u B 2 , • • •, in each of which 
one of the coordinates of the point x may be expressed as 
a one-valued and continuous function of the others. For 
example, in Bi let 

X n = <p(x 1, X 2) • ’ *, £ n _i). 

(Compare this with a volume and a surface in three 
dimensional space.) The values of Xi, x 2 , • • •, x n -i which 
appear in Bi fill a domain X n _i in an n— 1 dimensional 
space *S„_i which may be called the projection of Bi. A 
cell which within its interior contains points of B { is 
said to be cut by the surface Bi. Let c be such a cell, 
whose number, say, is mi. Then the coordinates Xi, x 2 , 
•.., x n -i which correspond to points of c fill an n — 1 
dimensional cell c' whose volume is 5 n_1 . Let M' be the 
number of the cells c'. If the number of cells c which are 
projected into ann-1 cell c' does not exceed a finite 
number a (and that is, if there are only a finite number of 
cells of the nth dimension that are cut by B { and which 
are projected on one cell of the (n l)th dimension), 

then is 

mib n - l <aM b n ~ l . 

1 This assumption is further considered by Weber, Algebra II, p. 676. 
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Evidently the quantity M'8 n ~ l is less than the volume of 
ann-1 dimensional cell C that is taken so great that the 
entire domain X n _i lies within it. Consequently, it 
follows that 

mib n ~ l <aC; 

and that is, m,S n-1 is less than a definite finite value 
however small 8 is taken. 

The above may be formulated in the theorem. 
Theorem. If V is the volume of the domain X and if N 
is the number of centers of cells, which centers lie within X, 
then is 

V = N8 n +R8, 

where R is a quantity which, however small 8 may be, in 
absolute value does not exceed a finite limit. 

It follows that 

V = lim N8 n . 

Art. 145. The Computation of the Volume. Let u x , 
• * - ,u n be continuous functions of the variables x X) x 2 , 
• • •, x n in the domain X and such that to every point in X 
there corresponds a system of values of the variables u ; 
and reciprocally to every system of values of the variables 
u in a certain domain U there corresponds a point in X. 
Thus to the domain X there corresponds the domain U in 
a space S n in which the u' s are the coordinates. 

The functional determinant 

<tai dxi' _ dx n 
du x du 2 du n 

which occurs in this transformation was called by 
Sylvester after Jacobi, 1 the Jacobian of the functions x x , 
x 2) • • *, x n with respect to the variables u X} u 2 , • - *,u n and 

1 Jacobi, “ De determinantibus functionalibus,” Crelle, Vol 22 1841* 

Werke, Vol. 3, pp. 392 ff. 

20 
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may be denoted by the symbol 

d(x lt x 2t x n ) 
d{ui, u 2 , • • u n )* 

The properties of the Jacobian are given in the text books 
on determinants. See for example Chapt. XIII of Scott 
and Mathews, Theory of Determinants; Weber, Algebra, 
Vol. II, p. 680. 

In particular, it is seen that 



d(x i, x 2 , • • •, x n ) d(x i, Xo, • • •, x n ) d(u\, u 2 , • • •, u n ) , 
d{v 1, v 2 , • • •, v n ) ~d(u h u 2) • • •, u n ) d(v h v 2 , • • •, v n ) 


where u h u 2 , u 3) •••,w n are functions of the new variables 
Vi, v 2) • • •, v n . 

We further have 

1 

d(x 1, x 2 , • • •, Xn) = d(u h u 2 , - - •, Un) 

' ^ d{u h u 2 , • • •, Un) d(x 1, a; 2 , • • •, a: n ) 

If the functional determinant in the domains X or V is 
not infinite, there exists the transformation 1 




dxidx 2 • • • dx n 



d(x 1, X 2 , • • •, X n ) 
d(^i, w 2 , • • w n ) 


du\du- • -dw n , 


where the first integral is to be taken over the domain X, 
while the second integral is to be given a positive value, 
if the elements of integration dx i, dx 2 , • • •, dx n and du\, 
du 2 , • • •, du n are taken positive. 

To apply the above transformations, let y i, y 2 , • • •, 2/« 
be a system of independent linear functions of Xi, x 2 , • • •, 
x n expressed through the relations 

(3) yi = CuXi + C 2i X 2 -\ -b CniXn (t = i, 2 , •••, n), 

and assume that the y ’s are either all real or, if there 

1 See Wilson's Advanced Calculus , p. 336. 
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appear imaginary y’s, that also their conjugates are to be 
found among the above relations. 

It is seen that the determinant 

D = H=t C ll C 22 ' * ’ Cnn 

is either real, or, if the number of pairs of conjugate y’s 
is odd, the determinant is a pure imaginary. 

Denote the real y’s by y h y 2} • • •, y„ while (y t+li y„+ ,), 
(y»+ 2 , Vh- 2 ), (2/r, y n ) indicate the imaginary pairs 

which are in number v — s = n — v , so that 

s = 2v — n. 

Let r 1 , r 2 , • • •, r„ denote real quantities and put 


2/i = n, y 2 = r 2 , • • •, y„ = r B ] 
y a+ i = r a+ ie <v, », •••, y, = r#'**-*\ 

2/ H .i = 7v H e _< *>, •••, y n = r 

In this scheme r 1} r 2 , • • •, r a are to be unrestricted so long 
as the x’s are unrestricted, while the quantities r a+ i, r a+2 , 
• • ‘,r„ are to take onb/ positive values (including zero), the 
angles <pi, <p 2) • • *, being restricted to the intervals 


0^z<Pi<2tt, • • •, 0 < <pn- v <2 tt. 

Through this convention it is seen that to every point x 
there will correspond a definite system of values r x , r 2 , 
• • •, r y) <pi, <p 2 , • • •, <p n -„ and vice versa. 

Further, observe that 

_ d(x 1 , x 2 , — •, x n ) _ 

r 2l • • •, r„ ^ 1 , ^> 2 , • • •, <p n -,) 

t 

d(x 1 , s 2 , • • •, a n ) d(yi, y 2 , • • •, 2/ n ) 

2/2, • • •, y„) d(ri, • • •, r„ *>1, • • •, *?„_,) 

= A ^(2/«+i> 2 /h-i) . # d(y„ y n ) . 

_ . L) d(r a+1 , ^0 " * d(r„ *>„_„)' 

and smce 


y*+ 1 ) dy a+ i ^ dyy+i dy s+l 

d(r l+ i, <pi) dr s+ i dpi dr s + x d<p x 


— etc,, 
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it follows that 


d(x u .r 2 , •••,£, ) (-2i)—’ 

d(r lt • • •, r„ *>,, • • - , *>„_„) " Z) ra+irs+2, • * r '* 

As there are n —y pairs of imaginary roots found in D, 

each pair contributing an i, the factor -—^— is a real 

quantity; and, if the absolute value of D is denoted by A, 
it follows that 


dv i* • • dr a r B +\dr a +\- • 'T v dr v d<p\' • 'd(p n - v . 

If the domain Y of the y 's is such that only the absolute 
values of the linear functions in (3) appear, the value of 
V just given may be further simplified. In this case 
corresponding to any system of values of the variables 
ri, r 2 , • • •, r„, there correspond all the values of <pi, <p 2) • • 
<p n - y , which satisfy the conditions 

Q = ip\ <2ir, • • •, 0 = <p n - y <2ir. 

The formula for V becomes 




Further, observe under the same conditions that a definite 
system of values of the quantities r 2 , r 3 , • • •, r„ corresponds 
to every value of ri there corresponds also the opposite 
value, so that 

r_ r+ r. 

J—a x Jo J—a x 

Hence, the integral with respect to iq may be distributed 
into two parts, in the one of which r \is positive and in the 
other negative. If this distribution is made for all the 
real y’s in the scheme (3), and if we observe that 

2 n- 2 v+s = 2n-2v+2v-n = n, 
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it is seen that 

(4) V — ^—J • • • J j r 8+1 * • -r4r\dr 2 - • -dr,, 

where now the variables r x , r 2 , • • •, r„ are all limited to 
positive values. 

Art. 146. The Functions S(a, b) and E(a, b). Denote 
the points in the n-dimensional space S n by the letters 
a, 6, • • •, x, • ■ *, where the coordinates of a are a 1} a 2) •• *, 
a„, the coordinates of b being b l} b 2} • • •, b nf etc. 

A function of the coordinates a u a 2 , • • a n is called a 
function of the point a and may be denoted by/(a). 

Similarly, a function of two points a and b, may be 
denoted by f(a, 6), etc. 

Among the points of S n those, whose coordinates are 
integers, are particularly noteworthy. These points are 
called lattice-points in S n . They lie upon n assemblages of 
equivalent parallel planes, which divide the space S n into 
cells (Art. 144). Each of these cells has the volume 1. 

Consider a function S(a, b) of two points 1 which 
satisfies the postulates: 

.1* S ( a > &) is for any two points a and b that are 
different from each other, positive and finite and vanishes 
only if a and b coincide. » 

II. If a, 6, c, d are four points (a^b), which four points 

are so situated that a positive value of t may be deter¬ 
mined such that 

di~b i = t{c i — d i ), 

then is S(a, b) = tS ( c , d). Geometrically interpreted, this 
postulate means that the lengths ( ab) and (cd) are 
parallel and are to each other as t : 1. Analytically, the 
ormula signifies here that S is a homogeneous function of 
the first degree in the differences a, — &». 

1 Weber’s Algebra, Vol. II, p. 681. 
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III. If a, b , c are any three points, then is 

S(a, c)^S(a, b)+S(b, c). 

IV. £(a, b)=S(b, a). 

Functions which satisfy the above postulates were 
called by Minkowski interchangeable, concurrent line- 
distances, or in general, line-distances. As the termin¬ 
ology is somewhat of a misnomer, it will not be used. 

If 0 is the center of coordinates and if x l = a i — b i} it 
follows from III that 

iS(o, a:) =S(a, b)=S(x), 

say, so that S (a, b) is expressed as a function of the one 
point x. 

E(a, b) may be defined as the half-side of a cell whose 
edges are parallel to the coordinate axes and whose center 
is at a , the point b being on the surface of the cell. In 
other words E{a, b) is the greatest of the absolute values 
of the n differences a, — 6,-. 

From the inequality 

|a, —c,-1 = I#* — bi~{-bi — Ci | < |cq — bi | + |bi — Ci |, 
it follows that 

E(a, c)<E(a, b)-\-E(b, c). 

Accordingly, E(a, b) satisfies the four postulates required 

of the function S(a, b). 

All points x which satisfy the condition 

E(o, x)=E(x) = 1 

lie upon the surface of a cell whose center is at the 

origin, and the length of the sides is 2. 

If S(a, b) is any function that satisfies the four postu- 

lates made at the beginning of this article, then the 
values, which the function S(x) takes for the points of this 
cell-surface, have an upper limit K and a lower hmi • 
Due to the postulate II the ratio S(s) : E{x) depends only 
upon the ratios of the coordinates x x : x 2 : ■ ■ ■: 
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It is evident that for any point x of the cell there 
exists the inequalities 

JcE(x) ^S(x) ^KE(x ); 
and hence from postulate II 

kE(x) S S(x ) ^ KE(x ) (i) 

for any point whatever. 

Let a be any lattice-point and observe that all points 
which satisfy the condition 



lie upon the surface of a cell whose center is at the origin. 
If y is a point without this cell, then is 


E(y)> 




In the cell determined through (ii) including the surface 
of this cell, there lies at least one lattice-point, namely a. 
Evidently, there are only a finite number of lattice- 
points in such a cell. Among the values which *S(:r) 
takes for these lattice-points there-is one which has the 
least value; and, if this smallest value exists for the 
lattice-point c, then is 

S(c) ^ S(a). (iv) 

For any point c' situated without the cell, it is evident 
from (ii) that 

kE(c')>S(a). 

Hence, due to (iv) and (i), 

S(c')>S(c). 

It is thus proved that S(c ) is the minimum among all 
the values which the function S(x ) can have for any 
lattice-point that is different from zero. It is also 
evident that S(c) is the minimum among all the values of 
the function S(a, b) for two different lattice-points a and 
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b. This value which may be denoted by M is called the 
minimum of the function S. 

Observe that upon the cell E(x) = 1, there are certain lat¬ 
tice-points for example Xi = l, x 2 = 0, x 3 = 0, •••, x n = 0. 
Hence, due to the significance of K and the formula (i), 

M^K, 

so that there is an upper limit of M. 

If h is a constant, all points which satisfy the condition 

S(x)^h (v) 

fill a finite portion of space, say S, which has a definite 
volume. Denote by J the volume of the portion of 
space So which is determined through 

S(x)z= 1. 

Hence, the volume of the portion of space S is equal to 
h n J. From (i) it appears that all points which satisfy the 
condition (v) also satisfy the inequality 

E(x) (vi) 

Accordingly, the portion of space S lies wholly in the cell 
that is determined through (vi). The volume of this cell 

h n 

is which quantity is therefore an upper limit for the 
volume of J. 

If next a and b are any two lattice-points, the two 
portions of space A and B which are determined through 

S(a, x) za \M, S(b, x) ^ \M (vii) 

have either no points in common or at most only portions 
of their surface. For, if x is an arbitrary point, then due 
to the postulate III, above, 

S(a, b)^S(a, x)+S(b, x); 

and due to the significance of M, the quantity S(a, b) is 
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not smaller than M. Hence we must have 

M^S(a, x)-{-S(b ) x). 

This is in accord with (vii), only when 

S(a, x)=\M — S(b, x). 

Now let m be any rational integer and consider the 
lattice-points whose coordinates are any of the integers 
0, ±1, ±2, •••, dbm. The number of such points is 
(2m-j-l) n and they all lie in a cell whose edges are 2 m in 
length. About each of these lattice-points a construct 
the portion of space A which is defined through 

S(a, x)^\M, 

and whose volume is equal to These portions of 

space are all contained in a cell whose center is at the 
origin and whose edges are in length (see (vi)) equal to 

2m+ T . 

As was seen above, the portions of space A do not overlap 
one another, so that their combined volume is not 

greater than the volume of the cell which encloses them, 
and that is, 

(2m+l)»(§M)V ss^m+y)" • 

In this expression m may be allowed to increase in¬ 
definitely with the resulting fundamental equation 

(JM)V^l. (vii) 

The determination of J in this expression may be often 
made through an integration. 

The following cases may serve not only as examples, 
but they are important on account of later applications. 1 

1 See Weber’s Lehrbuch der Algebra, Vol. II, p. 685, which has been followed 
cioseiy m the presentation of this chapter, the results being taken from Min- 
kowski s Geometrie der Zahlen. 
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Art. 147. Example 1. (See Minkowski, Geometrie 
der Zahlen, p. 102.) 

Let y i, 2 / 2 , •••> 2 /» be a system of linear functions of 
Xi, x 2f • • •, x n defined through the equations 

l=n 

Vk= T.A ik Xi (k = 1, 2, •.•, n), 

1=1 

where the A ** are real quantities, whose determinant 

±A = 22AzA\iA 2 2' • ’Ann 
is different from zero. 

Define the function S(a, b) as the greatest among the 
absolute values of the n functions 

ZA^-h) (*-i, 2,. 

1=1 

It is at once evident that this function satisfies postulates 
I, II and IV of Art. 146. Observe further that the 
postulate III is satisfied. For, by definition, S(a, c) is the 
smallest number which for A; = 1, 2, • • *, n satisfies the 
inequalities 

ZAik(ai-Ci) c). (i) 

On the other hand for every k we have 

ZAafa-d) ^\XA a (fl i -b i )\ + \ZA,k(.bi-c i )\i 
1=1 

and consequently 

ZAik(ai — Ci) ^S(a, b)+S(b, c). 

1=1 

It follows from (i) that 

S(a, c)<£(a, &)+£(&, c). 

The points which satisfy the equation S(x) = l form the 
boundary of a portion of space. The points of this 
portion of space satisfy the inequality 

— 1 =2/« = +1- 
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The volume of this portion of space is 


dx\dx 2 • •• dx n 

-sir if x 2 , • • •, x n ) 


d(y i, y 2, 

•+i r +1 


» 2/n) 


dyidy 2 - • 
2 n 


= aJ_, •1, L 

Hence, from formula (vii) of the preceding article, 

M^a. 


The expression of this theorem as given by Minkowski 
is: 

In every system of n real linear functions of n variables 
with a determinant ±A, which does not vanish , integral 
values that are not all zero may always be given to the 
variables such that none of the absolute values of these 
functions is greater than Va. 

Other proofs of this theorem are found in Vol. I, Arts. 

26 ff. 


Art. 148. Example 2. As in Art. 147 let y i, y 2 , • • 
y n be a system of independent linear functions of x h x 2f 
• • •, x n , whose determinant has the absolute value A. Of 
these y’s let there be n — v pairs of imaginary and s = 2v — n 
real functions; and further, let 

S(x) = |?/i | + | 2/2 | + * * * + |l/n | • 

If a i} p if y i are the values of the function y,- at the 
points a, b, c, then is 

S(a, 

and since the absolute value of a sum is never greater 
than the sum of the absolute values, it is seen that 

!£(«»*“ Vi) | < | L(«»— Pi) | + | Vi) |. 

It is thus shown that the four postulates of Art. 146 are 
satisfied. 
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Due to the definition of J in Art. 146, it is seen that 



where the integration is to be taken over all positive 
values of ri, 7*2, • • •, r„ which satisfy the condition 
/S(x)< 1; and that is, the condition 


r i +7 , 2+ • • • +r a +2r 8+ i+ • • • +2 1. 

To visualize the work, let n = 3. If then all three 
functions of y are real, so that v = 3, the surface S(x) = 1 is 
the surface of the octahedron, the equations of whose 
eight faces are 

±X±y±Z=l. 

If however, two of the functions y are conjugate imagi¬ 
nary, then S(x) = 1 is the surface of a double cone which is 
generated by the revolution of a rhomb about its 
diagonal. Observe that the equations of the cones with 

vertices =tl, 0, 0, which stand on the circle — = 1, 

2^ —J— 

in the zy-plane, are — p —=(l±x) 2 . Hence, if r = J, we 

have the desired cones (Salmon, Geometry of Three 
Dimensions , p. 101, Ex. 7). 

Noting 1 that when the integration is taken as indicated 
above, we have 

2 

n(n)A ’ 


where n(n) — 1, 2, • • *, n. 

From formula (vii) of Art. 146 it follows that 

*n(?i)A, (i) 

i See Dirichlet, Wcrke, Vol. I, p. 391; Kronecker, Vorlesungen iiber einfach 
und mehr/ach Integrale, p. 243, Formula 10; Goursat, Cours d’analyse, Vol. I, 
p. 372; Humbert, Cours d'analyse, Vol. II, p. 102, derives a similar formula 
for the tetrahedron. See also Wilson’s Advanced Integral Calculus. 
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where M is the least positive value which the function 

1 2 / 1 1 -h 1 2 / 2 1 H-b \y n \ 

can take for integral values of x } , x 2) • • x n . 

The above limit may be put into a more simple form, if 
we observe that by definition of II(n) 

II(n-H) _ n(n) _ U(n) / n V 

(n + l) n+1_ (n + l) n_ 7 i n \n + l/ 

By the Binomial Theorem 

where the equality sign appears only when n = 1. 

It follows that 

n(n+i) < i n(n). 

( n _|_l)n+ i = 2 n n ’ 

and by a repetition of this formula it is seen that 


77 n 

n(n)2^=r 

In this expression the equality sign appears only when 
n = 1 and n = 2. Observe also that v is at least equal to 1, 
so that 

2 n_>, = 2 n_1 . 

The formula for M above is thus transformed into 



In this formula the equality sign appears only when n = 1 
or 7i = 2 and in the latter case only under the assumption 

that v~\) and that is, when y\ and y 2 are conjugate 
imaginaries. 


Since - is less than unity, it is evident finally that 


M =?i Va, 
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where the equality sign appears, if n = 1 . Neglecting this 
case, the following theorem has been derived: 

Theorem. If y i, y 2 , • • •, y n is a system of linear 
functions which are real or are conjugate imaginary in 
pairs, with a determinant which does not vanish and is in 
absolute value =A, then to the variables there may be 
ascribed integral values that do not all vanish such that the 
arithmetical mean of the absolute values of the y’s is less 

than Va. 


Art. 149. Application to Algebraic Realms. Lemma. 
If ai, a 2 , • • •, a n are real positive quantities, then is 

01+02 + • • • ~\~a n >n Vaia 2 • • * 0 n * 

The Lemma is evidently true for n = 2, since 

01+02 — 2 Va x a 2 = (Vai — Va 2 ) 2 

a quantity which is never negative. Hence, to make an 
inductive proof, suppose that the theorem is proved for 
7 i — l. If then a n is a quantity which is as great as any of 
the preceding a’s, it follows that 


0n> "Vdi-0 2 • • *0n-l* 

Denoting the expression on the right by b, we have by 
hypothesis 

01 + 02 + • • • +0n -(ti —1)6; 
and consequently 

01+02+ * * ' +0n> 0n + (^ 1)6. 

From this it follows that 

• 01+02+ • • • +0n = r | 0n — 6 

n > n 

By virtue of the Binomial Theorem, since 0 n -6 is not 
negative, we have 

/ai+a 2 +• ■ • +.^y=fr, + 6 -i(q,-b) =a„ 6 "- 1 ; 

and with this the lemma is proved. 
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If in the above expression for the a’s there are written 
the absolute values of the y’ s of Art. 148, there arises: 

Theorem I. If y i, y 2 , • • -,y n are linear functions of the 
variables X\, x 2 , • • •, x n , and if the y's are either all real or in 
part conjugate imaginary in pairs, with determinant whose 
absolute value is A, then for the x’s such integral values 
may be found that the y’s do not all vanish and are such that 

(1) 12/1*2/2* • * 2/n | <A. 

The theorem is true but loses its significance if the sum 
of the y’ s vanishes. A better defined limit for this 
product is had from (i) of the preceding article, namely 


or 

( 2 ) 


( I2/1 H-b |2/n|) n <Af n ^ 



(2/1-2/2* * *2/n)< 



Observe (see for example Humbert, Cours D’Analyse, 
Vol. II, p. 100; and for the Sterling approximation, 
Wilson’s Advanced Calculus, p. 458, Ex. 13) that 


n(n)<V27rne 12 "n". 

It results that 

(3) |2/i* 2/2-* *2/n| V27me - " +12n A. 

From this, certain noteworthy results may be derived in 
the theory of algebraic numbers: 

Let 12 be an algebraic realm, and let a be an ideal in 
this realm with basis a 2 , ••*, a n such that all 
integers in 12 which are divisible by a may be expressed in 
the form 


a = aiX 1 -\-a. 2 x 2 -\ - bcx n x n , 

where the x’s are rational integers. 

Next consider the n integers that are conjugate to a. 
These are n linear functions of the x’s which do not 
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vanish unless all the x’s are equal to zero. These 
functions may be written for the y's in the formulas 
above. The square of A is then the discriminant of the 
system of the quantities a (1) , <x (2) , • • •, these quantities 
being the conjugate values of a just written. 

Further (see Art. 137), 


±A 2 = N(a) 2 D 

where D is the discriminant (basal invariant) of the realm 
ft. From formula (1) above is derived the theorem: 

Theorem II. If a is an ideal of the realm ft, there is 
always an integer a in ft that is different from zero, which is 
divisible by a and is such that 

N(a)<N(a)\'fD\. 

(See Art. 137.) Since a is divisible by the ideal a, we may 


a 


put - = b, where b is an integral ideal, or 

a = ab. 


It follows from the theorem just proved that 
(4) N(b)<\^D\. 

If a is another integer in ft that is divisible by a, so that 


a = abi, 


say, then is 


a 0 
a hi 


or 


b^bi. 


If then a passes over the collectivity of integers in ft that 
are divisible by a, it is seen that b goes through an ideal- 
class; and this, with what has just been proved gives 
expression to the theorem (see also Vol. I, Arts. 218 and 
309): 

Theorem III. In every ideal-class there is an ideal 
whose norm is less than | VZ) |. 
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In formula (4) the equality sign can appear only 
when n = 1. Further, since A r (b)>l, we have in (4) a 
proof of the theorem: 

Theorem IV. Besides the realm 1 of rational integers 
there is no realm whose fundamental invariant D=±l. 
(See also Vol. I, Art. 298; and Minkowski, Geometrie d. 
Zahlen , p. 130.) 

More definite limits may be derived for the absolute 
value of the discriminant of a realm, if formulas (2) and 
(3) above are used. From (3) it is seen that 


I N(a) i 2 < (^) 2< " V> N(a ) 2 1 Z> 1 ; 

and since 

A T(a) * 

N(a) >Lf 

it follows that 



Further from (3) it follows at once (see also Minkowski’s 
Geometrie der Zahlen , p. 134) that 



Since the right-hand side of this expression becomes 
infinite with n, the theorem follows, namely: 

Theorem V. A definite discriminant D is to he had only 
with a finite number of the integers n , which determine the 
degree of the realms. 


From (5) and in definite cases, other limits may be had 
for the discriminants. For example, if n = 2 and v = 2 
there is a real quadratic realm, D is positive and at least 
is equal to 4. For an imaginary quadratic realm n = 2, 

262 Kr0necker * Werke ' Vo1 - II. P- 269; Minkowski. Werkc, Vol. I, pp. 259 and 


21 
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v = 1, D is negative and in absolute value is greater than 
p; and that is, —3 (see Vol. I, Art. 93). 

For n = 3, and that is, for cubic realms, it is seen that D 
is greater than 20 or less than —12. 

Further, see Minkowski, Geometrie der Zahlen, §§ 30, 34, 
35, 37, 40; and also Hermite, Crelle's Journal, Vol. 40, p. 
263; Vol. 47, p. 335; Vol. 53, p. 182. This work of 
Hermite’s was the inspiration of much of Minkowski’s 
endeavors. See p. 122 of Minkowski’s work just men¬ 
tioned. 



CHAPTER IX 


THE NUMBER OF IDEAL-CLASSES IN A 

FIXED REALM 

Art. 150. Synopsis of Parts of the Theory That Have 
Been Proved in the Preceding Chapters. Let 12 be a 
realm of the nth degree and let 12( = 120, ft 2 , • • •, 12„ be the 
conjugate realms. The irreducible equation whose roots 
determine these realms will in general have real and 
imaginary roots. The imaginary roots appear in pairs, so 
that to every imaginary realm 12, there is associated 
another imaginary realm 12,,, in which the numbers are 
the conjugate imaginaries of the numbers in 12,,, so that 
12 ,, is derived from 12, through the substitution ( 1 , -i). 

The number of pairs of imaginary roots plus the 

number of real roots was denoted (Art. 112) by v. If all 

the roots are real, then is n — v\ if they are all imaginary, 

then is n = 2v. The number of pairs of imaginary 

realms is n—v, and the number of real realms is 2 v — n 
(Art. 112). 

If coi, o> 2 , • • •, W„ is a basis of all integers of 12 (Vol I 
Art. 93), and if V ' ' 








(« = 1, 2, • • •, n) 

denote the conjugate systems, then all integers of the 
realms 12, may be expressed in the form 

(1) ’7 (,) ‘ • - h#nW„ > (s = 1, 2, 


• • • 


1 n), 


where the x’s are rational integers; and the fundamental 
invariant of the realm 12 is the square of the determinant 


293 


• • 


0 ) 


in) 


n • 
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Through the substitution (i, —i ) any two imaginary 
rows of this determinant are interchanged, so that VD 
changes its sign only if the number of pairs of conjugate 
roots is odd and if n — v is odd. In this case V5 is 
imaginary; otherwise, \D is real. It follows that the 
discriminant of the realm ft is positive or negative 
according as n — v is even or odd. 

The system (1) is a system of linear equations in the x’s, 
whose determinant is different from zero. If we assume 
that the absolute values of rj (a) do not exceed certain fixed 
limits, we have, by solving these equations, definite limits 
for the rational integers x. This gives expression to the 
theorem (see Art. 125): 

Theorem. There exists in any algebraic realm Q only a 
finite number of algebraic integers such that the absolute 
values of the conjugate integers rj (s) all lie within given fixed 
limits. 

Now let ri, r 2 , • • •, r n be a system of real (not necessarily 
rational quantities), such that 



7V7V • *r n = l, 


with the further condition that if ?? (8) and V 50 are two 
conjugate integers, then 

(3) r, = 7v; 

and for the y's of the theorem at the end of Art. 148 write 


It results that 

r i 




Denote the right-hand side of this expression by A and 
observe that none of the quantities that constitute the 
sum on the left-hand side can reach the value A. 



NUMBER OF IDEAL-CLASSES 


295 


This result may be expressed as follows: 

Theorem. If r a is an arbitrary system of real positive 
quantities subject to the two conditions (2) and (S), there is a 
real quantity A determined through the realm Q, such that an 
algebraic integer rj of the realm Q. may be determined which 
with its conjugate integers satisfy the inequalities 
(4) \ri (t) \<r a A (s = l, 2, •••, n). 

Observe that except in the realm of rational numbers 
where n = 1 and in the imaginary quadratic realms 
(n = 2, v = l) one of the numbers r a is perfectly arbitrary. 
Accordingly, there results from (4) the theorem: 

Theorem. In every algebraic realm , the rational and 
quadratic imaginary realms excepted , there exists an 
algebraic integer which is in absolute value less than any 
fixed limit , however'small. 

If of two conjugate complex realms only one is taken, 
there remains the series of conjugate realms fti, ft 2 , • • 
With this system of realms we may associate a 
system of symbols Ci, c 2 , • • •, c„, which are such that each 
of the c’s that are associated with real realms has the 
value 1 , while the other c’s have the value 2. It follows 
that 

l=v 

Now let 7) be any number (^0) of the realm, and let 
t? (1) , t? (2) , • ••, T 7 (n) be the conjugate quantities. Corre¬ 
sponding to this system of rj’ s arrange another system of 
quantities L if Li, • • •, L n defined through the equations 

L a = c , log |t 7 (8) |. 

If is real and the sign ± is chosen so that ± 17 . is 
positive, then is L a = log (± 7 ? (8) ). If, however, q (s,) 
are a pair of complex quantities, then is 

L 0 = log • 77 (i0 . 
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Observe that to and ^ there belongs the same L a , so 
that the number of different L a is equal to 

Art. 151. Reduced Numbers. Let a be any number 
of the realm 9. and denote the system of conjugate 
logarithms of a by 

L 1 =c l log |a (1) |, L 2 = c 2 log |a (2) |, • • •, L, = c„ log |a w |, 

where Ci + c 2 + • • • +c„ = h. Let e 1} e 2 , •••, e„_i be a 
system of fundamental units with comjugate logarithms 



K l) , l?\ • • •, IP 


(A- = 1, 2, •••, v-1). 


Then as in Art. 140, it is possible to determine real 
quantities x such that the following linear equations are 
satisfied: 


pr l fi ,, +x 2 5 ,) + • • • -\-Xy-ill-i~\-XvCi = L \, 

i XilT+xj% ) H- \-x.-il™ l +x t c 2 = L 2) 


Ul^ ) +^2?2 ) + • • • Z/,. 


Observe (see Art. 138) that 


R !> +ft 2) H-h = log | A r (€.) | = 0 


(5=1,2, •••, U-I). 


It follows that (Art. 122, end) 



— nL(e i, € 2) • • •, e v -i)» 


which determinant is ^0. The unknown quantities x h 
x 2 , • • •, a*„_, are therefore uniquely determined, and these 
quantities are called the exponents of the number a with 
respect to the fundamental system of units ei, e 2 , • • e„-i* 

Since (Art. 150) Ci +c 2 -f • • • +c„ = n, it is seen that through 
the addition of the equations (1) 

nx, = log ! N(a) I = log I N(rja) |, 


where tj is an arbitrary unit of 9. 
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It is evident that the exponents of a product or 
quotient is equal to the sum or the difference of the 
corresponding exponents of the product or quotient. 
The exponents of a unit are rational integers (Art. Ill), 
and every system of rational integers x l} x 2 , •••, £,-i 
constitute an exponent-system of a unit. 

The exponent-systems of associated (Vol. I, Art. 91) 
numbers differ from one another by integral values, so 
that corresponding to every number a we can find an 
associated number a 0 whose exponents lie between 0 and 
1. Such numbers are called reduced numbers with regard 
to the fundamental system of units «i, e 2 . • • e„_i. 

It was seen in Art. 141 that all reduced units and only 
such units satisfy an equation x w = 1; and that is, they are 
roots of unity, in number w. 

We thus have the theorem: 

Theorem. Corresponding to every number a of SI there 
are w and no more reduced numbers pa 0 , where p is a 
root of x w = l. 

Art. 152. Limits Restricting the Number of Algebraic 
Integers of SI Which Are Divisible by an Ideal. It was 
proved in Art. 25 that every integer in SI was divisible by 
only a finite number of ideals. Since every integral 
ideal is a divisor of its norm, there are only a finite 
number of integral ideals in SI, whose absolute norms lie 
within a fixed limit. 

The question 1 before us is to determine the number T of 
all principal ideals (and that is, of all algebraic integers) of 
the realm SI whose absolute norms are less than a positive 
quantity t and which are divisible by a given ideal a. 

The analogous question in the realm of rational integers 
is to determine the number T of rational integers, which are 

^ • \ T t C ,™ et hods followed here are essentially those found in Dirichlct-Dede- 
Kind, Zahlenlheorie , pp. C03 ff. See also Weber, Algebra , Vol. II, pp. 71Q-727. 
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less than t and which are divisible by a rational integer m. 

It is evident that T is the greatest integer in — > 

[ m 

— . Since 


T=-+~, 
m m 


where r < m, 


it is seen that 


t ~m'tm' 


so that 


T 1 
Lim 4 = ~ 

t m 


Let a i, a 2y • • •, a„ be a basis of a and let y = a be any 
integer that is divisible by a, so that 


and put 
( 1 ) 


y = a. = a 1X1 -f a 2 X 2 H-h oc n X n ; 

2/ i = <xi 1) Xi-\-a 2 ) x 2 -\- • • • +a£ 1) £ n , 
2/2 = o’?x 1 -\-af ) x 2 H- Va^Xn, 


y n = cipx i + a ( 2 n) x 2 H-h a ( „ n) .r n, 

where the x’s are rational integers. 

Denote the determinant of the system of equations (1) 
by A, so that 

A = E±a ( 1 V 2 2 ) ---a ( n n) . 

It is proved in Art. 137 that 

A 2 = N(a) 2 -D, 

where D is the discriminant of ft. As in Art. 144 let x lf 
x 2 , • • •, x n be the coordinates of a point x in an n- 
dimensional space, and corresponding to each lattice- 
point x, let there be a point x' whose coordinates are 
determined through the equations 

x\ = t n x i, x 2 = t n x 2 , • • •, x'n = t n x n , 

t being the positive quantity indicated above. 

To each domain S of points x, there corresponds a 
domain S' of points x'. All figures in S are similar to the 
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corresponding figures in S' and the linear dimensions in S 

are to those in S' as I : t n . If then the domain S is 
given, the corresponding domain S' is dependent upon t, 
becoming larger the larger t is taken. 

The number of lattice-points which lie within a finite 
domain S' is finite but increases with t and is denoted here 
by N t . Construct around each of these lattice-points a 
cell whose edge has a length 1. To each of these cells 
there corresponds another cell whose center lies in S and 

whose edge has a length \, the volume of the cell being 

t* 1 

Due to Art. 145, the volume of the domain S } and that is, 
of the integral 

V = J J • • • fdxi ‘dx 2 - • -dx n 

is equal to the limiting value (t becoming infinite) of the 
ratio 


V = Lim 

/—►oo 


N t 

t 


See Art. 144, end, where here — = 5. Observe that 

t n 

through the linear equations (1) every lattice point x is 
the image or picture of an algebraic integer y of the realm 
H, so that Nt is also the number of integers in Q which are 
divisible by a, and whose images lie in S'. 

We shall next limit the domain S in such a way that of 
the infinite assemblage of associated numbers to which 
the same principal ideal (algebraic integer) corresponds, 
there is only a fixed definite number which have their 
images in S'. With this in view choose a system of 
fundamental units in ft, say «i, € 2 , • • *, whose conju¬ 
gate logarithms are (Art. 121) 




(i-l, 2, •••, v — 1). 



300 THE THEORY OF ALGEBRAIC NUMBERS 


The quantities ?/ t being defined through the equations 
(1), let 

Zi = Ci log 1 2 /i | 

so that, when denote a system of rational integers, z { 
denotes the system of conjugate logarithms of the 
algebraic integer a = y. If then (Art. 121) y k belongs to a 
real realm, then is 

z k = \ log yl ; 

and, when y k , y[ belong to a pair of complex imaginary 
values, then is 

z k = h log y k • y't- 

Next determine the quantities £i, £ 2 , • • •, £,-i, through 
the linear equations 

+ * * • 4"{r-lft-l”{"Ci{, = 2l, 

“f"“h ‘ * * +£,.-lfcli+C2£„ = 32, 


£i • • • +£*-iS1i+c,& = 3,> 

whose determinant (Art. 122) 9*0. Through the addi¬ 
tion of these equations it is evident (Art. 138) that 


( 2 ) 


£,=hog|iV(a)| = hog \N(y)\. 

71 r(' 


Observe that through the substitutions x[ = t n x iy we have 

l 

the relations y\ — t n yi and j 

z\ = Ci log y'i = Ci log (t n yX 
or, 


z[=Zi+-Ci log t. 

» V 


It follows also that 


{5ft 0 +Jiff + • * • +£-iC-i +c£=z' i =z i +-c i log t, 


or, 


(3) {5={l, {5 = {2, * * •> {'-1{•'-{v + ^log 
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Finally limit the domain S' by restricting £ 2 , 
so that 

(4) Oss'.cl, •••, 03f!_,<l, C<hogt; 

and as log t, we have £„< 0 . 


We are thus able to bring it about that the lattice- 
points x' in S' represent only reduced integers 7 , say; and 
due to ( 2 ) all and only such lattice-points whose norms 
in absolute value are less than t are so represented. 

Among the reduced integers, as shown at the end of th 6 
preceding article, there are always w associated with one 
another, where w is the number of the roots of unity in ft. 
If the number of such associated integers are gathered 
into one complex, the number of such complexes is equal 
to the number T of all not associated integers in ft, which 

are divisible by a and whose absolute norms are less than 
t. 

Accordingly, the number of the lattice-points situated 
in the domain S' is 

N t = wT. 

For the boundaries of the domain S we have from (3) 
and (4) 

0^fa<l, O^k-iCl, £„<0. 

From above, 


Lim T = S Lim T 




the limits to be taken as just indicated. 

Art. 153. Computation of the Volume V. The limits 
above for the determination of the volume of S depend 
only upon the absolute value of the variables y i} so that 
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the formula of Art. 148 may be used. That formula was 



2 " 


7T 


n —v 


//-• ■/'. 


+ 17 * 3+2 • • -r4r\dr 2 - • -dr v , 


where the r’s are the absolute values of the y’s. 
Hence, since 

Zi = Ci log r„ 

it is seen that 


Z J 2Zi 

Cidri = e c <dzi and c,r ,-dr< = e c * dz { . 

The number of pairs of imaginary (conjugate complex) 
y’s is n — v, while the real y’s are s = 2u—n in number. 

Further, c, = 1 for i = 1, 2, • • *, s and c, = 2 for i = a+l, 
s+2, • • *, v. Hence, the formula above may be written 

y = 2V2 j f'...J e ',+',+-+'.dz 1 dzf-dz,. 


Next introduce the variables £’s of the preceding article, 
and observe that 


d(z 1, Z'l , ' ) Zy) 

d(x i, x 2 , • • •, x„) 

which determinant (Art. 
note that (Art. 152) 


70) 7(D 

*> i » h ) 

7(2) 7(2) 

tl , *2 j 


, e»i, ci 

, c 2 


Zf, ZJ 5 , •••, ZJli, c„ 
151) =nL(«i, • • •, e„_i) 


If we 


Z1+22+ * * * - \-z n — n 

and for brevity put L(ci, e 2 , • • •, €„_i) =L, it is seen that 

ey v n- v s*° r l r l 2*7r n ~ v L 

K -—®I • f . Jt -——' 

In this formula A is the absolute value of the determinant 
of the linear equations (1), which determine the y’s of Art. 
152. This determinant was denoted above by A; and in 
that article it was seen that 

A 2 = N(a) 2 \D\. 

The formula at the end of the last article may therefore be 
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written 


If we put 

(i) 

it is seen that 


Lim? = 


2 V-'L 


-co t wN(a) | VZ>| 


2V~ r L 

^ w | VD | 


r I_ 


<7 


where £ is a definite positive number that is determined 
completely through the nature of the realm ft. 


Remark . It may happen (see Dirichlet-Dedekind, p. 578) 
that the norms of all the integers, say c/z, that are associated 
with jt, are negative, a case which always happens and only happens 
if in the realm ft there exist integers with negative norm, but 
in which there are no units with negative norm. The degree of 
such a realm must be even and among the conjugate realms 
there must be such which consist of only real numbers; for 
example, the quadratic realm in which D=-\- 12. In this case 
it is sometimes advantageous to call two ideals a and a' equiva¬ 
lent, only if there exists a number rj with -positive norm which 
satisfies the condition 077 = 0 '. Accordingly the number of 
classes is doubled. The principal class H consists then only of 
those principal ideals op, which correspond to the integers p 
with positive norm, while the remaining principal ideals form a 
separate class. 


The formula above thus modified becomes 

T • / T\ 2-V—Q 

A ^ (a)V±I) , 

where Q~~i and where a = 0 or 1, according as the realms 

conjugate to ft are all imaginary or not. In the latter 
case the condition that the norm of p must be positive 
diminishes the number g by one half. 
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Further, observe that in the above limit the factor 


2V'-*’ 


iV(a)Vdtl) 


depends upon the nature of the realm, while 

«€,) 


Q does not, so that the ratio 


w 


system of independent units ei, e 2 , • • • 
the fundamental system of such units. 


is constant for any 
•, e„_i as well as for 


Art. 154. A Digression into the Dirichlet Series. 1 
Theorem I. If a 1} a 2 , • • •, a n , • • •, is an unlimited 
system of -positive , negative or vanishing quantities , and if it 
is assumed that the sum 



(?n — ai+a 2 + • • • 


for every arbitrary value of n remains in absolute value less 
than a finite limit C, then is the series 



° 1 « » 0«I 08 ■ 


• • 


not only convergent for every positive value of s , but the 
series also expresses a continuous function of s. 

To prove this theorem, distribute the terms in S in 
such a way that 

S = Sm + Rm, 

where 


a\ a 2 . a m-\ 

5 " = P + 2»+'"+{m-\y' 


p _ Qm ■ Qm-fl . Qm+2 . 

'' '* 

Due to (1) it is seen that 

a m = (Tm — a m-lj Q-m+l — (?m+l ~~ (?m, G m +2 = cr m+ 2 * ' * > 

J See for example, Bachmann, Die analytische Zahlenthcorie, Chap. Ill; and 
Landau, Handbuch der Lehre von der Vertheilung der Primzahlen. See also 
Weber, Algebra , Vol. II, §§ 190-198. 
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and consequently 

j? i / 1 1 \ 

7 / 2 8 (m+l)V 


+<r ” +, ((wi + l)* (m + 2 )*) + 


I * • 


(w+2) 

By hypothesis <r m , o- m +i> • • •, are included between 


finite limits ±C. It follows that R m -\- 


& m —l 

m* 


lies between 


the two limits 


±C (L _L_ 

Vw a (m + 1)* 


+ 


1 


(?/ 2 -f-l) a (m + 2 ) 
with the result that in absolute value 


;+ 


)- 


m* 


or, if s>c, 



2C 



This upper limit of R m which is independent of s, may, if c 
is positive, be suppressed under any limit however small, 
by taking m sufficiently large. 

From this it is seen that S is not only convergent but 
also it is a continuous function of s. For, by taking m 
sufficiently large, not only is R m but also the oscillation of 
R m with variable s, is indefinitely small. 

Observe that the hypothesis regarding <r m no wise 
presupposes the convergence of the infinite series ( 1 ). 
It is not necessary that the quantities a k be real; for, were 
they imaginary, it would only be necessary to apply the 
theorem to the real and the imaginary component S. It 
is not necessary to assume that the quantities a u a 2 , a 3 , 
• ■ • are constants. The theorem remains true if these 
quantities are continuous functions of s. 



306 THE THEORY OF ALGEBRAIC NUMBERS 


Theorem II. Let mi, m 2 , M 3 , • • • be an infinite assemblage 
of positive quantities , such that only a finite number Z(t) of 
them is not greater than a finite quantity t; and suppose that a 
finite positive quantity C may be determined , that is 
independent of t, and is such that 

(1) Z(t)<Ct; 

and further, let F(t) be a function that is positive for 
positive values of t and which decreases in value with 
increasing values of t and is such that the infinite series 

h =GO 

( 2 ) R = F( 1) + F( 2 ) +F( 3) H-= E F(h) 

is convergent. Then the infinite series 

(3) S t =ZFM, (mSO 

/ias a definite limit S when t becomes indefinitely large. 

The infinite series (2) is taken over all positive rational 
integers h, while S is to be so chosen that the summation 
is over all the quantities /z that are not greater than t, and 
finally t is allowed to become indefinitely large. 

The number of ju’s which are situated between two 
consecutive integers h and /i + l, the upper limit included, 
is Z(/i + l) — Z(h); and since by hypothesis the function 
F(t) decreases with increasing t, it follows that 

(4) z Ffa)<lZ(h+l)-Z{h)y(h), 

an inequality which still exists if by F{ 0) is understood a 
quantity, which is greater than any of the quantities F(n). 
If n is any integer which satisfies the inequality 

n<$<n+l, 

it follows from (3) and (4) that 

S t < *£ [Z {h 4-1) - Z (h) y (h ); 

/i=0 
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and this may be written, since Z( 0) =0, 

Sc<£z(h)lF(h-l)-F(h)-]+Z(n+l)F(n). 

Since the difference F(h — l)—F(h) is positive as is also 
the function F{n)> it follows from (1) that 

5«<C{ZA[^(fc-l)-^WD+(n+l)F(n)}; 

h= 1 

and that is, 

St<CZF(h), 

h = Q 


which proves Theorem II. 

Next let the system of quantities mu /* 2 , M 3 > • • •, be 
arranged in such a way that 


, (i) 

and as above, let Z(t) denote the number of the quantities 
H which are not greater than t. The following theorem 
may then be proved. (Weber, Algebra , Vol. II, p. 719.) 
Theorem III. If one of the two limits 


Lim-, 

n —Mn 


Lim 


m 

t 

is finite , the other also has a finite value. 
First suppose that 


(1) Lim — = 7 , 

n= oo Mn 

where 7 is a definite quantity. In this case, when n 
becomes indefinitely large, the quantities n n must become 
indefinitely large. And for every positive t, there must 
be a value m , so that 

^ Mm+1* 

Observe that m becomes indefinitely large with t and due 
to (i), 


22 


Z (0 = m. 
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Hence, from (2) 

m == Z(t) > m 

Pm t Mm+1 


771+1 771 

Pm+ 1 771+1 J 


and, as ^ as * as limit when m -><», it follows from (1) 
that 



Secondly, suppose that (3) is true. In this case p n 
must become indefinitely large with n, otherwise, since the 
collectivity of all the p’s is infinite, Z(t) would be infinite 
for a finite t and y could not be finite. 

Next suppose that /*„ is one of the n’s that appears 
among equal values, say, 


so that 


Pm+l) Pm+2) ‘ ‘ ') Pm+l) 


771 + 1 > 71<771 + L 


It is evident that Z{t) increases suddenly by l units as t 

Z(t) 

passes through the value p n and that the ratio — j- 
increases by — • Since, however, —has a finite limit, 

Pn t 

it follows that 

L — = 0. 

n— f^n 

If t=p n , then is Z(t) =m+l, and consequently, 

Z(t) m+l 


t p n 
Further since 


and 


T . m+l 
Lim-=7 

n=oo Mn 


771 71 _ 771 + 1 

Pn Pn = Pn 


(a) 
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it is seen that 


T . n T . m 
Lim — = Lim — = 7, 

n—Mn n—►« Mn 


or, from (3) follows 1 (1). 

Theorem IV. If the quantities m, M2, Ms, 
that 

j • Z(t) 

Lim -7— = 7 , 

r—♦co & 

where y is a finite quantity , Men is Me series 


• • • 


are such 


Mi M 2 Ms 


= 4 


• • 


(i) 


convergent for every value of s that is greater than 1 and 
further 

Lim (s —1)5 = 7 . (ii). 

If s is greater than 1, the series S is a special case of the 

series treated in Theorem II, since the series 1-hi-fi 

^ O 

H-is convergent if s> 1. And with this follows the 

first part of Theorem IV. 

To prove the second part of the theorem, choose two 
quantities a and 0 [see formula (a) under Theorem III 
above], such that 

a<y <0, 

and that as soon as n > m, we have 


(1) 


“<i<£ 

n Mn n 


Due to Theorem III it is seen that a and 0 may be 
brought arbitrarily near together, if m is taken suffi¬ 
ciently large. 

Next write 

n=3fn I 

R m = L 

n=.® fl n 

’. Sf f Dirichlet-Dedekind, Zahlentheorie, Supplement II; Riemann, Malhe- 
matische Werke, Vol. II, No. 30; and also Dirichlefs Werke, Vol. I, pp. 357 , 411 . 
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and note from (1) that 

n=oo 1 fi=oo 1 

( 2 ) a’ E _.<&.</»• E =-.■ 

n=m 71 n=m 71 9 

Further, observe that 

f n+l dx 1 f 1 111 1 

J n x 8 1 —sL(n-j-l)* -1 n* -1 J~ 1—s n 8 ~ l 


Int 

= r ^-ri+—-ft(i- S )_i]-L=i_fc 

1— si n K ' Jn* 1 n* ’ 

where k is a positive quantity. 

It follows that 

C n+1 dx 1 r dx 

J n X 8< n 8 J n —i X s 

and consequently 


i 


(s — l)m 8 1 n=«n a ( 
Hence, from (2) it is seen that 


n=m 1 ^ l 

~ l< rLn 8< (s-l)(m-iy- 1 


„a-l < ( S l) R m < ( m - l)«-i 


Writing 
we have 


S = S m +R 


(s - l)S m +£=i < (. - 1)S < (a- l)g-+ (w> -fi p- 

In this expression keep m fixed and let s approach the 
value 1, and observe that (s — l)S m approaches the value 
zero. It follows that 


( 3 ) 


a = Lim (s — 1)S<0, 

S-* 1 
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an expression in which every trace of m has disappeared. 
Since both a and /3 differ from 7 by arbitrarily small 
quantities, the truth of Theorem IV is evident. 

It follows at once as an example that 

Lim (s-l)|\+^+i-f-]=1. 

Theorem V. If the quantities mi, M2, M3, • • • have the 
property required in Theorem IV and if besides 

( 1 ) 7 Mn-n = c„, 

where c n is not infinite, when n becomes indefinitely large, 
and if further S has the meaning given to it in Theorem IV, 
then is 


(2) = 

for s>l, a function of s which approaches a definite limit C\ 
when s — 1 becomes indefinitely small. 

To prove this theorem, observe first that 


Since 


£ = ^ + - 1 ;+-.+ 
Mi M2 M 3 


£ 2 !_s = 7 .rfi_ 


[f 1 1 11 


7"J 7 

L n* Mir M 2 r J 

it follows from (1) that 



(3) Z%-S-Y 

e-Ui 

n* [ 

-( ,+ s)i- 


If e denotes a positive proper fraction, and if we put 



it is seen that a„n'+* is finite for values of n becoming 
indefinitely large. Applying the Binomial Theorem, it is 



312 THE THEORY OF ALGEBRAIC NUMBERS 


seen that the limit of a n n 1+t is sc n . Since a n = s-^qr t , 

71/ 

it follows that ai+a 2 +a 3 + • • • is a convergent series. 
Next write s = s i-f-e in the formula (3) and we have 





On 

n* 1 ’ 


which, due to Theorem I, is a finite and continuous 
function of S\. When Si = l—e, it is seen that s = 1, and 
consequently, 




-S = D 9) 


say, is finite for s = 1 , and in fact becomes 

D _ sr T Cn 

1 ^tt(n+c n )’ 

By definition of the Gamma function, we have 


X oo 

y a ~ l e~ v dy. 


Writing nx = y, it is seen that 


i = J_ f 

n* T(s)Jo 


00 


e~ nx x a ~ l dx. 


It follows that 


» 1 1 r x a ~ l e~ x d x 

^n 8 _ r(s)J 0 l—e~ 


Since (s-l)T(s-l) = T(s), it is seen that 

r« 


X ® 1 (S) 

e~ z x a ~ l ~ ] dx = r(s-l) = j • 


It follows that 


^i.i i r 

^ n a s — 1 r(s)J 0 


X' ‘6 * 



The right hand side of this expression is a continuous 
function for all positive values of s, which becomes for 



NUMBER OF IDEAL-CLASSES 


313 


s = 1, the Mascheroni-Euler constant 1 

) dx = - r'(l) = 0.577215664 • • ■. 
From (4) it follows that 

and consequently, 

Lim = - 7 r'(l) -D, = Ci, 

as was required in the statement of the theorem. 

Applications 

The Determination of the Number of Ideal-Classes 

of a Fixed Realm 

Art. 155. In the place of the quantities n if fi 2 , 
of Theorem IV, write the norms of all those ideals of the 
realm ft, which norms are not greater than a given 
positive quantity t, and note that Z(t) denotes the number 
T of such ideals so that (see formula (ii) under Theorem 

IV) 

(1) L ,i 

where the summation on the left-hand side is to be taken 
over all the integral ideals of the realm ft. These ideals 
may be distributed (Art. 55) into a finite number of 
classes, say, Ki, K z , Kh ; and the problem is to 
determine h, the number of the ideal-classes. 

The ideal Ci of a class A\, say, is characterized through 
the fact that any ideal i of the reciprocal class when 

1 See Kronecker, Theorie der einfachen und vielfachcn Integrate, p. 213; also 
Kronecker, Zahlentheoric, p. 318; Goursat, Traiti d’analyse, Vol. I, i. 42, 
determines this constant to twenty decimals. See also Serret, Calcul differ - 
entiel et inUgrai, 5th Edition, 1900, Vol. II, p. 175; Wilson, Advanced Calculus, 
p. 458, Ex. 13. 
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multiplied into ai is a principal ideal; and that is, 

ia i = ao, 

where a is an algebraic integer of ft. 

If cti goes through all ideals of the class A,, then iai goes 
over all the principal ideals (algebraic integers) which are 
divisible by i and each one only once. 

If the norm of a i is not greater than t, then is 

\N(a)\^\N(x)\t = t l , 

• say. If T i is the number of the ideals of the class A x 
whose norms are not greater than t, then is 7\ also the 
number of algebraic integers a of ft, whose norms are not 
greater than h; so that, due to the formula of Art. 153, 



Lim 


Ti _ 9_ 

ti itfwr 


where g, as defined in the article just mentioned, is a 
constant different from zero and is determined through 
the nature of the realm ft. 

If T 2 , t 2 ; T if t z ) • • •; T h , k have the same meaning for 
the classes A 2 , A 3 , ■ ■ ■, A h as 7\, h have for A h it is clear 
that 

T=T l + T 2 +---+T h 

and 

(2') Y - JI AXi.) |+^ | m w I + ■ • • +51 N (u) I. 


From (1) and (2) follows the fundamental formula 


< 3 > 

The quantity g in this formula is (see formula (1) of Art. 
153) supposed known, although its computation depends 
upon the hypothesis that a fundamental system of units 
of ft has been previously determined. When ft is a 
realm of order higher than 2, the determination of this 
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fundamental system of units is of extreme difficulty. 
Further, the left-hand side of (3) must be computed, a 
task which has been done in certain special cases only. 
(Weber, Algebra, Vol. II, pp. 724 ff.) 

Art. 156. Lemma. It may be proved that the infinite 
product 




*=<*> 1 


1 V 


is expressed through the Dirichlet series 


ZW 


= u 

V 


1 + 


F{y) 

jyS 


F(P 2 ) | F(P 3 ) , 

' —3» l 


V 


2s 


V 


]- 


F(v) 


where F(p°) denotes the number of ideals which have as 
norms 


P° (9 = 1 , 2 , •••)• . 

For, observe that the principal ideal op admits as factors 
the finite number of prime ideals pi, p 2 , • • •, p„ of degree, 
say /,, where 

N(pd =P fi (i-i.2, 

If then of the factors of the product 


(2) Z(s) = n — x —, 

those be collected which have reference to the same prime 
integer p, the product (2) may be written 


(3) Z( 8 ) = n 



where the multiplication is to be taken over all prime 
integers. If this product is developed, there is had the 
sum of all the terms 


_1 1 

p»(Vl+V*+V*+ • • • +v„) (pfyf* . . . p*,) a 
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for all integral values £,• which are zero or positive. If 
further, those of the terms in which Xi/i-f £ 2 / 2 + • • • +£„/„ 
has the same value n, say, are united, it is seen that their 
sum, since every ideal whose norm is is compounded 


only of prime ideals pi, p 2 , 


, is nothing other than 


V 




It is then clear that the general term of the 


product (3) is 


1 + 


F(P) , F(P 2 ) , F(P 3 ) 


V * 


V 


2 8 


V 


3s 


+ 


As F(v) denotes the number of those ideals t whose 
norms are equal to v , the Lemma is accordingly proved, 
when it is shown that the function F(v ) has the property 
that for relatively prime arguments a, b there exists the 
relation 


(4) F(ab)=F(a)F(b). 

To prove this let i be an ideal for which 


N(i)=ab. 

Since the norm of every ideal factor p of i can be only 
the power of a prime integral factor of either a or b, it 
follows that A r (p) can enter as a factor of only one or the 
other of these numbers a or b. Hence, t is composed of 
two ideal factors a and b whose norms consist of the prime 
factors of a or b. Since 


ab = N(\) =N(a)N(b), 

it follows that a = N(a) and b = N(b). Accordingly, there 
corresponds to every ideal i with the norm ab a pair of 
ideals a, b with the norms a, b. The number of such 
pairs is F(a)F(b), and vice versa, to every such pair 

F(a)F{b), since 

N(ab) =N(a)N(b), 

there corresponds an ideal i = ab whose norm is ab. It 
follows that the number of such ideals i is equal to the 



NUMBER OF IDEAL-CLASSES 


317 


number of the pairs F(a) } F(b). And with this is proved 
the relation (4). 

Art. 157. Using the above lemma, Landau 1 derived 
as follows the limit 


Limy = Lim (5 — l)Z(s), (s> 1), 

/aco £ 1=1 

where the Dirichlet zeta-function is, 


£(s) = L 


1 


Nay 


It is clear for every integral value v of the positive 
quantity t that 


T E(1)+E(2)+...+F(iQ 

t V 


and accordingly that 

(1) Li m ^Li m f(1)+ ^ + "-+^. 

f *=O0 £ 00 V 

Consider next the different ideals 


L, t 2 > 13, • • u, • • • 

arranged according to their norms N if N 2 , • • •, N *, • • • 
so that in general 

Nk=Nk-i» 

If then we put v = N k , it is seen that the number of 
those ideals whose norms are ^ v is at least k, since 
possibly some of the ideals after u, say, L +1 , \ k+2 , • • •, have 
norms = v. On the other hand, the number of ideals 
whose norms ^ v — 1 must be less than k , for the norm of 
i k is v>v — \. 

Accordingly, we have 

F( 1) +^(2) 4-h F(p- 1) <k^F( 1) +F(2) -f- \-F(v). 

‘Landau, Crelle’s Journal, Vol. 125, p. 63, and Vol. 127, p. 167. Seo also 
Landau, Exnjuhruny m die elementare und analytiache Theorie der alaebraischen 
Zafuen und der I deale, Part II. 
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It follows at once that 

F(1)+F(2)H-|-F(„-1) 


( 2 ) 


y-1 


'H)< 

= F(1)+F(2) 


A 

N k 


+F W 


Observe in (1) that as v = Nk becomes infinite, k also 
becomes infinite so that (see formulas (2) and (2'), 
Art. 155) 

Lim ^ = gh= Lim-^-* 

t —► CO t fc—>00 -*V k 

Next observe that for k a value k' may be chosen so large 
that for every k=zk' 


(3) 


gh—S 1 gh+8 

k ^Nt k 


for positive values of 8 approaching zero. 

Further, note if s>l, that 

Z(s) = ? nW = ? ni ’ 

and therefore also from (3) that 
(4) fo*-«)•(.-1) zTp< («-l)‘£4 

k-V K Jt=l/ iY * 

<(gh+8) 8 (s- 1) Z 4* 

t=00 J 

Since L r; for s> 1, has a finite limit, and as 

k=k' & 

Lim (s-l)lfr. = Lim(s-l)i: r. = l. 

s —i k=i k 8 s —*-i 

it follows, when s approaches 1 in (4), that 

gh — 8< L (s-l)Z(s)<gh + 8. 


s —► 1 


Hence, as 8 -> 0, it is seen that 


(5) 


T 


L {s-\)Z{s)=gh= L j, 

s-+l < — « 1 


as was to be proved. 
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But as noted in Art. 155, end, the above may be con¬ 
sidered only as a starting point for the solution of the 
general case. It offers important conclusions regarding 
the nature of the number of classes. 

The following transformations 1 may prove useful in 
many cases. Put 

(®) zm==* (s) - 

Further, let p be any prime ideal of the fth degree in Q, so 
that 

N(p)=p f 

(Art. 29); and observe that 

i _L_ 

^Nipy^Nip) 2 ^ *' * 1 - N(p)-' -1 

If such series for all the different prime ideals be multi¬ 
plied together, it is clear that there results a sum of 
terms, each of the form 

_I_i_v i 

V-NXp)* iV(pi)* 1 N(p 2 ) kl ) N(p* • p{*.p{»• • •)• 

All such terms are of the form iV(a)“*, each term appear¬ 
ing once and only once. And from (6) it is evident that 

<*>(&■) = n i _ AT(p)—• 

Let pi, p 2 , • • •, p e be the different prime factors of p, 
each being respectively of the degree f u / 2 , • ■ • , f e . We 
then have 

(7) €>( 5 ) - ... (i » 

where the product is to be taken over all rational prime 
integers p. 

1 Weber, Algebra, Vol. II, p. 723. 
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From (3) it is seen 1 that 
(8) gh= Lim (s — l)$(s). 

s —► 1 

There exist many important applications of this formula. 
Observe that 

\ -- —- - 

p8 p2a I 1 

If the product of this expression is taken for all prime 
integers, it is clear that 



where the summation on the right is taken over all 
rational integers. The product on the left has a finite 
value for all values of s which are greater than 1. Since 
the right-hand side of this expression is a convergent 
series, it follows also that the reciprocal value, namely, 
the product 

P = H(l-p-), 


each of whose factors being less than unity, has a value 
that is different from zero, so long as $>1. This 
property is also, of course, true if in the formation of the 
product P only a part of all the prime numbers p are 
taken into consideration, the product being thereby 
increases without becoming greater than unity. 

From this it appears that in the product (7), the partial 
product 

hhj-~Z77 

1— p 8f 

which is taken over all prime integers p , for which/> 1, is 
also finite for s = l. And on the other hand since g and 
h have definite values, that are different from zero, we 
have from (9) the important theorem: 

1 See also for example, Hilbert’s Bericht, etc., p. 230. 
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Theorem. If p goes over all prime ideals of the first 
degree of an algebraic realm £2, the product 


(»—i)n 


1 

l-iV(p)"* 


has as s->l a finite limit which is different from zero. 
It appears from this formula that in every algebraic 
realm there are an infinite number of prime ideals of the 
first degree. 


Remark. In this connection read Dirichlet, “ Rechcrches 
sur diverses applications, etc.,” Crelle, Vol. 19, p. 324; Vol. 21, 
pp. 1 and 134; Werke, Vol. I, p. 411; Dirichlet, “ Recherches 
sur les formes quadratiques, etc.," Crelle , Vol. 24, p. 291; Werke, 
Vol. I, p. 533. For other references and illustrative examples 
see Dedekind, “ Ueber die Anzahl der Idcalklassen in reinen 
kubischen Zahlkorpern,” Crelle , Vol. 121, pp. 121 ff. See also 
Hecke, Theorie der algebraischen Zahlen , § 51. 

Art. 158. Fundamental Theorem. In every ideal class 
there is an ideal whose norm is not greater than the absolute 
value of the square root of the discriminant of the realm. 
(Minkowski, Werke , Vol. I, p. 258.) 

Continuing the heading “Applications” of p. 313, we 
shall prove anew this theorem and give certain conse¬ 
quences of it. (See also Arts. 137 and 149.) 

Proof. Let A be an arbitrary ideal class and let i be an 
ideal of the reciprocal class. Then (Vol. I, Arts. 218 and 

309) there is an integer in £2, say t, which is divisible by i 
and is such that 

|Af(t) | =IV(t) | V 2 ) |. 

Since i is divisible by i, write 

i = ia, 

where a belongs to the class A (Vol. I, Art. 309). Hence, 

N(i) = N(i)N(a), 
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and consequently 

N(a) ^ | VZ) | . 

Further, observe that there are only a finite number of 
rational integers that are less than or equal to | VZ) | and 
these offer as factors only a finite number of different 
ideals. And from this follows the important theorem. 

Theorem. There are only a finite number of ideal classes 
of ft. (Dirichlet-Dedekind, Zahlentheorie, pp. 603 ff., and 
Kronecker, Grundziige, p. 64.) 

The above theorem offers a simple method of finding 
through a finite number of operations, a complete 
system of non-equivalent ideals for a given realm. For, 
we need consider only those ideals whose norms < | VZ) |. 
To determine among such ideals those that are equiva¬ 
lent, take each one of them and multiply it respectively 
by each of the others. If i denotes any such product, 
determine in i a number i whose norm in absolute value 
has the least value and observe whether i = (i). And 
that is, whether i consists of two factors that belong to 
reciprocal classes. 

Note (as above) that if a is any ideal there is always an 
integer a divisible by a and such that 

| A T (a) | = A r (a) | VZ) |. 

If further n, • • •, i„ form a basis of i, it is only necessary 
to determine U\, u n as rational integers which do 
not all vanish and in such a way that the real and 


imaginary parts of 


Ul i\ s) + • • • -\~u n t-n 


(s= 1, •••,») 


remain within certain fixed limits. And that requires a 
finite number of operations. In the same way it is 
clear that for any given ideal the class to which it belongs 
may be determined through a finite number of operations. 
Recurrent computations of the class number h in 
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cyclotomic realms, whose degrees are powers of 2, are 
found in Weber’s Algebra , Vol. II, pp. 784 fif. If the 
degree of the realm is n = 2 k , Weber shows (p. 802) that 
one of the factors A k of h has values 1, 17, 21121 for 
values k = 5, 6, 7, respectively. For the class number in 
quadratic realms, see Hilbert, Bericht, p. 318; and 
Derichlet, Werke , Vol. I, pp. 357 and 411. 

Art. 159. A System of Fundamental Classes. It has 
been shown that the number of ideal classes is finite ( = h). 
These classes form a finite group of degree h (Art. 55) 
since the product of two of the classes is a class. The 
multiplication of the classes as also of the ideals, is a 
commutative as well as an associative process. 

Since the h power of every class C is equal to the 

exist a smallest 

positive power c, say, of C, such that C‘ is identical with 
the principal class. It is also clear that c is a divisor of h 
(Art 39, and Vol. I, Art. 198). Suppose that the 
smallest exponent to which each class belongs (Vol. I 
Art. 224) has been determined. Let /i, be the greatest of 

ese exponents and let Ki be one of the classes to which 
hi belongs, so that 

K1> = H, 

where H is the principal class. 

It is clear that the powers 



are all different classes. If h = h u all the classes are 

found m the series (1); if, however, h>h„ there are other 
classes of ideals not included in (1). 

The exponent h' to which any other class C belones 
must be a divisor of hr, for, on the assumption that this 
were not true, the least common multiple of h, and h' 
would be greater than Distribute this least common 
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multiple into two factors Xi-X', where Xi and X' are 
relatively prime and are, respectively, divisors of h x and 
h'. Observe then that the product 

hi W 

• C x ' 

is a class which belongs to the exponent XiX', where XiX' is 
greater than h x contrary to the assumption. 

Observe next that for every class C there is a smallest 
positive power k , say, such that C k is equal to one of the 
classes K ly K\, • • •, K x l ; for, if there is no other, then 
clearly C h ' = H = Kb, where H is the principal class. 
Also note that h' must be a divisor of h x . 

Suppose that such an exponent has been derived for 
every class. Let h 2 be the greatest among these new 
exponents and let K 2 be one of the classes which must be 
raised to the h 2 power in order that 

Kb = Xi, 

where s is one of the integers 1, 2, • • •, h x . 

Next form the classes 

(2) K\ l Kb (xi = l, 2, •••, hi; x 2 = l, 2, •••, hi) 

and observe that they are all different. For, suppose that 

K\' • K% = K v ? • 

where y x is one of the integers 1, 2, • • •, h\ } and y 2 is one 
of the integers 1, 2, • • •, h 2 . 

It follows that 

K x r Vl = K v 2 '~ x ' 

where, due to the fact that 

Kb = K\\ 

it would follow that we may take as the exponent of K 2 a 
positive integer k 2 less than h 2 , and such that 

Kb = Kb 

contrary to the definition of h 2 and K 2 . 
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It is seen that the exponents to which any new class 
belongs must be a divisor of h 2 . 

It is further seen that every such class C when raised to 
a definite positive power is equal to one of the classes (2). 
Let these least positive powers be determined and let h 3 be 
the greatest among them, and let K 3 be one of the classes 
which belongs to h 3 . It is clear that the products 



K\'K%Kl' 


*i = l,2, • • •, h i 

*2=1,2, • • •, /l2 

*3=1,2, • * •, /la 


offer h 1 • h 2 ■ h 3 different classes. The exponents to which 
the remaining classes belong, must be divisors of h 3 . 
Continuing, it is seen that there are certain classes K u K 2 , 
* * *> K*, such that every class is presented and only once 
through the product 


K\' •#£••• (i) 

if the x’s are permitted to take respectively rational 
integral values up to h ly • • -, h„, these h’s being certain 
positive integers. 

Due to the method by which K u • • •, K„ have been 
determined, it is seen that 

(4) K h c = • K& • • • K\' t 

where a<_ 1 , • • •, a x are positive integers or zero. 

Observe that 



where the b 's are also positive integers or zero. And, 
since the exponent of any other class when expressed as a 
product of powers of Fl,_ 2 , • • •, Ki is a divisor of hi- ly it is 
clear that any new class raised to the power may be 
expressed as a product of the classes ..., a nd 

therefore also K f 4 -* may be expressed as a product of 
these classes in the form 



k^=ku 


-K2s---K2-k% 
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It follows that hi must be a divisor of hi— ij for, otherwise 

hi- l = h i q-\rr, 

where q is an integer and 0 <r<h i} and therefore 

Ki^=(K^yK r t 

and consequently from (4) and (5), K\ may be expressed 
as a product of the classes A,_i, • • •, K lt which, since 
r < hi is in contradiction with the definition of hi and K { . 

We may therefore write h { -i = h { l, where l is an integer, 
and from (4) it follows that 

K\3r' 

may be expressed as a product of classes X t _ 2 , • • •, K\\ 
and as hi-i is by definition the lowest power of X ,-_1 
which can be expressed through a product of these classes, 
it follows also that l ■ a,_i is divisible by hi -1 and that is, by 
hil } so that a,_i is divisible by hi. 

Put di-i = hiCi and write 

(6) Ci = KiK~:\ or K i = C i K c i i_ l . 


It follows from (4) that 



CJ* = K\tj • Kit, 



Observe further that due to the relation (6), the class C< 
may be substituted in formula (i) above in the place of Ki 


and since 





it is seen that like Xf* may be expressed as a product of 
powers of Ki— i, Ki—2, • • •, K\. It is also clear that all 
the classes in 12 may still be represented through the 
formula (i) after the substitution of C,- for Ki in it, since 

Ci belongs to the same exponent h { as Ki. 

We may then continue in the same manner with 
formula (7) as was done with (4), it being evident that 
Ki may be replaced eventually through a class Ai such 
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that 

Ai< = H, 

where H is the principal class. And this may be ex¬ 
pressed in the form of the theorem: 1 

Theorem. There are certain fundamental classes A\, 

• ■ A„ such that Ai* = H ( i—1, 2, • • •, a), and through 
which every class C may he expressed once and only once in 
the form 

( 8 ) 

where x i} • • •, x c go through all integers respectively from 
1 to hi, 1 to h 2 , • • •, 1 to h„. And further 

(9) h = h\-h 2 ' * • h ff , 

where each h is a divisor of the preceding. 

It is possible to replace formula (8) by another which 
may offer peculiar advantages. Suppose that h ,• when 
decomposed into its prime factors is 

( 10 ) hi^p'-pH-p'"..., 

where the p’s are prime integers or powers of primes. 
We may then determine uniquely the integers a\ a ", a'", 

• • •, so that 


where 

It is seen that 
or, if we put 
it follows that 


_l_a' a" . a’" 

0 <a'<p', 0 <a"<p", etc. 

A?=B' t , Af=Bl 
Af* = Bl a ' x< • Bi a " z< • • •. 


1 In the derivation of this theorem the method has been followed 
found m Bachmann, Allgemeine Arithmetik, pp. 377 ff. 


that is 
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Observe that the classes B[, B", • • • satisfy the equations 

B[ P ' = H, B7' = H , .... 

It is thus seen that every ideal class may be uniquely 
expressed through a series of new fundamental classes 
which belong to exponents that are prime integers or 
powers of such integers. And that is, the classes, when 
raised to such primes as exponents, are themselves equal 
to the principal class. 

Observe, however, that, although we have gained a 
certain simplicity in the above expressions, we have lost a 
fundamental property of the h’s of formula (9), which 
formula expressed that every h was a divisor of the 
preceding h. However, formulas (9) and (10) tell us 
that in the latter representation of the ideal classes the 
product of all the exponents to which the new funda¬ 
mental classes belong remains equal to the number h of 
the ideal classes. 1 

Art. 160. A Retrospect and a Prospect. Hensel 
(“ Untersuchung der Fundamental-Gleichung einer Gatt- 
ung fur eine realle Primzahl als Modul, etc.,” Crelle’s 
Journal , Vol. 113, p. 85), writes: “ If 

v =P V/ ■ • • pJ* 

is the factorization of the prime integer p into its prime 
ideal factors, and if 

iV(pi-p 2 - • -p/.)=P r 

is the norm of the product of all the different prime factors , 
then is the discriminant of the algebraic stock-realm exactly 
divisible by 

pn-r 

and by no higher power of p.” 

i Kronecker, Werke, Vol. I, p. 271; Hilbert. Bericht, p. 233; Schering. Giilt. 
Abh. 14. 1869. 
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Here as in Art. 92 there exist the relations 

“I - Jc 2 8 2 4” • • ’ = 

and 

& 1+&2 4 - • * • -\-kh = T, 

n being the degree of the algebraic realm. 

An exception enters in the case where one of the 
exponents 5 is divisible by p. In this exceptional case 
the power p n_r is not the highest power of p that divides 
the discriminant. Such prime numbers p for which 
there exist these special cases are called “ Singular 
primes,” Art. 108, and are treated in the last chapter of 
the present work. 

The following is a corollary of the above theorem: 
A prime integer p is then and only then a divisor of the 
discriminant, if in the given realm p is factorable in one or 
more equal ideal factors. For the discriminant may be 
written 


D(u u u 2 , 








where H is a form that is relatively prime to p; and it is 
clear that the integer n — r is different from zero only 
when at least one of the exponents 8 is greater than unity. 
From this it is seen that within any algebraic realm 
there exists only a limited number of prime integers, 
which have equal factors, these being the divisors of the 
discriminant. All the other prime integers in the given 
realm have only different (and not equal) prime factors. 
The proof of the above theorem was one of the great 
advances due to Dedekind, “Ueber die Discriminanten 
endlicher Korper,” Abh. d. Koniglichen Gesellschaft der 
Wissenschaflen zu Gottingen , Vol. 29; Werke, Vol. I, p. 351. 

The Dedekind method of procedure is characterized 
by Hensel as follows: “ Dedekind sought to establish a 
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theory of algebraic numbers whereby in the place of the 
fundamental form { of Art. 71, which may be correctly 
regai ded as an invariant of all algebraic integers in the 
fixed realm, he made fundamental (see Art. 92) a special 

quantity y = a 1 «i-f-a 2 w 2 H-f-anO> n , and that is, in the 

place of the indeterminates u u u 2 , • •., u n of the funda¬ 
mental form, Dedekind wrote rational integers a 1} a 2 , • • •, 
a,t • -^ e then sought to determine the congruence (mod. 

p) of lowest possible degree which y satisfied, the degree 
being the same as in the congruence satisfied by the 
fundamental form.” 

This can be the case (see Art. 92) only if the determi¬ 
nant 

I U gh | =0(u h u 2 , • • u n ), 

which for the indeterminates u Xy u 2 , • • •, u n is not divisible 
by p, is also not divisible by p for u x =a h u 2 = a 2 , • • •, 
u n = a n . However, examples are not hard to find (see 
Art. 99), in which the above determinant is divisible by p, 
when the u’s are replaced by any system of rational 
integers. And consequently, Hensel insists, the above 
theorem cannot be proved in so simple a manner, if one, 
neglecting the theory of integral forms, confines himself 
only to algebraic integers. However, as indicated by 
Hensel, Dedekind in a most ingenious ( Scliarfsinnig) 
manner overcame this difficulty in that he proved that 
the discriminant of the realm is the norm of an ideal, 
whose prime ideal factors are also determined. The 
treatment of this fundamental ideal (Grundideal) of 
Dedekind, which is the different (Hilbert) of the funda¬ 
mental form (Kronecker), and in particular the de¬ 
termining of its ideal factors, is made paramount in the 
discussions which follow. Observe that the norm of this 
different is the discriminant of Kronecker’s fundamental 
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equation. The derivation of these results, Hensel regards 
as the most beautiful, although the most difficult, of the 
whole Dedekind theory. Hensel further insists that the 
theory of algebraic forms as founded by Kronecker 
leads to the desired results in a more straightforward and 
simpler manner. And it is eqally true that this theory 
has guided Professor Hensel in his own epoch-making 
researches in the arithmetical solution of algebraic equa¬ 
tions. 

It may be remarked, says Hensel, that the indetermi¬ 
nate coefficients u\ t Uo, •••,«„ of the fundamental form £ 
have not been introduced into the investigation through 
formal grounds ( Grilnde ); their introduction is necessary 
and sufficient that the fundamental form, when special¬ 
ized, offer all the integers of the algebraic realm and that 
the fundamental equation offer all the integral equations. 

The prime factors p of p are had through the factoriza¬ 
tion of the fundamental equation into its irreducible 
factors, modulo p. These prime factors are presented 
through 

( a ) Ph = p+F h (£; u u u 2 , •••,!*„); 

and are consequently forms, whose indeterminates are 
intimately connected with the question, when the 
Kronecker theory is applied to a definite problem. But, 
says Hensel, the essential point in the Kronecker theory 
consists in the fact that only the system of algebraic 
integers p, £ (1) , £ (2) , • • • are of importance, which are the 
coefficients of the products of the powers of the u *s in the 
expansion of F h (%; u lf • • •, u n ), so that the expression (a) 
may well be replaced by a linear form 

p-|_„(l)£<l)-|_ t; (2)£(2)_|-^ 

where now the v’s are the indeterminates. 



332 THE THEORY OF ALGEBRAIC NUMBERS 

Thus, in the general theory of the divisors as given in 
Kroneckei s Festschrift, the independence of the divisors 
of the special choice of the indeterminates is insisted 
upon. But we are not to conclude that these indetermi¬ 
nates have nothing to do with any individual problem; 
in fact, in every investigation the indeterminates stand in 
the closest and most necessary relation to the problem 
that is being treated. Kronecker’s aim was to develop a 
theory which included as special cases the ideal numbers 
of Rummer and the moduls and ideals of Dedekind. 
With this in view he made his given algebraic realm a 
sub-realm of a Galois realm and the resolvents in this 
realm he wished to treat in all their generality by means 
of modular (divisor) systems of the second, third, and 
higher kinds. To complete the theory of the individual 
special orders (Arten) of algebraic numbers, Kronecker 
wished to transfer the equivalence ( Aequivalenz-Bestim - 
mung), which Rummer had employed for his ideal 
divisors, to these real ( wirklichen ) algebraic divisors (see 
Festschrift, p. 63). 

In Vol. I, Art. 205, was given a notion of Rummer’s 
Aequivalenz-Bestimmung for his ideal divisors. This 
concept generalized with Rronecker is the “ Principle of 
the association of new structures of quantities ( Gros - 
sengehilde) with a given realm of integers and order- 
modul or Species ( Festschrift, p. 48) of integers therein.” 

It would appear that the “ very source of a new light ” 
with Rronecker ( Festschrift , p. 32) is what he calls the 
Galois “ Algebraic Principle.” By making any algebraic 
realm f a sub-realm of a Galois realm $ he was able to 
apply a “ Principle of the Association of new structures 
of quantities ( Grossengebildc ) to integers, order-moduls, 
etc. of the realm and whereas Rummer (see Rron- 
ecker’s Festschrift, p. 48) introduced a sort of equivalence 
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of so-called ideal-divisors ( = mental concepts) for alge¬ 
braic numbers in certain special algebraic realms, 
Kronecker wished to transfer such an equivalence of 
algebraic numbers, order-moduls, etc. in any algebraic 
realm f to the real (and no longer fictitious) algebraic 
divisors in $ ( Festschrift , p. 63), and with this it was 
Kronecker’s aim to develop a theory which included as 
special cases the “ ideal numbers ” of Kummer and the 
ideals of Dedekind. Proceeding along these lines he 
encountered difficulties, which he himself (see Introduc¬ 
tion to Vol. I) never succeeded in overcoming. This work 
his genial pupil Hensel has so efficiently and effectively 
carried on. 

The author believes that Hilbert’s Work on Galois 
Realms ( Bericht , Chapter XV) will prove exceedingly 
helpful in the further development of the Kronecker 
Theory. Bachmann, following the Dedekind method of 
approach, worked out this theory of Hilbert more in 
detail and this is reproduced in Chapter XV of the 
present work. H. Weber, employing the Kronecker 
Theory of Forms, has given these results a more general 
form as is indicated in Chapter XIV. And thus the 
prospect for the further development of mathematical 
theories along the lines here indicated, seems very fruit¬ 
ful. 



CHAPTER X 

THE ORDER-MODULS 


Art. 161. It has been seen that in every algebraic 
realm there exists an order-modul o = [coi, cu 2 , •••, o>„], 
such that all integers of the realm may be expressed 
linearly through Q«i, o> 2 , • • a; n [] with rational integral 

coefficients. It was seen further that o satisfied the 
relations 



and 



(Vol. I, Art. 133.) Mention has been made of order- 
moduls Oi in o, and that is, of moduls consisting of n 
integers of the realm in which moduls are found all the 
rational integers and for which there exists the relation 1 


OiOi — Oi and — = Oi 

(Art. 104). 

We also saw (Art. 104) that ~ = f> where f is the ring¬ 
leader of Oi and that of = f. It follows that f is an ideal 
in the given realm. We further have the additional 
relations 

f > Oi, [l]>0i and ooi = o. 

Another definition of the order-modul due to Dedekind 
( Werke , Vol. I, pp. 124 ff.) may be noted here: 

Let 0i, 0 2 , • • •, 6k be any integers of an algebraic realm 
through which the realm is completely determined; and 

1 See Dedekind, Festschrift zvr Siikularfeier dcr Geburstages von Carl 
Friederich Gauss , Braunschweig, 1877; and Bachmann, Allgemeine Arith., etc., 
pp. 360 et seq. 
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that is, on the one hand, every number of the realm must 
be expressed rationally through these quantities with 
integral coefficients or, on the other hand, integrally 
through these quantities with rational coefficients. The 
corresponding realm of integrity (the realm which 
contains all integers that may be expressed through these 
quantities) contains the modul [1], consisting of all 
rational integers, and is such that its integers when 
multiplied together, again produce integers of the realm 
of integrity. More definitely, it is an order-modul in o. 
For, let 

(1) Oj = [ori, a 2 , • • •, <**] 

be such a modul in its reduced form. As every number 
of the fixed realm may be expressed integrally through 
on, « 2 , • • -yOik with rational coefficients, it follows that the 
basal elements «i, o> 2 , • • •, of o, when multiplied by 
suitably chosen rational integers g „ may be expressed in 
the form 

0iW< = a,-ia:i+a<2tt2~f- ' • • -\~ClikOCk (< = 1,2, •••, n), 

where a ik are rational integers. From this it may be 
proved that k = n; and that consequently the modul (1) 
is an n-termed modul consisting of algebraic integers of 
the realm. This modul has the property of an order- 
modul. (See Arts. 3, 4, and 9.) 

From this it is seen also that an order-modul Oi in o 
may be defined as any realm of integrity through whose 
integers the fixed realm of rationality is produced. 

Art. 162. The concept of an ideal i in Oi is the 
analogue of that of an ideal in o (Art. 3). And that is, it 
may be defined as a modul in Oi such that 

(!) Oit > i. 

Since the modul [1] is contained in oi, the inequality (1) 
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is in fact the equality 

(2) Oii = t, 

since i> Oii. 

Hilbert 1 calls such ideals “ ring-ideals.” It follows 
from the preceding article that every ideal i in Oi is an 
n-termed modul. In other words, such an ideal consists 
of n integers, say «i, d> 2 , • • •, d> n of the fixed realm. And, 
since i is divisible by oi, it is seen that the least common 
multiple of i and Oi is t. Accordingly, we have 

Oi — t = i. 

Further, if the basal elements of this least common 
multiple are mu M 2 , • • •, Mn, it follows from Vol. I, Art. 93 
that 

/ii = a,id>i+a,-2a>2+ • • • H-<Zi n w„ (t=l, 2 , •••, n), 

where the a’s are rational integers. The determinant of 
these linear forms offers the number of classes of in- 
congruent numbers into which the integers of the order- 
modul Oi may be distributed with respect to the ideal i. 
This number is symbolically denoted by 

| &ik I = (Ol, i), 

where the positive sign of the determinant is to be taken. 
Following the analogy of the definition of the norm of a 
realm ideal, we may define the above number as the 
norm of the ideal i, which belongs to the order-modul Oi. 
It is denoted by (Arts. 11 and 19.) 

Art. 163. We shall denote in this chapter the realm 
ideals by j and use t to denote the ideals of an order- 
modul. Observe that the ring-leader f 0 of o is o and that 

i+fo = i + o = o where ^ = fo- 

We shall in a somewhat restricted sense limit the concept 

i Hilbert, Berichl iiber alg. Zahlkorper, p. 237. 
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of an ideal in Oi through the definition 1 


i+f = Oi, 


where 



With this definition it follows (Vol. I, Art. 143) that, if 
or and are any two integers of oi, the two congruences 

€) = a (mod. i), d> = /3 (mod. f) 

may always be satisfied by an integer « in Oi. 

Using this definition of an ideal in Oi, we may prove 
that the order-modul of every ideal i in Oi is Oi. (For the 
analogue of this theorem in o, see Art. 4.) 

Observe that the order-modul t° of i is the complex of 
all integers y for which 71 >t. Due to the relation 
Oil > i, it follows that 

( 1 ) * Oi>i°. 

Further, since 

[l]>i°>o, [l]f = f, and of = f, 

it follows that 


so that 




(2) t°f = f. 

By definition 


i+f = Oi, or it°+fi 0 = Ol io. 

Since ti° = t, it follows, from the definition of i in oi that 

Oii° = i+f = oi. 

Since [l]>Oi, it is further seen that 
(3) i 0 >[l]i°>o 1 i 0 = o 1 . 

From ( 1 ) and (3) we have 



Art. 164. It may be proved next that the greatest 
common divisor i'+i", the least common multiple t' —• \ n 
the product i'i" of two ideals i' and t" in Oi are ideals in Oi! 

° P ;J L ’ t?‘ 243, makes a mistake in this connection which he 
remedies on p. 537. He called such ideals “regular ring-ideals.” 
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The first condition, namely, that Oii = t is evidently 

true for the three cases. The second condition, namely 

f+t = Oi, may be proved for the three cases as follows: 
First, 

(i'+i // )+f = i'+(i /, + f ) = t'+ 0l = 0l . 

Secondly, due to the relation t+f = Oi, it follows that 

(1) Oii" = 


Since i / t // > Oit' = t', and i / i // >0ii // = i // , it is seen that the 
complex i'i" is found in both i' and i", and therefore also 
in their least common multiple m = i' — t". Next observe 
that 


It follows from (1) that 

i">m+f, 

and consequently 

Oi = i" + f>Tn + f. 

On the other hand, since m+f is evidently >oi, we have 
at once 

(i , -i")+f = Oi. 

Thirdly, since Oi = t' + f and Oi = t"+f, it follows that their 
product is 

o l0l = 0l = tT'+i'f+i"f+ff, 


from which it is seen that 


o,>i't"+f. 


On the other hand, since 

i'i"+f>Oi, 


it follows that 

i'i"+f = o 1 . 

The product of two ideals i = i , i // is divisible by them both. 
For from i'>Oi, it follows that i'i" > Oii" and that is, 
i > i", and similarly i > t'. 

Art. 165. It may be proved further that the laws of 
division for ideals i in Oi are the same as those already 
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found for ideals j in o. This is seen to be true, if we prove 
the following simple relation which exists between the 
ideals i and j: 

Theorem. Corresponding to every ideal i of Oi there 
exists a definite ideal j of o which is relatively prime to f and 
vice versa } where f is the ring-leader of the order-modul Oi. 

1. To prove the first part of this theorem observe, if i is 
an ideal in Oi, that oi is an ideal in o, since it satisfies the 
required postulate ooi = oi; and from the condition 

Oi = i+f or ooi = ot + of, 
it is seen, since ooi = o, that 

oi + f = o, 

with which is proved the first part of the theorem. 
Before proceeding to the second part of the theorem it is 
well to prove two important properties of the realm 
ideal oi. 

If i is regarded as the modul 

t = [>l, T 2 , • • •, T n ], 

it is seen that 

oi > or i -f- 0 t 2 -T • • ■ + o r n . 

On the other hand, as each of the products or* is found in 
oi, it is seen that the realm ideal oi, which corresponds to 
the ideal i of the order-modul, is the greatest common 
ideal divisor of the basal elements of t. 

It may be proved next that i is the least common multiple 
of oi and Oi, and that is, 

W i = ot — Oi. 

For every integer r which is found in oi and Oi may, due 
to the relation Oi = i+f, be expressed in the form 
where o- is an integer of i and <p an integer of f. Since 
<p==t —o- is an integer of oi, the modul £1] being found in 
o, it follows that (p is an integer found in the least common 
multiple of ot and f, and that is, in oi-f. With this it is 

24 
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seen that 

(!) oi — Oi > i+(oi — f). 

On the other hand, every integer < 7 +A, where a is an 
integer in i and where A is an integer in both oi and f, is an 
integer in oi as well as in oi. It follows that 

( 2 ) i+ (oi — f) >oi — Oi. 

From the relations (1) and (2), we have 

(3) i+(oi — f) = oi — Oj. 

As the product of the least common multiple by the 
greatest common divisor of two ideals is the product of 
the two ideals, and that is, 

(oi+f)(oi—f) = oi • f, 
we have, since oi+f=o, the relation 

oi— f= i • f. 

This relation combined with (3) gives 

oi —01 = (oi + f)i = Oii = i. 

Further, since 

o = oi+f>oi+Oi>o, 

it follows that 

(II) oi+Oi = o, 

and that is, the greatest common divisor of oi and Oi is 0. 

2. To prove the second part of the theorem, let j be an 
arbitrary realm ideal that is relatively prime to f, and 
that is, 

(4) i+f = 0 . 

Further, let i be the least common multiple of j and Oi, or 

(5) i = i — Oi. 

To show that i is an ideal in Oi, observe that if r is an 
integer which belongs to both the ideal j and to the 
order-modul Oi, and if w is any integer of Oi, then is wr 
found in both j and in Oi and therefore also in i. 
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With this the postulate Oii = i is seen to be satisfied. 
Further, due to (4), every integer in o and therefore also 
every integer in Oi is of the form a> = where r is an 

integer in j and p an integer in f. From this it follows 
that t = w — <p is an integer in Oj. With this it is proved 
that « = T -\-<p } where r belongs to both j and Oi, and there¬ 
fore to j —Oi, and where <p belongs to f. It follows that 

1, oi>(i-oi)+f, 
and of itself it is seen that 

2, (i- 0 i) + f> 0 i, 
with the result that 

i+f = Oi, 

which is the second of the postulates required that i be an 
ideal in oj. 

Art. 166. With this it may be proved that the realm 
ideal ot, which is relatively prime to the realm ideal f, is 
identical with the realm ideal j above. For, from the 
relation (5) of the preceding article, it is seen that 

( 1 ) oi > j. 

Further, from the equation 

i+f = 0 i, or oi+of = ooi, 

it follows that 

oi+f = o, 

and from this equation, that 

(2) otj+fi = i. 

Observe for realm ideals, we have 

fi>j and fi>f>0i. 

Hence, fj being found in both j and Oi, is found in j —Oi, 
which from (5) above is i; and that is, 

fj>i>oi, since [l]>o. 
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Hence, from (2), it follows that 


or 


i > oti+oi. 


(3) i>oi. 

And from (1) and (3) we have 


oi = j. 

Art. 167. Through the theorem of the preceding 
article, it is seen that there is a correlation between the 
ideal t in Oi and the ideal j, which is relatively prime to f in o, 
which correlation is expressed simultaneously through the 
two relations 

I — oi and 1 = 1 - 0 !. 

In particular, it is seen that o and Oi are themselves 
correlated through these two formulas. 

Next observe that 


ot+Oi = ot+i-f f= (o + 0 i)i+f = oi-f f = o; 
and on the one hand that 

(oi, oi) = (oi, oi-Oi) = (oi, i), 
and on the other that 

(oi, ot) = (oi + ot, oi) = (o, oi). 

It follows that 

(oi, i) = (o, oi) = (o, i), 
or 

(1) N'(i)=N(i). 

It is to be noted also that 

#'(«') =iV(oi-oi') =iV(oi)jV(oi') 

or the norm of the product of two ideals in Oi is equal to 
the product of the norms of these ideals in Oi. 

Finally, it is to be noted if 

• / • // 

ot =ot , 

that i' = i". This follows at once, when we observe that 

i' = 0 i — oi' and i" = Oi — oi". 
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Art. 168. The Primary Theorem. If i, i' are ideals in 

Oi and if t>i / , there exists another ideal i" in oi, such that 

« '/'// 

• t = it. 

For if i>i', then is also 

oi>oi', 

where oi and oi' are realm ideals. It follows (Art. 14) 
that 

ot = ot'i", 

where j" is a realm ideal. Since oi is relatively prime to 
f, the same is also true of j", and from above, it was seen 
that there is an ideal i" in Oi such that 

oi" = j". 

With this it is shown that 

oi = oi' - oi" = oi'i", 
and from the preceding article, that 

i = i'i". 

That there is only one ideal i" in o,, which has this 
property, is seen at once. For, suppose 

i = i'i" = i'i'", 

where i'" is also an ideal in Oi. It would then follow that 

oi = oi'• oi" - oF • oi'". 

From the theory of realm ideals it follows that 

oi" = oi"' 

and therefore, from above 

i" = i'". 

With these results it is established that the laws of 

divisibility are the same for the ideals in Oi as they have 
been found to be in o. 

Art. 169. Equivalence of Ideals of an Order-Modul. 
Two ideals i and i' of Oi are said to be equivalent , if there 
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is a number p integral or fractional of the fixed realm 
such that t' = /zt. 

With Bachmann ( Ally . Arith., etc., p. 397) we shall • 
require that the norm of p be positive. It is evident that 
ideals of Oi which are all equivalent to one ideal are 
equivalent to one another. From this it follows that the 
ideals of Oi may be distributed into classes, where the 
ideals of the same class are equivalent, while two ideals of 
different classes are not equivalent. That the number of 
such classes is finite may be proved in a similar way as 
for example in Art. 84. An independent proof, however, 
follows. 

Observe that the order-modul Oi is itself an ideal in Oi 
and accordingly that there exists a class of ideals in Oi 
which are equivalent to Oi. This class is called the 
principal class and consists by definition of ideals in Oi of 
the form « 0 i, where w is a number of the fixed realm with 
positive norm. Since the modul [1] is found in Oi, it 
follows from the relation w 0 i> 0 i, that «> 0 i, and that is, 
u> is an integer of the order-modul Oi, and must satisfy the 

condition 

Oiw + f = Oi. 

This necessary condition is also sufficient that Oid> be a 
principal ideal in Oi. For, if the integer a> with positive 
norm is contained in Oi, then <l>Oi is divisible by Oi and d> 0 i, 
being an ideal equivalent to Oi, is a principal ideal in Oi. 

The second form (Art. 14) of the Primary Theorem 
may be presented here: If i is any ideal in Oi, there exists 
a second ideal i' in oi such that ii' is a principal ideal of o,. 

Since by definition i and f are relatively prime in Oi, 
and since 0 and 1 are integers in Oi, it is always possible to 
find an integer w such that (Vol. I, Art. 143) 

w = 0 (mod. i) and w=l (mod. f), 
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where (Vol. I, Art. 143, end) a> may be so chosen that its 
norm is positive. 

From the first of these congruences it is seen that 


and accordingly 
since 


«>t> Oi, 
Oiu> Oi, 


OlOl - 0\m 


As f > Oi, it follows also that 

(1) wOj + f>Oi. 

On the other hand from the second of the above con¬ 
gruences, we have 

1 = ai-b ip, 

where <p is an integer of f, and therefore also 

(2) Oi > Oiw + Oif > Oiw-}-f. 

From (1) and (2) it is seen that 


«Oi + f =0i, 

which shows that wOi is an ideal in Oi. 

From the congruence d> = 0 (mod. i) it follows also that 
wOi is divisible by i, and hence, from the fundamental 
theorem above, there exists a second ideal i' in Oi such 
that 

u' = wOi, 

which is a principal ideal. 

With this it follows also (Art. 82) that the number of 
classes of ideals in Oi is finite. 

It may be proved further that if i' belongs to the class 
C' and i" to the class C", then i'i" determines a class C. 
For the product of any two ideals /i', p"\" that are 
equivalent respectively to i' and t" is an ideal p'/'i'i" 
which is equivalent to i'i". We may accordingly write 
as in Art. 54 


C'C" = C. 



346 THE THEORY OF ALGEBRAIC NUMBERS 
If Co is the principal class, then clearly 

CoC = c. 

Again observe that corresponding to any ideal i in Oi 
another ideal i' in Oi exists, such that ii' is a principal 
ideal in Oi. It follows that if C is any class, there is 
another class C', such that 

CC' = Co. 

There is only one class C' which satisfies this condition. 
For, if a second class C" existed, such that 

CC" = Co, 

then we would have 

CC'C" = CoC" = CoC' or C' = C". 

Two classes C' and C" are said to be reciprocal or inverse 
(Art. 54) if they satisfy the relation 

C'C" = C 0 . 

If A and B are any two classes of Oi, there is another 
class C of Oi, such that 

A=BC. 

For the uniquely determined class 

C = AB', 

where BB' = C 0 , satisfies this condition. 

Art. 170. The Number of Ideal Classes of an Order- 
Modul. The number of ideal classes of an order-modul 
Oi may be determined in the same manner as has already 
been done for o (Arts. 152 ff.). 

We must determine first the limiting value 



where T is the number of principal ideals 0 i<* in Oi, whose 
norms are not greater than t and which are divisible by a 
given ideal t in Oi. (See Dedekind, Werk-e, Vol. 1, pp. 
148 ff.) 
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These principal ideals Oia are accordingly characterized 
by the three postulates: 

1. a is an integer of i; and that is, if 

i = [«i, a 2 , * * *, a„], 

then is 

a = d\oc\-\-a‘iOC2~\r • • • -f-a„a„, 
where the a’s are rational integers; 

2. Oior+f = Oi; 

3. 0 <N(a)^t. 

The first two postulates are expressed through the 
congruences 

a = 0 (mod. i), «=d> (mod. f), (i) 

where d> is any of the incongruent (mod. f) integers of Oi, 
for which Oiw+f = Oi. Denote the number of such integers 
by ^>,(f). Due to the condition i-j-f = Oi (Vol. I, 143), the 
congruences (i) admit solution and their solutions form a 
definite class of numbers (mod. i — f). Accordingly, there 
exist <pi(f) incongruent (mod. i —f) integers a which 
satisfy the two postulates 1 and 2; and that is, all the 
integers a which satisfy these two postulates fall into 
<pi(f) classes of numbers (mod. i — f). 

Next observe, since 

_ (i-f)(i+f) = tf- and i+f = Oi, 

that 

(i-f)Ox = i-f = if. 

It follows from the remark found in Art. 109 that 

ifc>tf, where & = (o, Oi). 

It is seen that each representative of the <p 0 (f) number- 
classes (mod. if) may be distributed into (if, ifc) number 
classes (mod. i k). Hence the number of incongruent 
(mod. i k) classes into which the integers a above may be 
distributed, and that is, the number of classes into which 
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a may be distributed with respect to the modul 

[fcai, koi 2y ka h • • •, kot n ~] (ii) 

is 

c = v?i(f)(tf, i&). (Note Art. 109, Remark.) 

It may be proved that the integer c is independent of 
the ideal t as follows: 

Observe that i>Oi>o, and t>ot>o. It follows that 

(o, i) = (o, Oi)(oi, i), 

and also 

(o, i) = (o, ot)(ot, i), 

so that 

(o, oO(oi, i) = (o, ot)(ot, i). 

Since 

A'(i) = (o 1 , i)=iV(oi) = (o, ot), 
it follows from the relation just written that 

(a) k = (ot, i) = (fcot, ki). 

Further, since 

&ot>foi = fi>o, 

we have 

(o, fcoi) = (o, fi) (fi, oki), 
or 

\ ,r. N(oki) N(ok) k n 

(b) (fi, oh) - - N(f) ■ 

And, using the formula (a), it is seen that 

k n+1 

(ft, ki) = (fi, oki) (oki, ki) = > 

with the result that 

<Po(f) 


c = 


N(i) 


kn+l 


is a definite value which depends only upon Oi. 

Art. 171. If out of each of the c classes of numbers 
(mod. 7ci) of the preceding article, an integer 

Ql^cc 1 -f- Q2*Ot2 * • * ~\~9n )(x n (*'= b 2 > " ’> c ) 

is taken, it is seen that all the integers a, which satisfy the 
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postulates 1 and 2 (note formula (ii)), are had through 
the expressions (see (ii), Art. 170) 

(1) a — (gi ) -\-ka l )ai-\-(g 2 ) -\-ka 2 )a 2 -\- • • • + (g’n -\rka„)a n 

(*'=!» 2, • • •, c), 

where the quantities a, run through all rational integers. 
It is seen that in this formula each a is had only once. 

Postulate 3 requires that in addition each a satisfy the 
condition 

(2) 0 <N(a)^t, 

where N(a) must be taken positive in every case. 

Observe next that if a satisfies the three postulates and 
if € is a unit in 0 i with positive norm, that the associate 
integer e m a, where m is any rational integer, also satisfies 
the three postulates. 

Proceeding as in Art. 127, let e if e 2 , •••, « a -i be a 
system of fundamental units in Oi, with positive norm, 
and of the associated integers ea, determine those whose 
exponents (Art. 151) e,(a) in the equations 

U(a) = ei(a)ln~j-e 2 (oc)li 2 -{- • • • #_i+/c» 

. . (i=l, 2, •••, 8 ) 

satisfy the inequalities 

(3) 0<e,(o:) < 1 (i= 1,2, • • ♦, a—1). 

It is observed that the number of as thus isolated is the 
same as the number of reduced units in Oi and that is, the 
number of roots of unity in oi. If this number is denoted 
by po, it follows that the number of a’s which are de¬ 
termined through the formulas (1), (2), and (3) is p 0 T . 

T 

The limiting value of y may be determined as in Arts. 

152 ff. Observe, however, that in Art. 170 the a’s are 
limited to the one linear form, whereas here there are c 
linear forms as put forth in formula (1) above. For each 
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of these we may write as in Art. 152 

Ui = hg¥+hhh, u 2 =8g?+8ka 2) • • •, u n = 8g% ) +8ka n . 

Note that when t becomes indefinitely large, 5 = ^ 

, . t n 

becomes indefinitely small, with the result that the above 
formulae become 

U\ =k8ai } u 2 = kba 2y ••• f u n = k8a n . 

Accordingly, the formula at end of Art. 152 becomes 

( 4 ) J • • • Jduidu 2 • • -du n = Po k n L ^ • 

Note that the discriminant A(ai, a 2 , • • *, a n ) of the ideal 
i is equal to N'(i) 2 Di, where Z>i is the discriminant of the 
order-modul Oi. The value of the above integral is for 
each of the forms (1), see Art. 153 


Since 


N'COIV^I 


Di = N(oi) 2 D = J<?D, 


we have from formula (4), when taken over the c linear 
forms (1), the value 


where for brevity 

P o 

denotes the ratio of the regulator of the system of 
fundamental units of Oi to the number of the roots of 
unity of this order-modul. 1 

Art. 172. Denote by F(k) the number of principal 
ideals in Oi, which are divisible by i, and whose norms are 

1 See Bachmann, p. 404. 
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equal to k. It follows as in Art. 157 that 

L (T\ L F(l)+F(2) + .-.+FW ' 

and that 

,b. (l) = x-i (X ~ 1} 11 AT'(o,a) x ’ 

where the summation is to be taken over all the principal 
ideals in Oi, which are divisible by i. It follows from the 
formula of the preceding article that 

r (> -ny 1 ».(f)2~T—Q, _ 

w/ 1 ^ N'(oia) x ~ A'(f) N'({) I VZ) I 

If a goes over all the ideals of a given class C in Oi, and if i 
is a definite ideal of the reciprocal class C', then every 
product ai is an ideal in Oi which belongs to the principal 
class C 0 = CC'; and that is, ai = Oia, say. If, on the other 
hand, Oia is a principal ideal that is divisible by t, there 
exists a definite ideal a in Oi such that Oia = ia, where a 
belongs to the class C, which is the class reciprocal to the 
class C', in which is found the ideal i. 

Further, since 

N'(ai)=N'(a)N'(i), 

it is seen that the summation taken over all the principal 
ideals in Oi, that are divisible by t, is 



1 1 

iV'(o 1 a) x_ iV , (i) x 



1 

N'(a) x> 


where the summation on the right goes over all the ideals 
of the class C. 

Accordingly the formula written above becomes 


2 _ fc\ *) 5 —v~n—s 

£i (x ~ 1)E ww = m ivsi 


»>i(0 0 


The expression on the right being a constant, it follows 
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from this formula that the summation on the left has the 
same value for every class of equivalent ideals in Oi. 

Art. 173. Next write 

Zo(\) = Z 

where X > 1 and where the summation is taken over all 
the ideals i of Oi. Also put 


Z(\) = Z 



where j goes over all the ideals of o. 

If p' denotes the prime ideal factors of f, and p" all 
other prime ideals in o, it is seen that 



where the last summation is to be taken over the ideals i 
in o, that are relatively prime to f. Since there is always 
an ideal i in Oi that corresponds to the ideal j in such a 

way that j = to, and N{\) = the summation Z 7 ^(j)^ 

is nothing other than Z 0 . 

Further, observing that (Art. 34) 

,( 0 =^( 1 -^). 

it is seen that 

L (X-1)Z(A)= L (A-1)Z„(A). 

Next, see Formula (5) of Art. 157, it follows from the 
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above formula that 


y(f) 2—7T—Q 

-AT(f) |V5| it 


(a:-l)Zo(X). 


Note that the left hand side of this expression is 
constant and that the limit 


L (X-l)Zo(X) 

X ■ ► 1 


is a sum of individual parts, each corresponding to a 
class of equivalent ideals in oi. It follows from the 
formula at the end of the preceding article that each 
part has the same value. Further, the number of these 
parts, and that is, of the number of ideal classes in o x is 
finite, which number from the formula above is deter¬ 
mined through the relation 

2- V-'Q , _ *>,(f) 2*~°Tr n ~ 9 Qi 7 

^(f) |V5| N{ f) |V5| hu 

or 

h _ «pi(f) Qi 

hi <p( f) Q ’ 

With this 1 the ratio of the number of classes of equivalent 
ideals in o to the number of classes of equivalent ideals in 
Oi is determined, as is also the ratio of the numbers of 
classes of equivalent ideals in Oi and o 2 , where o 2 is any 
other oder-modul. 

1 Dedekind, Werke, Vol. I, pp. 137 ff.; see also H. Weber, Math. Ann., Vol. 
48, pp. 433 ff.; and Artin, Math. Ann., Vol. 89, pp. 147-156. 



CHAPTER XI 

COMPOSITE (FACTORABLE) FORMS 

Art. 174. In Chapter XII of Vol. I was developed a 
correlation between the ideals of a quadratic realm and 
the theory of quadratic forms. In an analogous manner 
there exists a correlation between the ideals of realms of 
the nth degree and certain forms which we shall call 
composite 1 (factorable) forms of the nth degree in n 
variables. This theory as developed by Dedekind 2 will 
be treated here. By a form of the nth degree in n 
variables (indeterminates) U\ y u 2 , • • •, u n is to be under¬ 
stood an integral, homogeneous function of the nth 
dimension in these indeterminates. Such a form is said 
to be composite if it may be expressed as a product of n 
linear forms. 

Let such a form be 

(1) F(u h u 2) -•• f u n ) = U l -U 2 ---U n , 

where 

(2) Ui = 0)uUi-\-<i)i 2 U 2 -\- * • • + 0 ), n n n (t = l, 2, • • •, n), 

the quantities a>,* being any algebraic numbers. The 
functional determinant (Jacobian) of the U' s with respect 
to the n’s, and that is 

j (U h U 2 , - U n ) 

(ui, u 2) • • •, u n ) 1 

is the determinant of the equations (2), whose square 

1 These forms were first treated by Lagrange: "Sur la solution des probldmes 
ind6termines du second degr6,” Mem. de V Ac. de Berlin, Vol. 23, 1769, § VI; 
Works of Lagrange (1868), Vol. II, p. 375. They were called zerlegbar by 
Kronecker. 

2 Dedekind, Zahlentheorie, § 182, Edition. See also Bachmann, Allge- 
meine Arth. der Zahlkdrper, Chapter X. 
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shall be defined as the discriminant 1 of the form F and 
denoted by 

(3) A(F)=\a> ik \ 2 . 

Observe that the decomposition of the form F into 
linear factors is not unique since 

F(u h u 2 , • • •, u n ) =CiUi-c 2 U 2 - • -c n U n , 

where 

C\ *c 2 ••*c„= 1. 

And note that the discriminant of the form is definitely 
determined. 

From (1) and (2) it follows that 
d log F J~ q,,. r V log F 

^ TT y . 


du r f^ r ui ’ du r du B 

and consequently the determinant 


i «r 




(4) 


— logF L ( _ 1) „^) 


du r du B 

On the other hand, it is seen that 

d 2 log F _ 1 / d 2 F dF dF 
dUrdUg F 2 \ du r du, du/dul 
Form the determinant 

dF 

dui 9 

dF d 2 F 


(5) D(F) = 


F, 


dF 
du 2 1 
d 2 F 


duF duyduF durfu*’ 


) 


dF 

du n 

d 2 F 


• • 


# • 


dF d 2 F 


• • 


• • • 


d 2 F 


• • 


• • 


duidu n 


• • 


• • • 


• • • 


d 2 F 


du n > dUnduF du n du 2 > > du n du ni 

Multiply the last n rows of this determinant by F. Then 
multiply the first row respectively by 

dF dF dF 

duF du 2 * ’ * *» du ~* 

1 See Hermite, Crelle's Journal , Vol. 47 , p. 33 
25 
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Subtract each of the latter expressions from each of the 
former with the result that all the terms of the first column 
vanish except the first. It follows that 


F n D(F)=F 2n+1 


d 2 log F 
du T du s 


D(F)=F n+l 


d 2 log F 


or 

(6) ~ ‘ dUrdu, 

Making use of (4), it is seen that 

(7) D(F) = (-l) n F n ~ l A(F). 


If the function F has integral coefficients and if t is the 
greatest common divisor of these coefficients, it follows 
from (6) that D(F) has t n+l as a divisor and from (7) that 
A (F) is divisible by t 2 . 

It is further seen from the definition of the discriminant 
of the form, if k is any constant, that the equation 

(8) A(kF) = k?A(F) 

exists, whether the coefficients in F are integral or 
fractional. 

Art. 175. We shall next specialize the theory by 
treating composite forms of a fixed realm of rationality 
ft, say, of the nth degree. Such a form is F(u h u 2 , • • •, 
u n ), if it may be expressed as the norm of a linear form 1 

(1) <x 2 u 2 -\r • • • -\-ot n u n , 

where cti are numbers (fractional or integral) of ft. 
The coefficients of F(ui, u 2 , • • •, u n ) are rational numbers. 

Certain limitations are to be observed: First, the 
coefficients a , cannot all belong to a realm ft' of degree n , 
where n = n' -m and m is a positive integer. For in this 

1 See Part II of Kronecker’s Grundzuge, in particular § 14, end, and § 19, 
end. Kronecker indicates somewhat vaguely his theory of divisors through 
which with the help of linear forms is effected a transition from complex numbers 
to composite forms.” See also Kummer, CreUe, 35, p. 342, and again Kronecker. 
GrundzOge, §§ 22, 23, 24, 25. 
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case the norm with respect to fi' of the linear form (1) is a 
form F\(ui, u 2 , • • •, u n ), where the coefficients are rational 
numbers, and F = F Accordingly we must assume 
that F is an irreducible function in the stock-realm. 

In the second place, there must not be among the a’s 
any relation such as 


<*n — Ciai-\-c 2 a 2 -\- ■ • • ia„_i, 

where the c’s are rational numbers. For in this case (1) 
becomes 

ai(ui-hc 1 u n )-\-o: 2 (u2-i- C 2'U n ) + • • • +or n _i(u n _j-f-c n _iW n ), 

so that the original n indeterminates are now replaced by 
the 7i—l indeterminates 


U\.-\~C\U n , U 2 -{-C 2 U n) • • •, U n _i -\-C n —\U n . 

Hence, if it is assumed that the n indeterminates u are 
independent, the coefficients <*,, • •, <*„ mus t be 

rationally independent, and that is, they cannot belong 
to a realm of degree less than n. 

Accordingly, a composite form of the nth degree of a fixed 
realm is defined as an irreducible form of the nth degree in n 
independent indeterminates u>. And this form may be 
expressed as the norm of a linear form ( 1) whose coefficients 
a* belong to a definite realm of rationality. 

It follows that the coefficients a lt a 2 , •*., a „ form a 
basis of this realm. The form F is said to be primitive or a 

unit form , if its coefficients are rational integers whose 
greatest common divisor is unity. (Art. 67.) 

Art. 176. The Relation of the Discriminant of a 
Composite Form of the Realm to the Fundamental 
Invariant Let E{u l} u 2 , • • u„) be a composite unit 

torm of the realm of the nth degree with the n inde- 
ermmates u 2 , ■■■, Let U, be one of its linear 
factors The coefficients of U, as seen above form a 
basis of the realm, but as seen in Art. 174, they are not 
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necessarily integers of the realm. However, it is always 
possible to choose an integer 7 of the realm such that 

( 1 ) yUi = aiUi + a 2 U 2 -] - \~a n u n , 

where the a’s are algebraic integers. This linear form 
may be denoted by 

( 2 ) }=oL\Ui-\-a 2 u 2 -\- • • • -\-a n u n . 

If the indeterminates u are allowed to take only rational 
integral values, it is seen that / is identical with the 
modul 

m = \jxij a 2) • • *, a»]. 

The quotient — is an order-modul 01, say; and OiTn>m. 
If 

Oi — w 2 , • • •, w„], 

it follows that are numbers of m, and may therefore 
be expressed as linear functions of the a’s with rational 
integral coefficients. Accordingly, we may write 

/«<= UilOCl~\- Ui 2 a 2 -\- * * • -\-UinOi n ( t = b 2 » n )» 
where the quantities Ua are linear homogeneous func¬ 
tions of the u’s with rational integral coefficients. 

The determinant 

( 3 ) U= | Uik | 

of the n equations above is a homogeneous integral 
function of the nth degree in the u’s whose coefficients are 
rational integers. 

Since the integers «i, o> 2 , • • •, form a basis (not 
necessarily of all integers) of 0, it is seen that 

(4) Cii = r,-ld>i-}-r» 2 a> 2 -}- • • • (* = 1» 2 , • • •, n), 

whose determinant in absolute value (see Art. 11) is 

/K x 1 , (o» ra) 

® l r,A: l (m, 0) 

If the values of a, from (4) are written in (2), it is seen 



COMPOSITE (FACTORABLE) FORMS 


359 


that 

( 6 ) }ui=Y,Uikr k h&h (i=l, 2, •••, n). 

t,h 

From this formula it follows (Art. 70) that 

(7) N(f)=\r ik \U, 

where for the u’s that appear in / and U may be written 
any rational integers. 

The function U defined through formulas (8) and (7) is 
accordingly a composite form that corresponds to or is 
associated with the modul m. 

Suppose that instead of the modul m = [a u a»], 

the form / is considered with respect to the ideal 

(8) i = (<*1, <*2> • • « n ). 

By definition (Art. 68) i is the content of the linear form/. 
From (2) it is seen, if E denotes a unit form, that 

EN(y) =N(f); 

and, as 

(9) N(f)=EN( t), 

we have 

N(i)=N(y). 

The integers a ,• need not be the basis of the ideal i in (8). 
If Pu Pi, • • •, Pn form such a basis, it is seen that 

(19) a:» = a,i/3i + ai2/32+ • • • +0tn/? n (t'=l,2, 

where the a’s are rational integers. Further, since the 
/3s are integers in o = [/oi, o> 2 , •••, it follows that 

(II) Pi = * • • - f"5*nW n (t = l, 2, • • •, n). 

Accordingly, it follows that 

a» = c,icoi+c,- 2 w 2 + • • • -J-C» n W/, (<*-1,2, •••,«), 

where the determinant 

\cik\ = \a ik \ 16,x-1 

is different from zero. 
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From the definition of the discriminant of a form in 
Art. 174, it is seen that 

(12) &tN(f)l=\a ik \ 2 -\b ik \*D, 

where D is the fundamental invariant of the fixed realm. 
It follows from (11) that 

\b ik \ = N(i). 

From formula (9) we have, on the other hand 

(13) A[N(f)l = N(i) 2 A(E). 

From (11), (12), and (13) we have 

(14) A(E)=\a ik \ z D. 

It is thus seen that the fundamental invariant D, to which 
a composite unit form belongs, is always a divisor of the 
discriminant of this form, the ratio of the latter to the former 
being the square of a rational integer. 

It is clear that for a given value A (E) the integer D can 
have only a finite number of different values; and, since 
for a given D there exist (Art. 136) only a finite number of 
realms of the nth degree, it follows that the number of 
composite unit forms of the nth degree with given 
discriminant may be distributed into only a finite number 
of realms of the nth degree. Reciprocally, the dis¬ 
criminants of all composite unit-forms, which belong to a 
definite realm, are quadratic multiples of its fundamental 
invariant. It is also evident that the necessary and 
sufficient condition that the discriminant of the unit- 
form be equivalent to the fundamental invariant is that 

\ditc 1= ±1> 

and that is, that the a s []cf. formulas (10) and (11)] form 
a basis of the ideal i. 

With this is proved the theorem that every composite 
unit-form, which belongs to a definite realm of the nth 
degree and whose discriminant is equal to the fundamental 
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invariant , corresponds to an ideal of the realm 

[«1> <* 2 , * * *, ttn], 

whose linear form is f, and which may be determined through 
the form E in the manner indicated above. 

Art. 177. We may next prove the inverse of the 
theorem just stated, namely: Corresponding to every ideal 
x of the fixed realm there exists a unit-form U, whose 
discriminant is equal to the fundamental invariant D. 

For, let the modul tn = [<*i, a 2 , • • <*n] be an ideal and 

observe (Art. 4) that the order-modul Oi of m is o and that 
the basal elements of Oi are those of o. Accordingly, it 
follows that the rational numbers of (4), Art. 176, are in 
the present case integers, and that 

I r ik | =(o, m) =N(m). 

Accordingly, the relation (7) of Art. 176 becomes here 

(1) N(f)=N(m)U. 

We have next to show that U is a unit-form. Suppose 
that the u’s are replaced by any rational integers and that 
accordingly f becomes an integer a of the ideal m = [«i, 
a 2 , • • •, a»]. Since a is divisible by m, it follows that 

(2) oa = m • n, 

where n is another ideal of the fixed realm. Further 
(Art. 66, Example 1), the ideal n may be so chosen that it 
is relatively prime to any given ideal, say og, where g is a 
rational integer. 

It follows from (2) that 

±N(a)=N(m)N(x\), 
and therefore, from (1) that 

(3) U=±N( n). 

With this it is seen that by a choice of the u’s, N( n) and 
therefore U may be made relatively prime to any 
rational integer. Accordingly, the greatest common 
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divisor of the coefficients of U must be unity, and that is 
U is a unit form. ’ 

From (1) it follows that 

and from (13) and (14) of the preceding article 

A U = D. 

With this it is proved that U is a unit-form with dis¬ 
criminant equal to the fundamental invariant D and it is 
seen that U is completely determined through the ideal 
(«i» « 2 , • • or„) = nt. 

Art. 178. The values which the form U takes when 
the indeterminates u are given rational integral values, 
are called the numbers ( integers) expressible through the 
form U. 

To determine more precisely what these numbers are, 
it may be observed that when a system of integral 
rational values is given to the u’s, the linear form / 
becomes an integer a of the ideal m and accordingly 
oa: = m-n, as above. 

Thus, corresponding to a definite system of rational 
integers there exists an ideal n, and the unit-form U takes 
the values +iV(n) or —N( n) according as the norm of a is 
positive or negative. (See formula (1) of the preceding 
article.) 

Suppose first that N(a) has a positive value. Then the 
ideals n include all the ideals of the class C", where C is 
the reciprocal class of the class C to which m belongs. 
And that is, 

CC' = Co, 

Co being the principal class. 

Observe here that mn = oa, where N(a) is positive. 
The norms of all ideal of the class C' are positive integers 
which may be expressed through the form U. If in the 
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ideal m there exist no integers a with negative norms, 
then the norms indicated above are the only ones that 
can be expressed through U. 

If, however, integers a of m exist with negative norms, 
there are other ideals n (where oc* = m-n) which form a 
class C". This class is in general different from the class 
C. The class C may be said to be half-equivalent to C" 
and the values of the indeterminates m that correspond 
to a are such that — N(n) = U. In this case all positive 
integers that may be expressed through U are the norms 
of the ideals of the class C', while all negative integers 
that may be expressed through U are the norms of the 
ideals of the class C" with negative sign. 

In particular, if there exist units of the realm with 
negative norm, then since 

o(car) = o(a) = mil, 

it follows that the values of u> which correspond to the 
number ea offer a number which may be expressed 
through the negative norm of n. In this particular case, 
the numbers that may be expressed through U are the 
positive and negatively taken norms of all the ideals of 
the class C'. 

If =fc g is any integer that may be expressed through U, 
then from above, g must be the norm of an ideal that 
belongs either to the class C' or C". There are, however, 
an infinite number of equivalent ideals that belong to one 
or the other of these two classes, whose norms are equal to 
g, and accordingly, there are an indefinite number of 
ways of expressing =fc g through the form U. These 

ways, and that is, the different systems of the u y s may be 
united in a group. For, if 

. . n' = en and inn = o<x, 

then also is 

mn' = o(ca), 
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where e is a unit. There corresponds to every such unit 
at the same time with the number ea of m a system of 
values of the u 's through which the integer ±g may be 
expressed in the form 

±g=±N(n) = ±N(n’), 

where the sign is the sign of N (a) and where the norm of e 
is +1. 

Corresponding to this expression of integers through 
the unit form U by ascribing integral values to the sys¬ 
tems of indeterminates Ui, there exists the complete 
analogy with the theorems of Chap. XII of Volume I, 
through which theorems the expression of numbers 
through binary quadratic forms were distributed into 
groups which belong to certain definite roots of con¬ 
gruences. (See Vol. I, Art. 280.) 

Art. 179. This analogy between the more general and 
the indicated more particular forms may be carried much 
further. For, let the basis on, a 2) • • •, a n of m be replaced 
by any other basis 0i, p 2 , • • 0„, where 

(3i = a,iiai-\-ai 2 a 2 -\- • • • -\-OLi n <Xn 2 , •••> n )> 

the a’s being rational integers so chosen that 

| a I* | = -hi¬ 
lt, further, we consider the linear form 

<p = PlVi~{-(3 2 V 2 -}- • • • —f" ftnVtif 

where the v’s are a system of indeterminates, it follows as 
in the case of formulas (2) and (7) of Art. 176, that 

NM=N( m) V, 

where V is a composite unit form of the realm whose 
determinant is equal to the fundamental invariant D. 
Since <p may be transformed into the linear form 

f = aiUi-\-a 2 u 2 -\- • • • -\-a n u n 
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through the relations 

(1) Ui =ai»Vi+a2»'t , 2+ * * * -\-&niVn 0’ = 1» 2, *•*,«)» 

we have the equality of the two unit-forms 

U=V. 

In other words the form U is transformed into the form V 
through the substitutions (1). Two forms for which this 
condition exists are said to be equivalent. Accordingly, 
all composite unit-forms to which the different bases of the 
ideal m lead, are equivalent to one another; that is, they are 
forms of the same class. 

Reciprocally, every form of the class in question has its 
origin in a definite basis of the ideal m. 

For, if V is a unit-form that is equivalent to the unit- 
form U, the one being transformed into the other by 
means of the substitutions 

Ui = 01,^1+a 2 ,V2+ • • • f-CLniVn (» = b 2, • ■ n) 

with determinant 

| dik | = lj 

then the numbers 

01 “flliai-j-a 2 »tt 2 + * * * f-dniOtn (t = l, 2, • • •, n) 

form a basis of the ideal m to which clearly the form V 
belongs, being the unit-form which has its source in the 
basis 0 i, 0 2 , • • 0 n . (See Art. 24.) 

More generally, there belongs to this class of forms the 
complex of all the composite unit-forms which have their 
sources in the ideals that are equivalent to m. 

For, if m' = 0m is such an ideal, where 0 is a number 
(fractional or integral) of the realm with positive norm, 
then the products 

0«i, 0a 2 , • • •, 0a n , 

being integers in m', form a basis of m'. Next, if 
integral rational values are given to the u' s so that the 
linear form / becomes an integer a of m , it is seen that the 
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formula of Art. 176, namely 

/co, = UUi20i2~\~ * * * + UinCXny 

now becomes 

Pa-(x)i= U ,i/foi+ Ui 2 ( 3 a 2 -{- • • • + Uinpan (i- 1 » 2, •••, n), 

where an, oj 2 , • • *, o>„ form a basis of o. And instead of 
the equations (4) of Art. 176, there enter here 

0 tt» = 0rt«l+0«2« 2 + * * *O' = 1, 2, • • •, n), 

where the g's are rational integers. 

It follows at once that 

( 3 a- 0 )i= i k gkhUh (* = 1» 2 , • • •, n), 

t.h 

from which the value of N((3a ) is seen to be 

N(fa) = | £/,•*11^| = J7AT(/Jm) = N(m')U. 

Observe that a is any number of the linear form /, 
which is the content of m. From this it is seen that to all 
ideals that are equivalent to m there corresponds one and 
the same composite unit-form U , or an equivalent form. 
The class of forms in question may accordingly be 
designated as the class that corresponds to the ideal 
class. With this is proved the theorem: 

To every class of ideals there corresponds a uniquely 
determined class of composite unit-forms of the realm whose 
discriminant is the fundamental invariant D. To the 
transformation of the forms of this class there corresponds 
the transition from a basis of one of these ideals to another 
basis, and vice versa. 

Among the transformations of one unit-form into 
another there are those which transform such a form 
into itself. If the equations 

Ui = auVi+a 2i V2-\ -b a n iV n || = 1 (i=b 2 , •••,») 

present such a transformation, so that V is transformed 
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into the same form as U, it is seen that 

• • • + — N {a\U\-{-(x 2 u 2 -\- • • • -\rci n u n ). 

By giving to the u’s system of rational integral values 
including 0, it is clear, if 

/ = a lU 1 + a 2 U 2 H-h a n U n = a 

for such a system of values, that also 

<p — (3iUi +/?2'W2+ • • • -{-p n u n = (3 

for the same system, where a and 0 are two integers of m, 
such that N(a) = A(0). It follows that 0 = ea, where 

N(e) =» + 1 . 

In particular, it is seen that 

01 = ei<*l, 02 = f2<*2, ' * ', 0n = tnCXn, 

where 

iV[6,] = l (i* 1,2, 

And it is clear that the n integers /?i, /3 2 , • • form a 
basis of m. Due to the fact that for every unit € with 
positive norm, the integers 

01 = «*l, 02 = 2, • • •, 0n = ea n 

offer a basis of the kind required, it is seen that, corre¬ 
sponding to the infinitude of units e, there exist an 
infinite number of transformations of the unit-form U 
into itself. With this it has not been determined 
whether such are the only transformations by which a 
unit-form is transformed into itself. There remains also 
the question to be answered whether reciprocally to each 
class of composite unit-forms of the realm whose fundamental 
invariant is D , there corresponds a uniquely determined 
class of ideals or a multiplicity of such classes of the realm. 

That to every such unit-form corresponds an ideal, and 
therefore to a class of unit-forms there corresponds a 
class of ideals of the realm, is known from Art. 176. 
And it is to be observed that the results established in 
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Art. 176 for any linear factor U x say of U may be derived 
for any other linear factor, which consists of numbers of 
the same realm; and it is seen that to the same unit- 
form or to its class there will correspond as many ideal 
classes of the realm (whether they be different or not) as 
there are ideal classes among the conjugate realms that 
are identical with the given class. Whether there are 
ideal classes which are in fact different from one another 
remains to be determined. 

With this is proved the theorem : 1 If U is a 'primitive 
form, composite in the realm 3? of degree n, hut not factorable 
in any realm of lower degree, there exists in at least one 
and at most n ideal classes to which the form U belongs. 

Art. 180. Parallel with the equivalence of the ideals 
of a realm, and the composite forms which have their 
source in it, there corresponds to the multiplication of 
ideals and the composition 2 of their classes the composi¬ 
tion of composite forms and their classes. To set this 
into evidence, let 

a = (ai, (*2, b = (01,02, • ••,£») 

be two ideals of the realm and let c = a • b, so that 

C = (• • •, a&k, * * *) = (7i» 72, • * *, 7n), 

where c consists of the n 2 elements 

atipk (i=l, 2, •••; k = l, 2, •••, n), 

and where 

7 (i = 1 , 2 , • • •, n) 

are the basal elements of c. It follows, on the one hand 
that 

(1) a fik = a[ u w 7 1 + a ( f w 72 H-b w 7n, 

where 

a{ uk) d=i, 2, • • •, *0 

1 See Hilbert, Die Thcorie der alg. Zahlkdrper , Satz 59. 

2 Dirichlet-Dedekind, Zahlentheorie, § 182, 4 th Edition. 
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are rational integers; and on the other hand that 
(2) y h = cj, 1 ' "onpi -f -he?* k) a ip k - f -b c[ n ’ n) a n (3 n 

(h = 1,2, * • *, n), 

where c%- k) are rational integers. 

Substituting the expressions (1) in (2) and observing 
that the 7 ’s are linearly independent, it is seen that 


(3) 

where 


*.t 


<W =1 or 0 , 


according as h, h' are equal or unequal. 

Note that the expressions (3) are the elements of the 
determinant D 3 which arises through the multiplication 
of the determinants D 1 and D 2 of the linear forms ( 1 ) 
and (2). Since 7)3 = 1, it is seen that the coefficients of 


the determinants D\ have 1 as their greatest common 
divisor, the same being true of the coefficients of D 2 . 
Next write 


I /— ct\U\+(x 2 u 2 -\- • • • -f -a n u n , 

( 4 ) ■ <P = PlVi-\-{$ 2 V 2 -\- • • • -\-(3 n v n , 

[t = 71^1+72^2 H- \~7nW n , 

where 

( 5 ) N(f)=N(a)U, N(<p)=N(b)V, N(+)=N(c)W, 

U, V and W being unit-forms. Due to (1) it is seen that 

f-<P = = Eafr B UiV k y h . 

<.* i,t.h 

If we give to the indeterminates w u w 2) " - } w n the values 

( 6 ) w h ='£a£ t) u i v k (4 = 1 , 2 , •••,»), 

and write 

¥> = Wi7i+ w 2 72-buvy„, 

it follows that 

A m=N(f)N(<p); 

and at the same time, since 

N(c)=N(a)N(b), 
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we further have 

w=uv. 

And that is, if the relations (6) exist among the indetermi- 
nates w, u and v, with the further restrictions that 

Dz = D\ D 2 = 1 , 

then the unit-form IF, which has its source in the ideal- 
product c = a • b, becomes the product U • F, where U and 
V are respectively the unit-forms that have their sources 
in the ideals a and b. Accordingly, the unit-form IF is 
said to be compounded out of the unit-forms U and F. 

It may be observed that the three forms U, V and IF 
are uniquely connected through the bilinear substitution 
(6). For, if due to this substitution there exists among 
the linear forms the relation 


it follows that 




5 


dip d\p 

dVi dv t 1 


or 


/fc-E 

h 



Observe next that the integers y which are the basal 
elements of c are also integers in the ideals that are the 
•divisors of c, and that is, they are integers in b and in a. 
Accordingly, we may write 

7a = &ai/3i + £W32+ ' * ' (* = 1 > 2 > *•'» n )» 

where the b hk are rational integers, and where the 
determinant 


\bik \ =(b, c) = (ob, ab) = (o, a)=AT(a). 
It follows that 


/*-2:£r 

h. t ov i 


(t = 1, 2, •••, n). 


From these n equations (see Vol. I, Art. 59) it is seen 
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that 


N(f) = 


or from (5) 



dw h 


dVi 


\Kt\ = 


dWh 

dVi 


N( a); 


U = 


dw^ 

dVi 


Similarly, it follows that 



and 


W=U-V = 


dw h 


dw h 

dVi 

• 

dUi 


It may be proved that as the unit-form W is com¬ 
pounded of the forms TJ and V, the class to which W 
belongs is compounded of the classes to which U and V 
belong, since systems of forms which are equivalent to U 

and V must lead through the relations given above, to 
forms equivalent to W. 


Art. 181. The composite forms which have been 
treated are not the only ones that belong to a realm of the 
nth degree. It was seen [Art. 176, formula (14)] that 
there are also forms whose discriminant are not equal to 
the fundamental invariant of the realm, but are equal to 
this invariant multiplied by the square of a rational 
integer. We shall next show that in every order-modul 
of the realm there exists a category of composite forms. 

Let Oi be a definite order-modul of the realm, and let 
the modul 

m== C a i» <*2, • • or n ] 

be an ideal of o x . It was seen that if a is any ideal of o 
that the order-modul a 0 = ^ is equal to o (Art. 4). Simi¬ 
larly here, the order-modul m° is equal to 

Oi = C«i, w 2 , • • •, w n ]. 

If further we write 

( 1 ) 


26 


<**- 0 i»coi+ 02 i<d 2 -l- \-g ni O) n (* = 1 , 2 , ..., n), 
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where «i, <o 2 , • • *, u n are the basal elements of o, then is 
1 0 ** I with positive sign =(o,, m) = N'(m) = jV(om). 
Instead of the equation (7) of Art. 176, we have here 

(2) N(f) = A r (om) U. 

Observing formula (13) of Art. 176, it is seen that 

A PV(/)] = A(m)= 1^,-jfe | 2 A(oi). 

From (2) we further have 
It follows that 

A(f/) =A(oi) = N(oi) 2 D, 

where D is the fundamental invariant of the fixed realm. 

With this it is proved that corresponding to every ideal in 
Oi there exists a composite form U of the realm , whose 
discriminant is equal to N(oi) 2 -D. 

Art. 182. To prove that U of the preceding article is 
a unit-form, we must prove 1 a theorem which has the 
same significance for ideals in Oi, as the theorem of Art. 
66, Example 1 has for ideals in o. 

Theorem. If a is any ideal in Oi, there exists a second 
ideal b in oi, such that nb is a principal ideal of oi; and 
further, b is relatively prime to n, where n is any given ideal 
(or modul) in Oi, which satisfies the equation Oin = n. 

To prove this theorem, observe that on is an ideal in o, 
and put on = n'f'> where f' contains all the ideal factors of n 
which are divisors of the ring-leader f, so that n' is 
relatively prime to f. Due to the theorem mentioned in 
Art. 177, there exists a realm ideal c which is relatively 
prime to W and when compounded with the realm ideal 
oa is such that octc = 07, where 07 is a principal ideal in 0; 
and that is, 

00 = 07. 

1 See Dedekind, Festschrift zur S&kularfeier des Geburlslages von C. F. Gauss, 
Braunschweig, 1877, p. 28; Werke, Vol. I, p. 132. 
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Since 


c+n' = o, 

it follows, when multiplied by o«, that 

(1) 07 -focm' = oa. 

By definition 

a+f = o,, 


and, as n' is also relatively prime to ff', it follows that 


oan'+ff' = o. 

It is accordingly possible to determine integers u such 
that 


(2 ) oj = 7 (mod. oan') and oj=1 (mod. ff') 

are true simultaneously. The o>’s form a class of con¬ 
gruent integers that are congruent (mod. oan'-ff') and 
consequently (Vol. I, Art. 143) there exists an with 
positive norm that satisfies the congruences (2). 

Due to the second of these congruences co is congruent 
to 1 (mod. f); and since this congruence exists also (mod. 
Oi), it follows that a> is an integer in o,, since 1 belongs to 

0i. 

With this it is proved that 0 io> is a principal ideal of the 
order-modul oi. Having regard to the first of the 

congruences (2), it is seen that formula (1) may be 
written 

(3) oo>-{-oa-n' = oa. 

And from this it is seen that oa> is divisible by oa, so that 

(4) oco = oa • b, 

where b is a realm ideal which like ow is relatively prime to 

f. It follows (Art. 166) that there exists an ideal b in Oi 
such that ’ 

ob = b. 


Hence, from (4), we have 


ooico = oab, 
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where Oiw, a, b are all ideals in o,. From this it was 
proved (Arts. 168 and 14) that 

(5) Oico = ab. 

To prove the second part of the theorem, namely, that 
b is relatively prime to n, observe that from (3) 

(6) oab + oan' = oa, 
or 

oa(ob+n') = oao, 

an equation in realm ideals from which it follows that 


ob+n' = o. 

This equation shows that ob is relatively prime to n'. 
Further, from (5) and the second congruence in (2) 
it is seen that ob is prime to ff' and therefore also to 
ff •n'( = onf), a result which is expressed through the 
relation 

ob + onf = o, 
or 

(7) o(b+nf) = o = ooi. 

To prove that b+nf is an ideal in Oi, observe first that 

Oi(b+nf) = b+nf, 

and, secondly 

(b+nf) +f = (b+f) +nf = 0 i+nf = 0 i. 

It then follows from (7) that 


and since 
we have, finally, 


b+nf = Oi; 
nf>noi = n, 


b+n = Oi, 


with which is proved the theorem. 

To show that U is a unit-form, let k be any rational 
integer and observe that Oi k is an ideal. In the theorem 
above put 


a = m. 
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It is seen that an ideal b may be found in Oi, such that 

mb = Oioj, 

where Oiw is a principal ideal in Oi, and at the same time 


b+0i& = 0i. 

It follows that 

ob-f-o& = o, 

and that is, ob is relatively prime to k as is also N(ob). 

Fiom equation (3) above it is seen that w is an integer 
of om. As (o is also an integer of o,, it is seen that co is 

found in Oi om, and that is, in m. Hence (see formula 
(5)), we may write 


Oiw = mb and therefore ow = om*ob. 

Taking the norm of this expression, it is seen that 

N (u) = ±N(oco) = ±N(om)N(ob). 

On the other hand, from (2) of the preceding article, 

when the u’ s have been chosen so that / becomes «, we 
have 


It follows that 


N(u) =N(om) U. 


U=±N(ob), 

which from above is relatively prime to k. 

W ith this it is seen that the u’s in U may be so chosen 

that U is relatively prime to any rational integer k. 

And from this it follows that the greatest common 

divisor of the coefficients of U must be unity; and that is 
U is a unit-form. , 

With the proof of the above theorems it becomes 
evident that the same theorems that exist for the 
equivalence of ideals, the composition of forms, etc. in o 
are at once applicable in any order-modul o,. 

Art. 183. It may be observed further that there are 
other composite forms of the nth degree besides those 
already considered. For the modul m = [>,, * 2 , ... > an ] 
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consisting of integers of the given realm need not be an 
ideal either of the realm or of the order-modul and still 
the formula (7) of Art. 176, and that is 

(1) N(f)=\r ik \U, 

presents a composite form U of the fixed realm which 
corresponds to the modul m. For, from the relations (4) 
of Art. 176, namely, 


"f inW„ (i = l, 2, 


( 2 ) cm — ri\w\-\-r • 

it is seen, if we again put 

/=<21^1+0:2^2+ • • 

that 

A[iV(/)] = A(m)= |r,-jfc| 2 A(m°), 
where tn° is the order-modul 


+ OL n U 


ny 




From (1) it follows that 

A[W(/)]=k.*| 2 A(£7). 

From these two relations it is seen that 

A(U) =A(m°) =N{m°) 2 D. 

As in the cases already considered, there also exist here 
analogous theorems regarding the equivalence of the 
forms U that correspond to the different moduls. For, 
we may define for integral moduls the notion of equiva¬ 
lence in the same way as has been done for ideals, in that 
two ?i-termed moduls m and 11 T of the fixed realm are 
said to be equivalent , if there is a number /3 with positive 
norm for which m' = 0m. Accordingly, moduls are 
distributed into classes, equivalent moduls belonging to 
the same class. Evidently, all moduls of the same class 
have the same quotient m°, and that is, they have^the 
same order-modul. For, if is any integer of in , it 
follows that um>m and therefore also co/3m>^m, or 
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6Jin'>m / . From this it is seen that o> is an integer of 
(m')°> and reciprocally. 

Further, if a goes through all moduls of a class A, and 
if b goes through all moduls of a class B, the product ab 
will belong to a definite class C, which class, as in the case 
of ideals, is said to be compounded of the two classes A 
and B. 

It is clear that the same theorems must exist for the 
equivalence and composition of the composite unit-forms 
U which have their sources in these moduls as are true 
of the theorems proved in the previous articles. 

A final remark may be added. In formula (12), Art. 
176, was derived the relation 


or 

(3) 


ApV(/)] = A(m)= |a,-.|W(a) 2 /), 


D dik 



Mm) 

N(a) 2 ‘ 


It may be proved that this quotient is an invariant of the 
class to which the modul m belongs. 

For, consider the modul m = Cai, a 2l •••, «„], where 
« 2 , •••,«„ are integers of a fixed realm. The associate 
ideal is a = (aj, a 2 , • • <*„) = [/?,, 0 2 , • • •, /?„], where the 

0’s in the square brackets form a basis of a. (Art. 2; 
Vol. I, Art. 114.) Let tn' = 0m be a modul equivalent to 
m. Since by hypothesis the moduls are to consist of 
integers of the fixed realm, the basal elements 0a h 0a 2 , 
• • •, 0a n of m' are integral. There corresponds an ideal 
a' which is equivalent to a namely, 

a' = 0a = (0ou, 0a 2 , •••,0a n ). 

Observe further that 00 1} 00 2 , • • •, 00 n form an integral 
basis of a', and note that there exist the same relations 
between the basal elements of in' and a' on the one hand 
as between m and a on the other. Accordingly,' the left 
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hand side of (3) remains unchanged. And with this is 
proved the assertion that 


A(m') A(m) 
N(a') 2 ~ N{a) 2 ' 


The quotient > which is an innate property of m, is 

sometimes called the discriminant of the class of moduls to 
which m belongs. 

Finally, it may be remarked that 


(oi, m) _ ,' A(m) 

(m, Oi) \A(oi)' 

This follows from formula (5) of Art. 176, namely, 


ru b I, taken with positive value, 
tion found above, namely, 


Coi, m) 

(m, oi) 


with the rela- 


A (m) = | r ik | 2 A (o 0, where 



m 

m 


It is observed that this is only a special case of the 
relation 

(m\ m) I A(m) 

(m, tn')" >'A(m , ) , 

which exists in general for two moduls m and m' (see Vol. 
I, Art. 167). 



CHAPTER XII 


RELATIVE REALMS. SUB-REALMS. 

SUPER-REALMS 

Art. 184. Definitions. The conception of norm, dis¬ 
criminant, different, etc., which have been introduced in 
the previous chapters are susceptible of extensive 
generalizations. Instead of considering an algebraic 
realm SI, we may take here a realm 8 = 9?(0, 0). If St is a 
realm of degree N, which contains all the numbers of a 
realm F=$tt(0) of degree n, then F is a sub-realm of $, 
while $ is a super-realm of f. The realm St is called the 
relative realm with respect to F. 

Let 0 be a number which determines St, and among the 
infinite number of equations with algebraic integral 
coefficients in F, let the following equation of degree r 

(!) 0 r + «10 r “M-b<*r = 0 

be that one of the lowest degree. The quantities 
«i, • ■ a r are algebraic integers in F. The integer r is 
called the relative degree of St with respect to F, and 

N = r-n (note Vol. I, Art. 68). The equation (1) is 
irreducible in the realm of rationality F. 

If 0', • • •, 0 (r-1) are the other r -1 roots of the equation 
(1), these quantities are called the relative conjugate 
numbers to 0; and the realms •••, are ^he 

relative conjugate realms to 

The numbers of are denoted by capital Greek letters. 

If A is an arbitrary integer in St, and if (Vol. I, Art. 44) 

A =71+720+ • • • +7r0 r ~ 1 , 

379 
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where the 7 ’s are numbers of t, the integers ' 

A' =7l+72© / + • • • +7r0 ,r_1 , 

A (r - 1 ) =7i + 720 (r - 1) + • • •+7r[0 (r " 1) ]'- 1 , 

are called the relative conjugate integers to A. 

If 3 is the ideal (A 1 , • • •, A r ), then the ideals which are 
derived from this ideal through the substitutions 

s' = (0 : 0'), •••, s (r " 1 > = (0 

and that is, the ideals 

S' = (A' lf = A^) 

are called the relative conjugate ideals to 3 . 

If ai t • • •, (x s are arbitrary integers of f, and if they 
constitute an ideal t = (ori, • • •, a s ), they also determine 
an ideal 3 = («i, • • « s ) in That the ideal i is not 

to be regarded as different from 3 is seen from the 
following consideration: Let on, • • •, a s and af, • • •, af 
be integers in f such that in $ the ideals 3 = (<*i> * • •, o> 8 ) 
and 3* = (off, • ■ •, af) are equal. Then in f the two ideals 

i= (<* 1 , • • •, a,) and i* = (af, • • •, af) 

are also equal. For, since 3=3*) it follows, if a* is 
one of the integers af, • • •, af, that 

a* = A\a\-\- • • • -\-A 8 a 3 , 

where A h • • •, A s are algebraic integers in $. 

Forming the relative norm of both sides of this equa¬ 
tion, it is seen that in f 

a* r = Tia[-\-T 2 a[~ 1 a 2 + • * 

where n, r 2 , • • • are algebraic integers in f; and that is, 
a* r is divisible by i r ; and consequently, a* is divisible by 
i. It follows that i* is divisible by i; and, reversing the 
process, i is divisible by i*, and consequently in f the 
ideal i is equal to i*. 
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Reciprocally, an ideal 3 = (A h • • •, A„) of the realm ® 
is also an ideal in f, when and only when 3 may be ex¬ 
pressed at the same time as the greatest common divisor 
of certain integers a Xy •••,«, of F. 

The product of a number A by its relative conjugate 
numbers 

N t (A)=AA'---A ir ~" 

is called the relative norm of the number A with respect 
to the realm of rationality f. 

The relative norm A T , is a number in f. 

If 3 = (^i, -ds) is an arbitrary ideal in $, the 
product of 3 with the conjugate ideals of 3, 

N,(3) = 3 • 3'• * •3 (r_,) 

is the relative norm of the ideal 3- This relative norm is 
an ideal of the realm f. For, if U t , • • •, U s are inde- 
terminates, the coefficients of the product 

(AiC/iH— • -\-A sUs)(A[U x -\- • • • -\-A' s Us) 

being symmetric functions, are algebraic integers in F and 
the content of this expression is the norm A r r (3). 

The expression 

A t (A) = (A —A') • • • (A — A (r “ 1) ) 

is a number of the realm $ and is called the relative 
different of the number A with respect to the realm F. 
The expression 

D t (A) = (A—A') 2 {A -A ") 2 • • • (A (r-2) —A (r-1) ) 2 , 

is called the relative discriminant of A, and, as in Vol. I, 
Art. 63, 

D t (A) = (-l)^N t [A t (A)J. 

If Qi, & 2 , • • *, Qn are the N basal elements of all integers 
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in $, the elements of this realm (Art. 77) are 

and the ideal (Vol. I, Art. 96) 

is called the relative different of the realm St with respect 
to f. 

Denoting the fundamental form in $ by 

“E = QiUi~\~ • • • -\-SInUn, 

the relative different of E is 

At(E) = (E-E') • • • (E —E (r-1) )* 

And the content of the right-hand side is £)„ so that 

A f (E) = TV 

Further, writing 

E f (X) = (X-E)---(X-E (r " 1) ), 

we have 

[A y ' m L- a ' e) ' 

so that A,(E) is an ideal in St, although the elements 
S', • • • S (r_1) in general do not belong to this realm. 

The square of the greatest ideal divisor of all the 
determinants of the rth order, which can be made by 
taking any r columns of the matrix 


ftl, 

1^2; 

• • *, SIn 

fl'l, 


• • •, 

nr 11 , 

nr 1 ’, 

•••, nr 1 ’ 


is called the relative discriminant of the realm £ with 
respect to f. 

It is clear that each of the determinants of the rth order 
is an algebraic integer in f, so that the relative discrimi¬ 
nant is an ideal of the realm f. It may be denoted by D t . 
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Art. 185. Properties of the Relative Different and of 
the Relative Discriminant. Theorem. The relative 
discriminant of the realm St with regard to the sub-realm t 
is equal to the relative norm of the relative different of St and 
that is 

D t = N,( A,(S)). 

Proof. The relative norm of the relative different of 
that is, of the fundamental form E is 

^.(EJJ-iCE-EWE-E") 2 - • .(S<-«__ H (r-i,)2 

1, S, • - •, E r_1 

= ± 1, S', •••, E' r_1 

1, E (r_1) , •••, (E (r “ 1) ) r_1 

Write down (see Art. 76) the relations 

1 = U\ iS2i -f- • • • -f -U ia- ft;/, 

&=U 2if2i + •••+!/ 2 N&Nj 
'^ r_I = UrSt\ + * * * + UrN&Nf 
1 = t/Ariftid- • • • -{- UnnQn, 

substitute them in the first row of the determinant, 
and take the conjugates of these quantities for the other 
rows. The square of the resulting determinant has 
coefficients each of which is divisible by D t . Recipro¬ 
cally, observe that the determinant of the N linear 
expressions in (1) is a unit-form, U say. If we solve 
for the W quantities, fli, • • *, and substitute in the 
determinant for D t of the preceding article, it is seen that 
the resulting expression multiplied by the rth power of U 
is divisible by the product 

(E —E')(E —E") • • -(E (r “ 2) — E (r-1) ). 

From this it follows that 

iV,(A,(S))~D t . 
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Art. 186. Form the expression 

n = (E —(fli£7i+ - • • +ft v L/Ar))(E — (ft'I/iT- • • • -{-ftyt/jv)) 

• • .(E-(or lJ 17 l + •. • +n%- 1) u N )). 

The coefficients in this product, when expanded, are al¬ 
gebraic integers in f. These algebraic integers may be 
expressed in terms of wi, • • •, a>„ and these latter quanti¬ 
ties may, as in Art. 76, be expressed through £ and u h • • •, 
u n , where small u' s are written for large U’ s in Art. 76. 

It is thus seen that E (when written for X) satisfies an 
equation of the rth degree, say 

(1) *(X, £) =4> 0 -X’ r -f- < l > iX r ~ 1 -|- • • • +3> r = 0, 

where 3> 0 , •••, 4> r are integral functions in £ and the 
indeterminates u h • • •, u n , U i, •••, U N . Observe also 
that 4> 0 is a unit-form in «i, • • •, u n which is multiplied 
in the product II above, since a unit-form appears in 
the denominators of the expressions for the co’s through 
the powers of £. 

The other roots of (1) are E', • • E (r-1) . 

Let £ (/,) be one of the n — 1 fundamental forms that are 
conjugate to £; and denote the roots of the equation 


( 2 ) 

by 


HX, £<») = 


' '5*( r —1) 

(A)J *^(/»)> > *-<») 


(A = l, 2, •••,«) 


Since £ satisfies an equation of the nth degree, it is clear 
that every power of E after multiplication with an 
integral power of 4> 0 is equal to an integral function of £ 
and E which is at most of the n — 1st degree in £ and of the 


(r —l)th degree in E and with coefficients that are 
integral functions in «i, •••, u n , Ui, •••, U N . The 
realm $ is of degree N and flj, • • •, fi.v are the basis of all 
integers in this realm. Denote the discriminant of this 
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realm by D($t), so that 

^1) * * ', &AT. 

D(®)= Q '> •» 

and let D(t) be the discriminant of the realm f. 

Theorem. If D, denotes the relative discriminant with 
respect to f, then is 

D($?) = D(f) r N,(D,). 

Proof. Form the determinant A of the N = rn order 
as follows: Let 



1, E, ■ • •, E r £, £E, •••,££ 


1 






be the N = r-n elements of the first row. For the second 


row change £ to £', the nth row being formed by changing 
£ in the first row to £ (n_1) . Then make n additional rows 


by changing E to S' in the rows already formed. Then 
change E to E" for n additional rows; and finally change 
E to E (r_1) for the last set of r rows. 


Observe that this determinant vanishes when for E are 
written any of the quantities E', • • •, E (r ~ n or when for £ 
are written any of the quantities £', £", • •£ (n-1) ; and 
further as seen above, this determinant may be replaced 
by an integral function of degree at most r-1 in E and 
n— 1 in £. It is clear that the discriminant of the 
fundamental form after it has been multiplied by a 
power of is divisible by A 2 . 

Next express the elements of A linearly through the 
basal elements Q lt • • *, Q N as in the scheme found in 
formulas (1) of Art. 185, and it is seen that 
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where F is an integral function of u h • • •, u n , U 1} • • •, U N . 
And from this it is seen that the numerical factor of the 
square of A is divisible by D($). Since, however, Art. 
184 the numerical factor of the discriminant of S is 
equal to D($), it follows, reciprocally, that D is divisible 
by the numerical factor of the square of A; and that is, 
the numerical factor of A 2 = D($). 

Write 


A = 


D\" = 


D { r l) = 


1, 

• • • 

> 

Vr-1 
>—< 

1 

1, , 

• • • 

) 

ft A A A A 

V'r -1 
>-* 

1, E<-», 

9 m m w m 

• • • 

) 

(S(r-D)r-l 

1) 2(1), 


~r-l 

• • • 

) 

All) 

A > ~d)> 

• 00 

) 

A A A • 

C'(''-D 
~(1) 

1 'r(r-l) 

L J ~(1) > 

• • • • 

• • • 

) 

ft A A A A 

/£>(r-l)\r-l 

b-(l) ) 


1, A(n-1), 

' W w w w 

• • • 

) 

~r-l 

1) 

I, A(n-l), 

• • • 

) 

A A A 

~'r-l 

1, A (n _i), 

• • w w 

• 00 

) 

/■~(r—l)\r—1 

VA(n-ld 


and observe that D t ‘DP . D\? 1) = N,(D t ) 

ing the determinant A, it is seen that 


Expand- 



1, P" 1 

i, f, •••, e- 1 

i, (r _1 ) n_1 



and from this follows immediately the theorem to be 
proved. 

This theorem not only shows that the discriminant of a 
realm is divisible by the discriminant of each of its sub- 
realms, but it also shows to what power the latter 
discriminant enters as a factor of the former, and it 
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further reveals the simple meaning of the remaining 
factor of the super-realm. 

Art. 187. Theorem. Each element of the sub-realm 
f is equal to the product of certain r elements of the super¬ 
realm $ as presented through the formula 


— (H — 

Proof. If 


Sc*) (E -%,)••• (S-S& ,) ) 


F{X)-X"+FJC"-'+...+F n ~0 


is the fundamental equation of the Nth degree of the 
realm $, where F X} • • •, F x are integral functions of U u 

•••, U N , then (see preceding Art.) there exists the 
identical equation in X 

(1) ^F(X) =*(X, &*(X t $') • • -$(X, $<•-»). 

The different A(E) of the fundamental form is, due to the 
fact that 


( 2 ) 


*(S, © = 0, 

f dF(E) 13*(H,0 


*(E, {<"-»). 


-o dE 

On the one hand, from the preceding article, 

(3) *(E, {<*>) = $ 0 (E —E (ft) ) (E—EJ») • • •(E-ESr 1) ); 

and, on the other hand, due to the Mean-Value Theorem, 

(4) $(£, £ <;,) ) = 3>(E, p))-$(E, S) = (S-p k >)G< h \ 
where G (h) is an integral algebraic form. It follows from 
(2) that 




&F(a) d*(B, t) 




If the content of both sides of this equation is taken, it is 
seen that 


( 5 ) ®=$,&& 

where S is the different of if, ®, the relative different 
2 / 
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of k with respect to f, and 3 the ideal that is the content 
of the form G' • • -G (n_1) , and b is the different of the realm 
f. If the norm of both sides of the latter expression is 
taken, it follows that 

D(k) = N t (D t )b r Norm (3); 

and, from the preceding article, it is seen that 

Norm (3) = 1 and consequently 3 = (1). 

It is thus seen that the forms G', • • •, G (n_1) are all unit- 
forms. The proof of the theorem is then found in 
formulas (3) and (4). From formula (5) is derived at 
once the important theorem. 

Theorem. The different T) of the realm $ is equal to the 
product of the relative different T) f of k with respect to f and 
the different b of the realm f; and that is, 

= 2)rb. 

By virtue of this theorem, the behavior of the different 
upon the passage from the sub-realm to the super¬ 
realm is of extreme simplicity; the different of the higher 
realm is had by multiplying the different of the lower 
realm by the corresponding relative different. 

Art. 188. In the present theory the treatment of 
rational numbers has been extended through the intro¬ 
duction of the quadratic, the cubic, and in general the 
algebraic integers of realms of the nth degree. Other 
generalizations of this theory may be made in a different 
direction. It was seen in Vol. I, Arts. 239 ff. that the 
simplest method of treatment of the usual quadratic and 
cubic laws of reciprocity was effected through the 
extension of the realm of natural numbers by the 

. , 1-B‘V3 

adjunction of such quantities as i and co 2 

For example, a proof of the quadratic law of reciprocity 
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for rational prime numbers, namely, 



V— 1 g—I 

= (-l) 2 2 


was effected through the adjunction of such quantities as 
Vp and V=fcg to the realm of rational numbers, the law of 
reciprocity being derived from the properties of the 
resulting extended realms. (Vol. I, pp. 420 ff.) 

In a similar manner, if it is required to find a law 
of reciprocity for prime numbers or prime ideals of a 
quadratic realm 9f(Vw), it is natural, taking this realm 
as the stock realm, to introduce a more general quadratic 
realm, a relative quadratic realm } and from the properties 
of this realm seek to derive the laws of reciprocity in 
question. The generalization of this notion is had 
through the introduction of relative cubic and, in general, 
through relative realms of any degree and the study of the 
properties of these extended realms. As indicated in 
the introduction, this theory only recently has been de¬ 
veloped by Hasse, Takagi, Artin, Ore, and others. 

To illustrate what has been said above, we may 
consider the simplest case, that of the relative quadratic 
realms which is treated in this chapter. It is given by 
Hilbert, Math. Ann., Bd. 51, pp. 1—127; see also Sommer, 
Vorlesungen iiber Zahlentheorie, pp. 293 et seq. Other 
references are the Gottingen dissertations of Dorrie 
(1898), Ruckle (1901), R. Fueter (1903) and numerous 
papers by Furtwangler in the Abh. and Nach. von der Kgl. 
Ges. der Wissenschaften zu Gottingen of the same time, and 
in particular, the Math. Ann., Bd. 63. Finally attention 
is called to the frequently mentioned Gottingen Disser¬ 
tation of Leigh Reid, Gott. 1899, and W. Hasse, Deutsch. 
math. Vereinigung, 1930. Numerous other references are 

found in the Report of Algebraic Numbers by Dickson, 
Mitchell, Vandiver, and Wahlin, p. 20. 
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Art. 189. Fundamental Conceptions and Definitions. 1 

Let 92(Vra) be any given quadratic realm, in which the 
rational integer m is free from squared factors, and let ju 
be any integer of this realm which does not contain, as a 
factor, the square of an integer of the realm and which is 
different from 0, 1, and m. Further, let a and p run 
through all_the numbers (integral or fractional) of the 
realm 92(Vra). The complex (collectivity) of all the 
numbers a+/3Vjx constitute a new realm 9 l(Vm; V/x) in 
the same sense as hitherto used, since the sum, difference, 
product and quotient of any two numbers of the form 
a+/3V/x is a number of this form. 

Every number A=a+pJy of this realm satisfies a 
quadratic equation of the form 

x 2 — 2ax + a 2 — p 2 n = 0, 

whose coefficients belong to the stock-realm 92 (Vm). 
Accordingly, the numbers of the realm 92(Vw; VJI) are 
called relatively quadratic with respect to 92(Vm). The 
realm 92(Vm; V^) is called the relative realm or upper 
realm with regard to 92(Vm); and since 92(Vm; V/x) on 
the other hand contains all the numbers of the realm 
92 (Vw), the latter is called the lower realm. The terms 
sub- and super- may be affixed to realm to denote the two 
realms in question. It is clear that the realm 92 (Vm, 
Vjl) is related to the stock-realm 92(Vm) in the same way 
that 92 (Vm) is related to the realm of rational numbers. 

In the sequel we shall consider the properties of 
integers (defined below) of the relative realms^ 

Two numbers A=a-\-P^ and A' = a—P* y are sai 
to be relatively conjugate. It is seen that A' is derive 
from A by the substitution of -VJI for V/x; and this is 
indicated by writing A' = S(A) (capital S). Further, A 

1 See Hilbert. Bericht, pp. 203 et seq., 277 et seq.. and in particular Sommer’s 
Work , p. 294, which I follow closely in the sequel. 
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and £(A) are two numbers which are derived from each 
other by the substitution — Vra for Vra. 

It was seen in Vol. I, Art. 51 that 


Vji) = $tt(r) f 

where r is a rational function of Vra, V/x^and where V/x 
is a rational function of r, and also Vra is a rational 
function of r. Such a function in fact is r = Vm + V/x, 
where r satisfies an algebraic equation of the fourth 
degree with rational coefficients. 

For 

t 2 — mAr\i 


(r — V/x ) 2 = m 
and 


or 


v^= 


— t 2 _ 


2 r 


Vm = - 


2r 


(r 2 —/x — m) 2 — 4/xmr 2 — 0. 


Hence (Vol. I, Art. 44) all numbers of the realm 

V/x) may be expressed rationally through r in the form 


A =a + air4-a 2 r 2 + a 3 T 3 , 

where a, a u a 2 , and a 3 are rational numbers. The 
number A satisfies an equation of the fourth degree with 
rational coefficients, namely (s being a substitution in f) 

(x-A)tx-s(A)Xx-S(A)Xx-Ss(A)l = 0. 

A number A of the relative realm 9?(Vm; V^T) is said to be 
an integer, if it satisfies an equation 

(1) x 2 + a x+(3 = 0 = (x-A)tx-s(A)l ) 

where a and & are integers of $K(Vw). Accordingly, 
such an integer A satisfies an equation of the fourth 
degree of the form 


x 4 + aix 3 -f a^x 2 + a 3 x + a A = 0 , 
where a\, a 2 , a 3 , and a 4 are rational integers. 

From (1) it is seen that A is integral, if .4+£(x4) and 
AS(A) are integers of The product of 

a number and its conjugate is called the relative norm of 
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the number A, and is denoted by N t (A), where with 
Hilbert f is written for while the realm 

Vju) is denoted by St. 

The relative norm of an integer of $ is an integer of f. 
If a is a number of f, its relative norm N t (a)=a 2 , since 
S(a) =a. From the definition just given for an integer, 
it is seen that an integer of St which belongs to f, is an 
integer of f and that an integer of $ which is rational, is 
also a rational integer. 

The following theorem may be proved as in Vol. I, 
Art. 88: 

Theorem. The sum, the difference, and the product of 
two integers of St are integers of $. 

Accordingly, the difference 

A t = A-S(A), 

which is called the relative different of A, is integral if A is 
an integer. (Hilbert, Math. Ann., Vol. 51, pp. 1 ff.) 

Of particular importance is the conception of the 
relative discriminant of a number A, which is expressed 
through the formula 

It may be shown that the relative discriminant of a 
number A is the negative relative norm of the relative 
different of A, that is 

DfA) = —N t (At). 

For observe that 

A=a+P'l~H l A,(,4)=4|3 2 m, and N,(A,) = —40V 
Art. 190. Basis of the Relative Realm. Every num¬ 
ber of the realm 5 R(Vm; = may be written in the 

form 

cy-L/Wm 


T 


y 
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where a, (3 and y are integers of F. It will be proved 
that there is an indefinite number of systems of four inte¬ 
gers in 5?, such that every integer of 5t may be expressed 
linearly through these four numbers with rational integral 
coefficients. 

Observe that all the integers of 51 fall into two cate¬ 
gories 

(1) integers that belong to 5? and F; 

(2) integers that belong to 51 but not to F. 

The first class may be expressed in the form x-\-yw, 
where x and y are rational integers and 1, form a 
basis of F. Accordingly we need consider further only the 
integers of the form 

A = a where (3^0. 

y 

Since 

(x-A)tx-S(A)l = 0 = x 2 +^x+ ^-f-- =0, 


it is seen that ^ and — ~ must be integral. In the 


expression for A we may assume that a, (3, y are free of 
ideal or rational factors. In the determination of the 
most general value for A as given below, observe that the 
prime factors of y occur either to the second power in y, 
or they must be divisors of 2. 

Legendre denoted the greatest integer in | by 

this integer may for brevity be denoted by g. 

For the realms 9t(Vm), where m = 2 or m = 3 (mod. 4), 
the discriminant D is equal to 4 m, and consequently 2 
contains ideal factors; on the other hand, if m = 1 (mod. 4), 
D = m, it was shown that 2 is or is not factorable as a 
product of ideal factors according as m=l (mod. 8) or 
m=5 (mod. 8) (see Vol. I, Art. 216, Case III). 
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Theorem I. Suppose that the stock-realm $R(Vw) 
contains only one class (the principal class, h = l) of ideals; 
and suppose that the prime factors of 2 are \ i} X 2 , so that 
# = X{ , Xj*, where l\-\-l 2 =#, l\ and l 2 being rational integers, of 
which one may be zero; further let y, when distributed into its 
prime factors, be 

y = X^X^fl- i l TT 2 * • * * 7 Tr r , 

where at least of the rational numbers a h a 2 , e h e 2 , • • •, e r 

one must be odd (since y is not a perfect square). 

Further, let gi<li and g 2 <l 2 be the greatest possible 

integers for which the congruence 

% 

(1) y = S (mod. Xf^xf^) 

may be satisfied by an integer v of the realm 9J(Vra). If v 
is such a solution of the congruence ( 1) (see below) that 

V = 7T1 1 • • • 7T e T r V 1, 

then is 



X?‘ +5 «X^ +5 *tt!‘ • • • t rf' y 


an integer of the realm V/x) = $, and the four 

integers 

1, co, ft, coft 

form a basis of this realm. (Vol. I, Art. 98.) 

Since y is divisible by X?»X^ it follows from (1) that 
v is divisible by X?‘X 2 *. Noting that tt\ 1 - • -tt'/ and 
^ 2 (^+ 5 ,)^2(^+5,) are relatively prime, it is seen that 
two integers v\ and a i of the realm 9?(Vw) may be found 
such that 

v = ri-. • tt'/v i +X? ( ‘ ,,+ 5 ,) X| (<,,+ 5 l) (r 1 ; 
or written as a congruence 

V = 7T1 1 • • • 7T \ r vi (mod. Xf^Xi^).- 

Hence under the assumption that h = 1, every integer of 
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$ may be written in the form 

o: + /3V/x 

where 

7 = XJ‘ +3 ‘X£ +5 *7ri« • • • 7 rf', 


and where a and p are integers of f. Finally observe that 
g i and <72 may be greater than zero only when a, and a 2 
respectively are even integers. If < 7 , = O = 0 2 it is seen 

V/J 

that = 0 and that H takes the simpler form Q = — • 


Art. 191. Suppose the number of classes h of the 
stock realm 9f(Vm) is greater than unity, so that ideals 
take the place of algebraic integers in Theorem I. We 
accordingly have. 

Theorem II. Under the assumption that h> 1 let 


(2) = 1,12 

(m) = l i l Wi l • • -Pr r ; 
if further the congruence 

» = S (mod. 

can be satisfied by an integer of the stock-realm 9t(Vm) and 
if b = (/3i, p 2 ) is an ideal, such that b is relatively prime to l, 
and l 2 and such that 


I{.+ 5 .I|,+s,p«i. ..p*rb = (7), 

where y is a principal ideal , and if finally {v) is so chosen 
{Art. 16) that 

M = P?* • - phi, 


then Ui~0i ~^ fl 2 = /3 2 —^ M are integers of $ {observe 
that Pi and p 2 are each divisible by b) and the four integers 

1 , 0), Hi, H-2 

form a basis of the relative realm $. (Vol. I, Art. 290.) 
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The choice of 7 in the denominator is in a measure 
arbitrary, according to the choice of b. However, every 
integer may be reduced to an integer having the special 
denominator 7 . For suppose that 


G = /3 


7i 


J U 

where — = g-. Multiplying the numerator and denomi- 
nator of 12 by 7 -, it is evident that 

0i 

p + rV/x p + rVp 


12 = 


7i 


bi 


since /3 by construction is divisible by bi. 

From any definite basis an indefinite number of 
quadruples of integers may be derived which form a 
basis of $. Any quadruple may be derived from an 
other quadruple through a substitution with integral 
coefficients of 9? (Vm) and determinant equal to 1 . 

Finally it may be observed that an ideal b may be so 
chosen that it contains as prime factors only the ideals 
Ii, I 2 , pi* • *br, so that therefore 7 is a divisor of 4p.. 

Art. 192. Ideals of the Relative Realm. Observe 
that every ideal t = (t, 11 ) of the sub-realm t = 9t(^m) i is 
also an ideal 3 of the relative realm $ = 9 fcCv 7 wj Vp), 
where the integers of i = 3 are of the form ia + iiai, in 
which a and go over all the integers of f. Reciprocally, 
an ideal 3 of the relative realm St is at the same time an 
ideal of f, if 3 can be expressed through a system of 
integers, all of which belong to f. It is clear that not 
every ideal of $ is at the same time an ideal of f. 

The definition of a principal ideal is the same as that 

given previously. (Art. 7.) 
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If the substitution — |[ V/x is made in all the in¬ 

tegers of an ideal 3> there results the relative conjugate 
ideal 3'. An ideal 3 which is equal to its relative 
conjugate ideal and which has no ideal of f as a factor is 
called an ambiguous ideal of St. 

If all the integers of an ideal are expressed through the 
basis 1, o), and if the same methods are used as in 

Vol. I, Art. 206, it is seen that every ideal 3 may be 
written in a form (i denoting a rational integer) 

ft i, /, h), 

where i, i, /, I\ constitute a basis of the ideal. The 
definition of the product of two ideals and of the norm 
and the proof of the uniqueness of factorization of an 
ideal into its prime factors remain as in Art. 27. 

If n(i)=i*i / denotes the norm of an ideal of f, and if 
N( t) denotes the norm of an ideal of it is seen that 

N(i) =n(i) 2 . 

If p is an ideal of f, such that 

where is an ideal of it is evident that 

n(t>y = N(p)=NW 2 )=N(W 

and that is 

n(p) = N(ty) t where p = ty 2 . 

An extension of this concept of the norm of an ideal is 
that of the relative norm of an ideal 3> as denoted by the 
product 

tf*(3) -35(3) =3*3'. 

Theorem. The relative norm of an ideal 3 of St is an 
ideal of f. 

For if 

3“ft t, h /i), 

then is 

5(3) = ft t, S(/),5(J0) 
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3 - £(3) = (* 2 , u, i 2 , IS(I), JiflfdO, U, 75(70, • • •)• 

. It may be proved as follows that all the elements of 
this latter ideal are integers of f. Denote 7 by a+/ 3 \^ 
and 1 1 by 7 +dV/z, and observe that 

(a+/3V^) (7 -dV/J) + (or — /S V/T) (-y+dV/x) = 2(ay—pPd) 

which is an integer of f, and that therefore 75(70 +hS(I) 
is also an integer of f, as are 75(70, 7 X 5(7). Hence, 
75(7 1 ) and 7i5(7) are also integers in f. For writing 
75(70 =r, the above expressions are t+5(t) and t5(t), 
which are integers of f. Similarly it is seen that iS(I) 
and il are integers of f. 

In particular it is seen that the square of an ambiguous 
ideal of ft is an ideal of f. 

Art. 193. For a better understanding of the relative 
realm, we may next introduce the concepts of the relative 
different and of the relative discriminant of ft. 

The first is by definition the greatest common divisor 
of the relative differences of all the integers of $ and is 
written 

SWAx-SCAO, A 2 -S(A 2 ), ...); 

while the relative-discriminant is 

b = S)f = (A 1 -5(A 1 ) > A 2 -S(A 2 ), ..-) 2 . 

The relative different is an ideal of $, while the relative 
discriminant is an ideal of f, since 2 ), = 5(2),), so that b is 
the square of an ambiguous ideal of $ or 

b = #,(£),). 

Art. 194. Theorem I. If p is a prime ideal of f that 
is not a divisor of {2), but which enters (n) to the eth power , 
then the relative discriminant of ft! is divisible by p to the 
first power when and only when e is an odd integer. 
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Theorem II. If in t there is a factorization of (2) such 
that (2) = li‘U* and if U is a factor of (g) to the a, power , then 
the relative discriminant of is prime to I,-, when and 
only when there exists 1 in f an integer v, such that 

= ^ (mod. ( 2,rN< )- 

Proof. The definitions of the relative discriminant as 
given in the preceding article, is expressed through the 
formula 

b = (A l -S(A l ), Ai-su*), --O 2 ; 

and if the A’s are expressed through the basal elements, 

{2(3^ 2/3 2 Vju 2(x(3i+yp 2 )'fg Y 

o=i-> - j -> • • • / ■ 

V 7 T 7 / 

It follows that 

b(7*) = (M)(2) 2 (/3„ /3 2 ) 2 = (M)(2) 2 b 2 ; 

or, writing for g, 2, their values of Art. 191, 

WW • • • pHNi'»b 2 

b ({<'l+ 25 »(^l+ 23 »p 2 ' e 1 * . • pfrb 2 ‘ 

For the proof of Theorem I, it is clear, if e, is even and 

6 * 

2 i = e,-, that b is prime to p; if, however, e, is odd and 

= 2e,+l, then b contains as a factor p to the first power. 
For Theorem II, observe that if 

g = i? (mod. lV i+ai ), 

and if a< is an even integer, we must put gi = h in the 
expression for 7. In this case the numerator and 
denominator of the expression for b contain the factor 
and b is prime to l,-. 

If, however, a,- is an odd integer, or if the congruence 

n=v* (mod. l 2(ff<+5<) ) 

exists only for gi<U , then b necessarily has the factor 1<. 

1 Hilbert, Math. Ann., Vol. 51, pp. 5 ff. 
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With this is proved Theorem II. A combination of the 
above theorems gives rise to the following theorem: 

Theorem III. If (y) is prime to (2), and if the con¬ 
gruence 

y = i? (mod. 2 2 ) 

exists, the relative discriminant b of ft is prime to the ideal 

( 2 ). 

Art. 195. The Prime Ideals of the Relative Realm. 

Theorem I. Let p he a prime ideal of t, which is 
relatively prime to ( 2) and to (y). Then in the realm ft, p is 
factorable as the product of two prime ideals $ and 
if and only if y is a quadratic residue with respect to p, 
that is, if an integer a in t exists, 1 so that 

a? = y (mod. p). 

Proof. If the congruence y = o? (mod. p) is satisfied; 
and if we put 

^ = (P, a + Jp), <P'=£($) = (p, a-Jy), 

then ^ is different from < J3'. For since p and ( y ) are 
relatively prime by hypothesis, it follows that a is also 
relatively prime to p, and therefore 

(p, a + 'Ty, a — V/x, 2a, •••) = (!)• 

Further 

^' = (p2, p (a + ^ly), P(*-^), 2p<*, 2p y, p)=p. 

With this, the first part of the theorem is proved. 
Reciprocally, suppose that in ft we have 

P = Wi- 

Taking the relative norm of both sides of this equality, it 

follows that _ x 

p 2 = $£0P)$iS(?i); 

and consequently ‘Pi = &(?)> since the factorization of p 
is a unique process. 

i Hilbert, Math. Ann., Vol. 51, pp. 8 ff. 
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If then A is any integer of which accordingly 
belongs to the relative realm It', we have 

AT,(A)=0 (mod. p). 


And, if A = 



it follows that 


=0 (mod. p). 


First, suppose that ( 7 ) is not divisible by p. If 0 = 0 
(mod. p), then we must also have a = 0 (mod. p), and in 
this case both a and 0 would be integers of the ideal p, and 
this case may be neglected. 

If, however, /3 is prime to p, then (Art. 18) there exists 
an integer £ of f such that 


/3£ = 1 (mod. p), 

where £ is also prime to p. 

It follows from 


a 2 — 0 2 /i = O (mod. p), 

that also 

(a£) 2 _ M = o (mod. p), 

and accordingly n is a quadratic residue with respect to p. 

Were p a divisor of 7 , but not of 0, there would be no 
change in the above result. 

If, however, 7 is divisible by p‘» and also a and /3 are 
divisible by p* where Ci^e, and were we to divide numer¬ 
ator and denominator of the expression for A by p% it is 
seen that a and (3 would be replaced by ideals. To 
avoid this, let i be an ideal equivalent to and relatively 

prime to p e and put y = -, where tt is divisible by exactly 

the eth power of p and where <r is an integer in f. We may 

write a = — a* and /3 = — /3*, where a* and 0* are integers of 
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f that are relatively prime to p. It follows as above that 

<**’ — 0** M = o (mod. p) 
in accord with the previous result. 

In a similar manner for the prime ideal l,-, which is 
a factor of 2, the following theorem may be proved. 

Theorem II. If I ,(f = 1, or 2) is a prime ideal of f, 
whose li power is a divisor of 2, if, further, n is prime to U 
and is congruent to the square of an integer of f with respect 
to so that (Art. 19If) the relative discriminant of ft is 
prime to I then is I, factorable in $ into two prime ideals 
%i(i = l, 2) that are different from each other , if there is an 
integer a of f such that 

[i = o? (mod. lV i+1 ). 

Art. 196. The two theorems of the preceding article 
offer a criterion as to whether or not prime ideals in f 
which are not divisors of the relative discriminant, are 
factorable. The two Theorems III and IV that follow 
are generalizations of Theorems I and II. 

Theorem III. The relative different of the relative 
realm $ is divisible by all and only those prime ideals of $ 
which are ambiguous. 

Proof. We saw that the relative different T), was an 
ideal in $ which was equal to its relative conjugate. It 
can at most be divisible by ambiguous prime ideals or 
through prime ideals of f. We shall see in Theorem IV 
below that the latter are the squares of ambiguous ideals 
of 

For write 

where < 33, ‘’Pi, •••, *p r are prime ideals in St. Since 
£), = &(£)r), we also have 

Accordingly, either *p = ^CiP) and is an ambiguous ideal, or 
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$=£(?$»)• If then two relative conjugate ideals and 
£(^„) are different, then £> f is divisible by 
But ? a 5(^Pa)( = l>a) is a prime ideal of f, including~?h^r3 ) < 
ideals f,(t = l, 2). On the other hand we saw that / 

h = A 2 -S(A 2 ), •••) 2 

has as factors, excepting the factors of 2, only those prime 
factors p of the realm f which enter y to an odd power; and 
in this case p enters b only to the first power. If then £), 
contained p as a factor, then b( = T)?) must have p as a 
factor at least to the second degree, which is not true. 

Observe next that if b contains as a factor the ideal 
which is a divisor of 2, it may be shown that I, = 2,S(2.) 
where 2, = £(2.) is an ambiguous prime ideal of St. 

For, if first f,- enters as a factor to an odd power in y, 
then the basal element ft (see Art. 190) is of the form 

-^and clearly f, = ^l„ ^ = 2?, where 2,- is an ambigu¬ 

ous ideal, different from (1), of 51. 

Suppose secondly that I,- occurs to an even power a,- in 
and that (Art. 191) the congruence 

y—v 2 (mod. I?**®*) 

exists only for an integer gi<l { . It may be proved that 
integers a, 0 of t exist such that 


where 2, = ?;. 




For it is possible under the given assumptions to 
determine an integer A of $, such that 


7 

where N t (A) is divisible by I,-. With this it will be 
28 
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shown that l t - is factorable as the square of an ambiguous 
ideal. 

Due to the assumption regarding fi, it is clear that y is 
divisible by \V +a < and a is divisible by IV. It remains 
only to show that 

^-(3^=0 (mod. IJ'rK-H). 

If, as in the proof of the first theorem of Art. 195, we 
write 

X 2 * , X + 

= and a = -a*, 

where X is divisible by 1 2 and no higher power of I„ and a 
is prime to I, while a* and n* are also prime to I,, then 
a* and (3 may be determined so that 

(i) a* 1 — j3 2 )U* = 0 (mod. I}* <+1 ). 

To prove this, observe that being prime to I „ this 
. congruence may be written 

(ii) £ 2 — ju* = 0 (mod. 1 < 2,7 *' +1 ), 
where the congruence of Art. 194, namely 

n = (mod. l 2(< ’ ,+a<) ), 

becomes here 

(iii) fjL* = v*' (mod. 

There are two cases to be considered. If first the ideal ( 2 ) 
is a prime ideal in f, then since U is at most 1 and gi<U, 
it follows that < 7 t = 0. It remains to show that the 
congruence 

£ 2 — n* = 0 (mod. 2 ) 

admits solution. 

The integer 2 in 3is prime only when m = 5 
(mod. 8 ) (see Vol. I, Art. 216). In this case the basis is 1, 

1 + Vm . „ .m -1 

o) = —^—> where = ^— 
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Accordingly, we may write 

£ = x+yu), /i* = a + 5o), 

771 — 1 

where x, y, a, b are rational integers. Since —j—=1 

(mod. 2), it is seen that 

£ 2 — n*=Ex 2 -\-y 2 — a-\-(y 2 — b)u = 0 (mod. 2), 

a congruence which in all cases admits solution. 

For x 2 -\-y 2 — a = 0 (mod. 2) and y 2 — b = 0 (mod. 2) may 
be simultaneously solved in rational integral values of x 
and y. 

Suppose, secondly, that the integer 2 is factorable in the 
realm 9?(Vw), so that either 

(1°) (2) =1,12, or (2°) (2) = If. 

In the first case it remains to determine whether the 
congruence 

(iv) £ 2 — /z* = 0 (mod. I,); 

and in the second cases, whether the congruences 


(V) 

or 

S 2 — fj.* = 0 (mod. 1 1 ), 

when 

o 

II 

535 

(vi) 

£ 2 —M* = 0 (mod. 1?), 

when 

►- 

II 


admit solution. It may be proved as follows that there 
exist solutions for each of these three possibilities. Take 
first the congruence (vi). 

Observe that the congruence 

I 2 — m* = 0 (mod. I?) 

has a solution, since, due to the assumption 

y = p 2 (mod. I? +a ‘), 

it follows that 

n*=v*' (mod. If), 
and accordingly % = v*. 

Further, if £ = */* is not a solution of (vi), put 

£i = £+Xk, 
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where X is an integer of f which is divisible by h to the 
first power but by no higher power. The congruence (vi) 
is accordingly the same as 

£ 2 -u 2 X 2 

—2 -1-* 2 y = 0 (mod. Ii); 


and since is prime to b this congruence is of the same 
form as (iv); namely, 


£ 2 — fjt* = 0 (mod. Ii). 

Observe that for the congruences (iv) and (v) we have 
n(b) =2,n denoting the norm in the realm f; that is, all 
integers of f with respect to the modulus I t - may be 
distributed into two classes. It follows that every 
integer of f is congruent, modulo I„ to a rational integer 
which is prime to 2. Observe finally that the congruences 


£ 2 — m = 0 (mod. I,) 
admit solution, since the congruence 


x 2 — a = 0 (mod. 2) 

may always be solved in integral values of x, whatever 
value the rational integer a may have. 

With this it is proved that in all the cases above 
considered, the ideal I,- may be factored in the realm St. 
Observe that 


and 



a 


= 0 (mod. I»), 
7 



(mod. I,). 


It is seen that 

and thus it is proved that all ideals in question are 
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ambiguous; and accordingly the first part of our theorem 
is proved. 

It remains to be proved that T) f is divisible by all the 
ambiguous ideals of ft. Let ^)3 be an ambiguous ideal and 

P = r. 

Then, if n denotes the norm in f and N the norm in ft, we 
have (see Art. 192). 

n(tf = n(W)=N( < V). 

From the equality of these two norms it is seen that the 
complete system of residues of the integers with respect to 
W may be expressed through integers of f; that is, every 
integer of $ with respect to an ambiguous ideal is 
congruent to an integer of f. Observe that an integer 
that is not divisible by p is not divisible by ty. 

From the congruence 

A=a (mod. $) 

it follows that 

S(A)=a (mod. £(?)), where S(<p) = <p ; 
and therefore 

A —S(A) =0 (mod. ^). 

With this it is proved that all the integers of 3), are 
divisible by and that is T) f is divisible by <j3. With this 
Theorem III is proved. 

Theorem IV. Every prime ideal of F, which is a 
divisor of the relative discriminant, is in the relative realm 
$ equal to the square of an ambiguous prime ideal. Re¬ 
ciprocally, every prime ideal p of F, which is divisible by the 

square of a prime ideal of ft, is a dimsor of the relative 
discriminant b. 

Proof. If is a prime ideal of ft, whose square is a 
prime ideal of F, then from above ^ is a divisor of £) f , and 
consequently p( = <J3 2 ) is a divisor of the relative dis¬ 
criminant, since b = £)?. And therefore every ideal of F, 
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which is equal to the square of an ambiguous ideal of 
is a divisor of b. If further p = ^ 2 Q, then also 

p=sms(o). 

From this it follows that <p=£(sp) and 0 = 5(0). 
Since <P5(<P) is an ideal in t and is also a divisor of the 
prime ideal p in f, it is seen that Q = (1), so that p is equal 
to the square of an ambiguous ideal. If further p is a 
divisor of b, then is p a divisor of Of, and consequently 
p = < 53 2 , since D t is divisible by all ambiguous ideals of k 
and only by such ideals. 

We may next follow Sommer and introduce numerical 
examples to illustrate certain more general phases of the 
theory that are due in a large measure to Hilbert. It 
will be seen that the theorems derived from the quadratic 
realms taken with respect to the realm of rational 
numbers as stock-realm have their analogues in the more 
general quadratic realms, where another quadratic realm 
is taken as stock-realm. In particular, the development 
and proof of the simplest law of reciprocity for prime 
integers and prime ideals of a stock-realm are 

indicated by a consideration of the properties of such 
numbers and ideals in a more extended quadratic realm 

SftfVra; V/x). 

Art. 197. The Relative Discriminant of an Upper 
Realm with Respect to a Stock-Realm in Which the 
Number of Classes Is Odd. Hilbert (Math. Ann., Vol. 
51, p. 27) made the following assumptions and restric¬ 
tions regarding the stock-realm t: 

(1) that it he an imaginary realm, 

(2) that it have an odd number of classes. 

If the stock-realm is imaginary, it is evident that the 
relative realm in St is also imaginary. This realm (see 
Art. 189) taken with respect to the realm of rational 
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numbers as the stock-realm is of the fourth degree, the 
four conjugate realms (including $) being imaginary. 

It may be proved as in Vol. I, Art. 230 that in the 
realm $ = Vj*) there exists one principal unit E 

differing from ±1, whose norm is a unit in t he s tock- 
real m f, and therefore is ±1. The realms 9?(V — 1) and 
9?(V —3) prove exceptions. 

It was shown (see theorem of Vol. I, Art. 234) that the 
number of classes is odd under the assumptions above, 
only if m= 1 (mod. 4) or if m=—l or m= — 2. (See 
Vol. I, Art. 216, III, and Art. 263.) 

The law of reciprocity for the realm 9?(V — 3) is treated 
by Dorrie in the thesis mentioned above, and the realm 
9?(V — 1) by Gauss ( Werke , Vol. II, §§30 ff.). We may 
therefore exclude these two realms from the present 
discussion. 

Accordingly, the realms to be considered here are the 
realms 

3t(V^2), h = 1; 9J(V^7), h = 1; SR(V^lT), h = l; 

9?(V^19), h=l] 9I(V^23), h = 3) 5R(V^3T), h = 3) 

5R(V —43), /i = l; 9t(V347), h = 5 . etc . 

Art. 198. Theorem. If the stock-realm t = 91(V?n) is 
an imaginary realm in which h is an odd integer , then for 
every relative realm $ the relative discriminant b with 
respect to t is different from dhl. 

Proof. It was seen in Art. 194 that the relative 
discriminant b contained as a factor 

(1) a prime ideal p, if y is divisible by an odd power of 

(2) the prime ideal l, if y is divisible by l a , while the 

ideal (2) is divisible by 1', and if the congruence 

y = (P (mod. l 2 (*+a)) 

can not be satisfied by an integer a of f. 
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It was seen in Art. 196 that this congruence could be 
satisfied only if a was an even integer, say a = 2e. 

Suppose next that /x is divisible by the prime ideals pi, 
p 2 » • • • 1. Then it is clear that the relative discriminant b 
can be prime to these factors, only if 

(m) = • • • l 2e . 

Accordingly, we would have 


(p?p2*- • • r) 2 =Gu) ~i. 

On the other hand we always have 

( P l 1 P 2* ’ * * l*) * —' 1 - 

Since h is an odd integer by hypothesis, it follows that 

(Pl*p2 2 • ‘ * O ~1 = (v) 

say. It would therefore follow that /x = «' 2 , where e is a 
unit and v is an integer of f. 

The realm is identical with the realm 9?(Ve). 

And to prove that the relative discriminant is different 
from ±1, it remains (see theorem at end of Art. 194) only 
to prove that in the stock-realm the congruence 

e = a 2 ( mod. 4) cannot be solved. As the realms 9?(V — 1) 
and 9?(V —3) have been excluded, the only value that the 
unit e may have under the given assumptions is —1. It 
remains to see if the congruence 

— 1 = (x+yu ) 2 (mod. 4) 
admits solution. Since 


1 + Vm 


CO = 


o rn-\ 
u- = —. -bco, 


the above congruence is 

.. . m — 1 


— l=a^+ 


y 2 + {2xy + if)u (mod. 4). 


Accordingly, the two congruences 

??? — 1 

arM— -r—y 2 -\-l = ^ (mod. 4), 
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and 

2xy-\-y 2 = 0 (mod. 4) 
must be satisfied simultaneously. 

From the second of these congruences it is seen that y 
must be an even integer and from the first it follows that 

x 2 +\ =0 (mod. 4). 

As this congruence can not be satisfied, it is seen that 
there does not exist a congruence of the form e = <* 2 
(mod. 4); and therefore the relative discriminant of 
9 ?(Vm; Ve) is not prime to 2 . 

Accordingly it is different from ±1; and with this the 
theorem is proved. 

Art. 199. Simple Cases of Hilbert’s Quadratic Law 
of Reciprocity. Theorem I. An integral or fractional 
number B of whose relative norm with respect to f is 
may be expressed as the quotient of two relative conjugate 
integers of the relative realm , and that is } in the form 

where A is an integer of $. (See Vol. I, Art. 234.) 

Write Ai = \+B, where B is a number of ® that is 
different from -1. It follows that 

S(^ 1 ) = l+5(fi)=^(l+B), 

and therefore also & = g^ i y If a rational integer a is so 

chosen that aA, is integral, then is aS(A,) also integral. 

Hence writing a A , = A , it follows that B = where A 
is an integer in $. 

The following is another interesting proof of the same 
theorem. 

Let 6 be an integer that determines the relative realm so 

that $ = Di(Vw; Vm) = 3i(0). By hypothesis BS(B) - -f- 1 . 
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Further put 


and 

Observe that 


x + 0 p 

x x+S(e)*’ 
A x — 1 -f- B x . 


B X S(A X ) = B x ( 1 +S(B X )) =B x +l = A x 

or 


B r = 


S(A X ) 


For x choose a rational integer a, such that B a 9 ± 0; and 



It is seen that 



A i a-\-S(6) A a a~hS(0) „ „ 

S(A l )~ a+6 * S(A a ) ~ a+6 

Finally choose the rational integer b so that bAi = A f 
where A is an integer of It follows that 

n A 
*~S(A) 

as above. 

Theorem. If the relative discriminant of ® contains 
only the one prime ideal p of f, then is the relative norm of the 
fundamental unit E of $ equal to —1. (See Vol. I, Art. 
235.) 

Proof. Let E denote the fundamental unit of $. 
Were the relative norm of E equal to +1> it would follow 
from the preceding theorem that there existed an integer 
A of $ such that 



or A=ES(A). 


Hence every factor of A must also divide S(A). This 
requires that A be divisible by ambiguous ideals or 
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ideals of f. By hypothesis is the only ambiguous ideal 
of where p = ty 2 . Observe further that in f there exists 
an ideal m such that 

where n and y have the same meaning as in Art. 191. 
Further, since +1 and —1 are the only units of an 
imaginary realm, it follows that A must be of the form 

A — Iia or A= H^V/x, 

where a: and £ are numbers of f and II a unit of 
From this it would follow that 

E = —— = —= II 2 

S(A) S{11) n ’ 

and E accordingly would not be a fundamental unit. 
There remains then only the other possibility; namely, 

N X (E) = — 1. 

Exa mple . Exceptions have been made of the realms 5R(V—1) 
and 9l(V-3). Treat each case separately and make the required 
modifications. 

Art. 200. From the theorem above it may be proved 
next that the number of classes H of St is odd. (See Vol. I, 
Art. 235.) 

Suppose that H were even. Then there would exist an 
ideal S, which was not a principal ideal, such that 3 12 — 1. 
It would follow that *S(3) 2 ~1 and therefore also 
(3&(30) 2 ~1- On the other hand SS($) (~i) is an ideal 
in f. And since i h ~ 1, where h is an odd integer, it would 
follow that $S(S) -1. Then from 3 2 ~1 and $S(S) -1, 
we would have S'^£(3), or S = #*S(S)» where B is a 
number in $, whose relative norm must be d=l, since 
±1 are the only units of f. 
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If N t (B) - +1, we have from the theorem of Art. 199, 
D <S(A) 1 

B ~~A ~’ where A is an integer of If, however, 


h t{B) 1 , then is Nf(EB) — +1, and we may write 

EB = • In either case the ideal equation 3 = BS(3) 

may be replaced by the other ideal equation (A) 3 

= S(A3). Here again every ideal that divides ( A)3 
must be a factor of S(A 3). 

By hypothesis, there is only one ambiguous ideal 



say ^; and as above, being such that in*}} = 



it follows that either (A)3 = { or 



where 


i is an ideal of f. In either case 3 would be equivalent to 
an ideal of f or to a principal ideal. We would have on 
the one hand, yM^l, and on the other and 

consequently 3 ~1, which is contrary to the assumption. 

Art. 201. Following a concept due to Gauss (Works, 
Vol. II, “Theoria resid. biquadrat.,” Com. Sec. Nr. 36), 
Hilbert, 1 in his papers on the relative quadratic and rela¬ 
tive Abelian realms, introduced for a convenient formula¬ 
tion of further theorems the definition: 

A prime integer p of f, that is not a factor of 2, with 
respect to which every unit of f is a quadratic residue, is 
called a primary prime ideal, and every prime ideal which 
does not have this property is called a non-primary ideal. 

Hence, in the present discussion, since the only units of 
f are =t 1, it is clear that every prime ideal is primary if it 
is prime to 2, and with respect to which — 1 is a quadratic 
residue. And for such primary prime ideals we have the 
following theorem: 


1 Hilbert, Math. Ann., Vol. 51, pp. 48 £f. 
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Theorem. If p is a primary prime ideal of f, there 
always exists in f an integer ir, such that ( 7 r) = p ,J and which 
has the further property that the congruence 

tt = c^ (mod. 4) 

is satisfied through an integer a of f. 

Proof. The ideal p is, in a quadratic realm, either of 
the first or second degree. In the latter case, we have 
P = ('P) and since p is prime to 2, we have either 

V - 1 (mod. 4) or -1 (mod. 4), 

with which in this special case the theorem is proved. 
If, however, p is a prime ideal of the first degree, so that 
(p)=pp, then, due to the Fermat Theorem for every 
integer p of f which is not divisible by p, there exists the 
congruence 

p” (F) — 1 = +1 (mod. p). 

Hence in order that the congruence £ 2 = — 1 (mod. p) be 
satisfied, as demanded in the hypothesis, we must have 

n(E)-l 

(- 1 ) 2 = +1 (mod. p), 
or 

n (p)~l ^ / 

- 2 -= 0 (mod. 2 ); 

and that is, p must be of the form 4 n+l. 

Writing 

p A = (a+ 6 w), 

where a and b are rational integers, and o: = 
we have 

(p h ) = (a+bco)(a+6co') 

= a 2 +a&+*A=^. 

4 

Since p = l (mod. 4), it is clear that a and b cannot both 
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be even integers; and since further 

21 7i 7?1 — w / 6\ 2 m. 0 

a 2 + a6+6 2 — = \a+2) 

which is a positive integer, since by hypothesis m is 
negative, there remains for a and b only the following 
possibilities: 

1 — Ttl 

(1) If —^— = 1 (mod. 4), as±l, 6 = 0; or a=± 1, 

b = z Fl (mod. 4). 

j — yh 

(2) If —j— =2 (mod. 4), thenisa=±l, 6 = 0 (mod. 4). 

j — jYi 

(3) If —^— =3 (mod. 4), we must have either a= =fel, 

6 = 0; or a = 2, 6= ±1; or a= ±1, 6==tl (mod. 

4). 

1 — 1YI 

(4) If—j— =0 (mod. 4), then necessarily a=± 1, 

6 = 0 (mod. 4). 

With regard to these possibilities it may be proved that 
one of the congruences 

a+bw = (x-\-yu>) 2 (mod. 4), 

— (a+bw) = (x+yQ)) 2 (mod. 4), 

may always be satisfied in rational integral values of x 
and y. And that is either the system 

a—x 2 y 2 = 0 (mod. 4), 
b — 2xy — y 2 = 0 (mod. 4); 

or the system 

— a — x 2 -\--~^—y 2 = 0 (mod. 4), 

-b-2xy-y 2 =0 (mod. 4), 

admits solution. With this the theorem is proved, 
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namely, that under the given assumptions, the congruence 

7r = rfc(a + 6oj) = c? (mod. 4) 
may always be satisfied. 

The reciprocal of this theorem is also true, namely: 
Theorem. If 7 r is an integer of f, for which the con¬ 


gruence 7r = o? (mod. Jf) may be satisfied by an integer a of f, 
and , if (t) is the hth power of a prune ideal p which does not 
divide 2 , and that is (71-) = p'*, then is p a primary prime 
ideal , and that is, —1 is a quadratic residue of p. 

Proof. By hypothesis the relative discriminant of 
Vir) contains the one prime factor p and the 
relative norm of the fundamental unit E is equal to — 1. 


Observe the form of the integers of 9f(Vw; V*-) and put 

„ (T-fpV 7T . 

—> where p, a, r are integers of f = 9i(Vw). 


, where p, a, r are integers of f = 9J(Vw). 


It is seen that 


2o- . 

~ 2 t 1S an integer, and that r is at most 


71-1 

divisible by p 2 . From the relation 


(7 2 —p 2 7T 

4t 2 ’ 

it is seen, since - and are integers of f, that 

—4 = X 2 (mod. 

and therefore also 

— 4 = X 2 (mod. p). 

Since 2 is prime to p, an integer $ of f may be so chosen 
that 2^=±1 (mod. p), and therefore finally 

— l = a? (mod. p). 

The two theorems of the previous article lead at once 
to the following: 

Definition. If p is a primary prime ideal of f and if 
the integer tt of f in the equation (tt) = p* be so chosen 



+ ./ that [ — ) = -\-l. 
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as to sign that 7 r = a? (mod. 4), then is tt a primary integer 
of the primary ideal p. (Hilbert, Bericht, § 154.) 

Theorem. If p is a primary prime ideal of f and if w is 
a primary integer of p, if r is another prime ideal of f, and 

x h = (p),then it follows from = 

/\ ' X ' Kr/ 

The notation l -) is here again the extended Legendre 

Symbol. (Vol. I, Art. 216.) 

Proof. Due to the hypothesis that fi) = + 1 , the 

prime ideal r is factorable in ffi(Vm; V^) = $ as the 
product of two relative conjugate ideals 

r = (r, A)(r, 5(A)). 

Since further ir is a primary integer of p, the relative 
discriminant of $ contains only one prime factor p, and 
since H is an odd integer, there necessarily exists an odd 
rational integer, which is a divisor of H, say u, such that 

r“ = (r)(5(r)), 

where T and 5(T) are integers of $. This equation when 
raised to the h power may be written 

(p)“ = (ri)5(rO; 

and that is 

a — /3Vr 


P u = 


2 T 2 7 ’ 

where a, (3 and y are integers of f. Due to the properties 

a , /?V7r 

of integers of the relative realm, the quantities - and 

are integers in it, and accordingly 

4p u = p 2 (mod. p). 

Next determine £ so that 


«-i 


2 p 2 £=1 (mod. p). 
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It follows that 


or finally 


4£ 2 p u = P = £V (mod. p), 
p^a 2 (mod. p). 


And this means that 



- +1, as the theorem demands. 


Through a repeated application of this theorem the 
following may be proved: 

Theorem. If p and pi are two primary prime ideals and 

7 r and are the corresponding primary integers , then 
always is 



Proof. From (^) = +l, it follows from the previous 
theorem that (y) = +l. Were (y) = -l, then also 

mUSt (y) = ~ 1- Forif (y) = +1, then necessarily from 

the previous theorem (y) = +1 in contradiction to the 
assumption just made. 

By means of the symbols for the norm-residues and the 
norm-non-residues, the general proofs of the law of 
reciprocity for the ideals and integers of a quadratic 
realm as stock-realm have been effected by Hilbert 1 in a 
manner analogous to the proofs given by him and as 
presented in Vol. I, Chapter X of the present treatise. 
i he possibility of the proof under the assumptions stated 
m Art. 198 depends upon the fact that the number of 
classes of the relative realm is odd, and that all the 
classes of the relative realm belong to the same genus. 

1 Hilbert, Math. Ann., Vol. 51, pp. 85 et sea. 

29 
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The fact that the theorems here stated are true have 
lead to further endeavors in these directions and to 
better proofs of them with an extended treatment of the 
general theory. And the later development of this theory 
may eventually be of use in the establishment of other 
branches of mathematics, in particular the complex multi¬ 
plication of elliptic functions. 

The present work has to do with the Foundations of 
the General Theory; and it is pleasing to note that the 
recent developments and extensions of this theory are 
in the directions that are here indicated. 

Art. 202. Examples for the Introduction of the 
Notion of Class-Realms. 1 The following examples may 
serve by illustrating the theory to clarify the definitions 
which follow. The examples are found in Sommer’s book, 
and are taken for the most part from the papers cited 
at the beginning of this chapter. 

Example 1. Let the stock-realm be — 5) = f for 
which ±1 are the only units. The number of classes is 
h = 2, and the basis is 1, a> = V — 5. 

An interesting question is the following: Are there 
any relative quadratic realms whose relative discriminant 
with respect tot is =b 1? Such a relative realm contains no 
ambiguous ideals and may be called an unbranched 
(unverzweigter) upper realm. 

Since the number n=—l of the realm f = $R(V — 5) 
contains no prime factor, and since the congruence 

fj. — — l = a? (mod. 4) 

is satisfied by the int eger q: = V — 5 of f, the relative 
discriminant of 9?(V — 5; V —1)( = $) is prime to (2) and 

i See Kronecker, Werke, Vol. 4, p. 118 and p. 126; and Hilbert, “Nachr. der 
kgl. Ges. d. Wissensch. zu Gottingen,” Math. phys. Klasse, 1898, p. 370; and 
Acta Math., Vol. 26, p. 99; and Hasse, Math. Zeitschr., Vol. 31, p. 565. Numer¬ 
ous references are found in the Report on Algebraic Numbers by Dickson, 
Mitchell, Vandiver, and Wahlin, page 19. 
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contains no other prime factor. And that is, $ is a 
realm of the required kind. 

A relative quadratic realm 9?(Vm; V^T), which with 

respect to a stock-realm ffi(Vm) of class 2, has a relative 

discriminant — ± 1 , is called a class-realm 1 of the stock- 
realm. 

In the present example V^T) is a class-realm 

of the quadratic stock-realm If we choose as a 

basis (Art. 190) of_ th e cl ass-realm the four integers 


1, oj = V —5, = 


V-5+V^I 


2 


ft! = V^5 




seen that ft is also a unit, and that 


2 


it is 




In the treatment of the factorization of the integers and 

ideals of the stock-realm each of the following statements 

typifies a definite faet, and characterizes a definite 
property of the class-realm. 

(1) A prime integer p non-factorable in 9J(V^5) J s 
factorable in 9t(V^5; V^T) = ffi as the product of two 
prime ideals. For, note that the discriminant is d = —20, 

and that = (-^). Hence if (^ 5 ) = -1, then is 

either (^) _ 1, or ( ^ ) = 1. And therefore p is factor¬ 
able in the realm K(V5) or in »(V=I). Further all num- 
bers of these two realms are numbers of V^T) • 

and accordingly p is factorable in $. 

For example p = ll is not factorable in 9?(\T^5). 
Observe, however that (yy) = l, an d hence 


(H) = (4+V5)(4-V5) = (9+2n,)(l-2n 1 ). 

1 Hilbert, Bericht, pp. 278-279. 
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Similarly it is seen that p = 13, 17, 19, 31 are not 
factorable in 9J(V—5). However in St we have 

(13) = (3+2V —1)(3-2V^I) = (3-2w+412)(3+2w-412), 

(17) = (4+V^l)(4-V^I) = (4-a,+212)(4+a>-212), 

(19) = (4+^5) (4+i^ 1 ) = (7+120(2-11,), 

(31) = (6 +V5)(6-V5) = (11 + 2120(1-212,). 

(2) If p is a prime integer which is factorable in 
— 5) as the product of two ideals, there are the two 
cases to be considered: 

(2a) p=l (mod. 4), 

or 

(26) p = 3 (mod. 4). 

(2a) In the first case the congruence 

— 1 = c? (mod. p) 

may always be satisfied by an integer a of $(V —5). In 
fact, since n(p)=p, every integer of 9?(V — 5) is con¬ 
gruent, modulo p, to one of the rational integers 1, 2, • • •, 
p. As the congruence 

— 1 =x 2 (mod. p) 
admits solution, it follows that 

— 1 = 0 ^ (mod. p) 

may be solved, as also the congruence 

— 1 = ct' 2 (mod. p 7 )- 

Accordingly, the ideals p and p' are further factorable in 

$R(V^5; V^T). 

It may be proved that p and p' are princ ipal ideals. 
For observe that the discriminant —20 of $R(V — 5) has as 
factors the two rational primes 2 and 5. The two classes, 
one being the principal class of the realm, therefore belong 
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to two different genuses. Observe, however, that both p 
and p' belong to the principal genus and therefore to the 
class of principal ideals. For we have 

^—^ = +1, (“^ = +1, where p=l (mod. 4). 

(26) The second case behaves differently. In this case 
the congruence 

— 1 =o? (mod. p) 

does not admit solution. For since a must be congruent, 
modulo p, to a rational integer, we would have 


— 1 =x 2 (mod. p), 


which can not be solved when p = 4n-f-3. 

Accordingly, the prime ideals p of the second class 
(i.e., the class oth er t ha n th e principal class) remain 
prime ideals in 9?(V —5; V— 1) , and in this upper realm 
they are principal ideals, whereas they were not principal 
ideals of the stock-realm 9?(V^5). For observe that 2 is 
factorable in the realm ft(V^T) in the form 

2 = (1+V=T)(1-V^T). 

Further write i = (2, 1 -f- V —5) and denote by p any ideal 
that is not a principal ideal of $R(V-5). The prime 
divisors of the discriminant being 2 and 5, observe that 

(2P,_5) = + 1 and p^) = + i, 

so that ip is an ideal of th e pri ncipal class, say ip = ( a ) f 
where or is an integer of $(V^5). Hence i 2 p 2 = ( a ) 2 -, and* 
since 6 = 2, so that p 2 = (tt), it follows that ±2^ = 0 ? or 

rfc47T = a 2 • 2. 


It follows in the relative realm $ft(V— 5; V— 1) = $ that 


( 


T ) _ tt(i+V-i) ttd-V ^T) 

' 9 o • 
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Observe that and ? (1 f 11 are integers in 

since their sum and their product are integers. 

Further since p is not factorable in and as the two 

• < a(l + V — 1 ) ck( 1 —V — 1 ) 

integers 2 - and - 2 - differ only by the 

factor V — 1, i t is seen that in the realm $ the ideal 
a( 1 +V=I) 

P is- 2 -• And that is, every prime ideal p of the 


first degree of the realm 9?(V —5), which is not a principal 
ideal in this realm, is a principal ideal in $. The results 
of (1) and (2) taken together may be formulated in the 
theorem: 

Theo rem. Those prime ideals of the stock-realm 
$K(V— 6), which are principal ideals, are factorable in 
the class-realm 9?(V — 5; V — 1 ) as the product of two ideals; 
on the other hand, those prime ideals in 9?(V — 5), which are 
not principal ideals, remain prime ideals in the class-realm, 
becoming, however, principal ideals in this realm. 

The following examples will illustrate further the state¬ 
ment of this theorem: 

(5) = (V^5) 2 


[N.B., (5) is here an ideal], 

(29) = (3 +2 V^5) (3 - 2V--5), 

(41) = (6+V^5)(6-V^5), 

(61) = (4+3V^5)(4 —3a/^5)._ 

Observe that (V —5), (3+2V —5), (6 + V —5), • ■ • are 
principal ideals of 9?(V —5), which are factorable in the 
class-realm 9i(V — 5; V — 1). For example 

(V^5) = (l+«)(1+-S(fi)), 

(3+ 2x^5) = (1 — V"^5+V—1)(1 — V—5 —V—1), 

(3 —2aP 5) = (l + V^5+V^I)(l-t-V^5-V^I), 
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(«+V=S)— 

5+V^5+(3-V^5)V^l 
X 2 

= (5+2V^5-3fi+fi,) 

X (5+2V^5- 3S(Q) +5(n,)); 

and similarly 

(4+3V^5) = (5+O+Oi)(5+5(O)+S(O0), etc. 

The following examples illustrate the behavior of the 
ideals in the class-realm which are not principal ideals 
in the stock-realm $(V — 5). Observe that 

(2, H-V=5) = (1+V^T), 

since 

(2) = (i+V—"i)(i—■'f—I), 

and 

(l + V=5) = (l + V^l)(-2+S(Q)-Q 1 ). 

It is found also that 

(3, 1+V^5) = (-2+5(0)-0,), 

(3, 1-V=5) = (3-0+00, 

(7, 3 + V^5) = (4 + 2 w -35(0)+0,), 

(23, 8 +V —5) = (8+co+0+30i), etc. 

By factoring any given ideal into its prime factors, and 
applying the above processes to the prime factors, it is 
seen that what has been proved above for prime ideals 
is also true for ideals in general. 

Finally, for the example of the stock-realm $tt(V^5), 

it may be proved that the number of classes of the class-realm 
is odd. 

Assume that 3 is an ideal of $K(V^5; V^T), which is 
not a principal ideal. Note that 3 2 ~1, since 3<S(3) is an 
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integer of 5). It follows that 

3 2 -3£(3) or 3-5(3). 

Accordingly, we may write B = and consequently 

N t (B) = ±l. 

Were N\(B) = + 1, it follows as in Art. 199 that B = ; 

and if N t (B) = — 1 , since N t (E)=— 1 , it is seen that 

(A) 


EB = 


S(A)’ 


where A is an integer of the class-realm. In both cases 
(A)3 = 5(A3). It would therefore follow that (A)3 was 
an ideal of the stock-realm or the product of an ambiguous 
ideal of the class-realm by an ideal of the stock-realm. 
Since, however, the discriminant of the class-realm 
contains no prime ideal as a factor, and since there is 
no ambiguous ideal of the class-realm, it is seen that 
(A3) is an ideal of t he s tock-realm. Since h, the num¬ 
ber of classes of 9?(V —5), is an odd integer and since 
3 2 ~1» it follows that 3 ~ 1. And that is, if the square of 
an ideal 3 is a principal ideal, then 3 also is itself a 
principal ideal. 

If next we assume that the number of classes of the 
class-realm is even, say H = 2 a n, where n is an odd integer, 
then for every ideal of the class-realm it is seen that 

3 2 ‘"~l, 3 20_ln -i, • • *, 3 B ~l> 

which being a contradiction to the assumption, shows 
that the number of classes is odd. 


EXAMPLES 

1. Following the method given for the realm prove 

that the same results may be derived for every stock-realm dt(y[m) 
with the number of classes equal to 2, where m is a negative prime 
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of the form m= 3 (mod. 4). Show that the class-realms for such 
realms are W(yjm; yf—1) and the fundamental unit t of the realm 
9?(V _ rn)= ?R(yJm yj — 1) has as norm n(e) = — 1 (Vol. I, Art. 230), 
which at the same time is a unit of 3?(Vm; yj — 1) with relative 
norm= — 1. 

2. Show that the theorems derived above for the realm dl(yJ—5) 
are true for all imaginary stock-realms with class number 2. 
(Proved by Hilbert.) 

Art. 203. Under the assumptions that the stock- 
realm is imaginary and that h = 2, we may prove that the 
genus g <2, where (Vol. I, Art. 262) g = 2 r_1 is the number 
of the different prime divisors of the discriminant of 

If m= 1 (mod. 4), and if d = m is a rational 
prime integer, so that r = 1, then g= 1 and the class 
number is odd. For h = 2 there remains the further 
possibility that g = 2 and r = 2; and that is m is either a 
negative prime integer of the form m = 3 (mod. 4) (see 
Vol. I, 263-264), the case treated above, or we may have 
two other cases, namely m = 2 (mod. 4) orm=l (mod. 4). 
In the first of these cases, the integer m is divisible by 2 
and has a prime factor of the form 4n±3, and in the 
second case m is divisible by two primes the one of the 
form p= 1 (mod. 4) and the other q = 3 (mod. 4). 

The following examples show that these possibilities 
actually occur. Note that Example 1 is found at the 
beginning of Art. 202 and that the following examples 
offer different phases of the subject. 

Example 2. The realm 3?(V-22) has the discrimi¬ 
nant d== —88, h = 2, <7 = 2. If p is any prime ideal that is 
not a divisor of 2 and is not a principal ideal, and if we 
put (7r)=p 2 , since h = 2, then the congruence ± 71 - = a 2 
(mod. 4) may be satisfied by an integer for one or the 
other of the values +tt or — tt. For if p is the rational 
prime that is divisible by p, and if we put x = a-|-&V — 22, 
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then is p 2 = 7T7r' = a 2 +22& 2 . Since p 2 ^ 1 (mod. 4), it is 
seen that a must be odd and b even, so that the congruence 

±(a+6V —22) =a? (mod. 4) 


is satisfied by an integer a of ft(V^22). If Tl is written 
for that one of the integers ±7r, for which (mod. 

4), it follows from the general theorems regarding 
relative realms, that the realm $(V- 22; V^) is one in 
which the relative discriminant contains no ideal that is 
different from =bl. For exampl e, let p = (11, V — 22) so 
that P 2 = (11) and accordingly $ft(V -22; V— 11) is a class- 
realm of the stock-realm 9?(V —22), whose properties are 
set forth in the following four theorems: 

Theore m I. T he re lative discriminant of the relative 
real m iR^ -22; V-ll) with respect to the stock-realm 
9t(V — 22) is a unit. 

As a basis of the relative realm may be taken the four 
integers 


1, oi = V —22, » = ll 11+ 22 — . n. = V^22- 22 


li+V^TT 


Since the relative realm c ontai ns all the integers of the 
two quadratic realms 9?(V-11) and $(V2), we have 
through a consideration of the character-system of the 
ideals the further theorem, namely: 

T heor em II. Every principal prime ideal of the realm 
9?(V — 22) is factorable in the realm $1^—22; V — 11) as 
the product of two different relative conjugate prime ideals. 

The behavior of those ideals of 9?(V — 22) that are not 
principal ideals, is indicated through the theorem: 

Theorem III. The prime ideal of the stock-realm 
9?(V — 22), which are not principal ideals, remain ideals in 
$ft(V — 22; yI — 11 ), becoming, howeve r, pri ncipal ideals. 

For it is seen that the ideal (11, V — 22) becomes, in th e 
relative realm, a principal ideal, since (11, V — 22) 
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= (V —ll). If then p is not a principal ideal, it is seen 
through a consideration of the character-system for such 
ideals that p(ll, V — 22) = (a), where (a) is an integer of 


the stock-realm; and consequently 


Since 


(1DPW, 

«V- 11. 


or 


P 2 = 


(a) 2 (V-ll) 2 


11 


11 


is an integer of the relative realm, it follows 


that p is a principal ideal of it. 

Due to the preceding theorems, we have finally the 
following: 

T heor e m IV. The class number of the relative realm 
$H(V— 22; V — 11) is an odd integer. 


Example 3. The imaginary realm 9t(V — 15). 

Here —m — 5-3, where 5 = 1 (mod. 4) and 3 = 3 (mod. 4), 
d=— 15, h- 2, and the genus g is 2, the basis being 1, 

1-f-V—T5 


It is seen from the above considerations, that all those 
rational prime integers p, for which 

(o-h. ©-+ 1 . 

are factorable in the realm 9t(V—15) as the product of 
two principal ideals. 

Let p be any prime ideal that does not divide 2, and 
which is not a principal ideal. We may put p 2 = (tt) and 
prove that zkTr^a 2 (mod. 4). 

Take for example either p = (3, V—15) or p = (5, V^15), 
and it is seen that, with respect to the stock-realm 
9l(V — 15), the re lative realm $R(V—15; V — 3) or the 
relative realm 9t(V-15; V5) are class-realms having the 
same properties as were found in the preceding examples. 
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These examples offer an insight into the properties of 
the imaginary quadratic realms and of the quadratic 
relative realms. Especially noteworthy is the existence 
of a class-realm as a realm in which all the ideals of the 
stock-realm which are not principal ideals become 
principal ideals. (See Sommer, p. 328.) 

Art. 204. The behavior of the imaginary stock- 
realms is essentially different from that of the real stock- 
realms. For a real quadratic realm there exists the 
following definition introduced by Hilbert: 

Definition. A number of the real quadratic realm 
$1(^1 m) is called totally 'positive 1 if a and its conjugate a 
are both positive. 

Further if a is a totally positive integer that is relative 
prime to 2 and if a = i^ (mod. 4), where v is an integer of 
then is a a primary number of 9?(Vm). 

Hilbert introduced a more special definition of equival¬ 
ence as follows: 

Definition. Two ideals t and j of the realm 9?(V?n) are 
said to be equivalent in the narrower sense, if r = a, where 

a is a totally positive number of 9Any two ideals 
that are equivalent by this definition belong to the same 
class of ideals. The class-number in the narrower sense 
is denoted by h. 

Observe next that in the ideal equation t = a, the num¬ 
ber a is only determined as to a unit-factor. Hence in 
determining the class-number h, it must be noted whether 
the norm of the fundamental unit is +1 or —1. 

In fact, first let e be the positive fundamental unit 
of 9?(Vra) and suppose that n(e) = — 1, so that e' is 

1 See Dirichlet-Dcdekind, Edition, p. 578. 
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negative. Hence if a is assumed to be positive, then in all 
events one of the two numbers a or ae is totally positive. 
Accordingly, if in the wider sense the class-number is h, 
then also is h = h. 

Next, suppose that the fundamental unit e is positive 
and that n(e) = -fl. Hence also e' is positive. The 


quotient a, which is defined through the equation 



is, or is not, totally positive. In this case every class of 
the realm becomes in the narrower sense, two new 
classes. For if a i is a positive integer with a negative 
norm, then it follows from the equivalence of two ideals 
t and j in the wider sense the non-equivalence of the two 
ideals (ai)i in the restricted sense, although these ideals 
are equivalent in the wider sense. For example: 


SR(V5); e = u = —, n(e) = — 1, 

9J(V£)_; £ = 8+3V7, n(e) = 1, 

SR(VlO); c = 3 + VlO, n(t) = — 1, 

9J(Vl5); e = 4+Vl5, n(«) = l, 


h = 1, h = 1, 

h = 1, h = 2, 
h = 2, h = 2, 
h = 2, h = 4. 


Art. 205. It may be proved in general, that for a 
realm with odd class number h there can be no unbranched 
(Art. 202) relative realm, but on the other hand there 
are always such realms for all the other realms. For a 
realm with class-number h = 2 such a realm is at the same 
time a class-realm with the same properties as have been 
treated above for the class-realms of the imaginary 
stock-realm. 


Consider next the special case ffi(V5) with the class 
number h = l=h. If an unbranched relative realm ex¬ 
isted for this stock-realm $R(V5), and if such an upper 
realm was determined through /x, then /x can contain as 
factors only units or factors of 2. We have always 
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assumed that ft is free from quadratic factors. Since ft 

must be relatively prime to 2, it only remains to determine 

whether n(= — 1 or =h«) offers an unbranched relative 

realm. In the latter case it must be determined whether 

the congruence (mod. 4) may be satisfied by 

an integer a of 9t(V5). Writing a = x-\-yu) and a 2 

= x 2 +y 2 + (2xy+y 2 )w, we have to determine whether the 
congruences 

x*+y 2 = 0 (mod. 4), 
y 2 +2xy±l=0 (mod. 4), 

may be solved simultaneously in integral values of x and 
y. In the latter congruence with the value —1, it is 
seen that y must be odd and x even. The first con¬ 
gruence in this case becomes 

x 2 -\-y 2 =y 2 = 0 (mod. 4). 

Taking the value +1 in the second congruence, it is seen 
that both x and y must be odd, the first congruence 
becoming 

x 2 -\-y 2 = 2^0 (mod. 4). 

Another proof, which is also applicable to the general 
case, is the following. Suppose for the fundamental unit 
e one of the congruences zLe = c^ (mod. 4) were satisfied. 
It would follow that zLe' = a' 2 (mod. 4) and consequently 

ee={aa) 2 (mod. 4) or — 1 = (aa) 2 (mod. 4). 

Since cxa' is a rational integer, this c ongr uence does not 
admit solution. The realm $(V5; V5=«) is accordingly 
not an unbranched upper realm. 

Further it may be proved that $(V5; V —1) is not 
unbranched, since —1 = 0 ^ (mod. 4) does not admit 
solution. And in general, since n(e) must be —1, the 
value of m must be either m= 1 (mod. 4) or m = 2 (mod. 
4). (Vol. I, Art. 240.) And the congruence — l=a^ 
(mod. 4) in either case does not admit solution for a 
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rational integer x. If on the other hand 9t(V?n) is a 
realm with class number h = 1, h — 2, whose fundamental 
unit has the norm +1, then there is always a class-realm. 
If m= 1 (mod. 4) or m = 2 (mod. 4), [the case m = 3 (mod. 

4) being considered below], write e=— (Vol. I, Art. 234), 

where we may write a = ~^, t a rational integer, and a 

relative prime to 2. It follows that ea'^aa'; and since 
aa' is an odd rational integer, one of the congruences 
±aa' = 1 (mod. 4) may always be satisfied. Hence there 
is a solution of the congruence dtea'^v* (mod. 4); and 
since a is relative prime to 2, there is a solution of one or 
the other of the two congruences db« = ^ 2 (mod. 4). And 
therefore also p — determines an unbranched relative 
quadratic realm. 

For the case m = S (mod. 4), the number p= — 1 
determines such a realm. For we have immediately 

— 1 = (Vw) 2 (mod. 4). 

Art. 206. Example 4. Stock-realm ft(V7). Observe 
that for this realm h = 1, € = 8+3V7, N(e) = 1, and h = 2. 
In the narrower sense there are two classes of ideals: 

1. To the principal class (or first class) belong the 

prime ideals (3±V7), (5), (11), (13), (17), (23), (6±V7), 

• • • 

2. To the class that is not a principal class, the second 
class, belong the prime ideals: (3±2V7), (9d=4V7) 

(4d=3V7), .... 

The prime ideals of the first class are either rational 
prime integers or exist through a factorization of the 
prime integer 2 or of rational primes p of the form p = 1 
(mod. 4). Observe that (Vol. I, Art. 249) 
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The prime ideals of the second class are p, where pp' = p 
and p = 3 (mod. 4). Observe that — 1 = (V7) 2 (mod. 4) 
and accordingly that M = -1 determines an unbranched 
relative quadratic realm. If further p is a prime ideal of 
the second class which is prime to 2, and if we put 
M = P 2 (since h = 2), it may be proved that for one or the 
other of the values m = r there is always an unbranched 
relative realm. 

Consider the realm <K(V7; V=l) = $. The basal ele¬ 
ments are 


i, „.V7, 0] .vf^+' CT 


2 * " 4 ” 2 
while € = 8+3V7 is a unit of 9?(V7). Note further that 

(3 + V7)(l-V=I) 

2 


E = 


is a unit of $, since N(E)=e. 

With respect to every prime ideal of the first class 
there exists a congruence of the form ( —1 ) = a 2 (mod. p), 
so that in $, these ideals are factorable into the product of 
two prime ideals. The above congruence can not be 
satisfied for prime ideals of the second class; and that is, 
when p = 3 (mod. 4), the corresponding ideal factors p 
not being reducible in $. 

For example, for the ideals of the first class we have 

(3 + V7) = (l+V^I)(5+2co-3fi-fl 1 ), 

(5) = (2 + V^T) (2 - V -1) = (2 - co+212) (2+co - 2fi), 
(11) = (2+V=7)(2-V=7) = (-5+2120(9-2120, 

(13) = (3+2V^I)(3-2V^I), 

(17) = (4+V— T) (4 — V^T) , 

(23) = (4+V=7)(4-V-7), 

(6 + V7) = (3+2<u —3ft —fti)(3+2w —3<S(ft) -S(ft,)). 

The prime ideals of the second class remain prime 
ideals, becoming, however, ideals of the principal class. 
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For example 

(3+2V7) = (3V^I+2V^j, •••. 

EXAMPLES 


L Prove, as in the case of imaginary realms (Vol. I, Art* 234), 
that the class number, in the narrower sense, of <R(V7; ^[ = T) 
is odd. 

2. Prove that $(V~ 1) is a class-realm of 

3. In the realm <R(V6), where m = 6=2 (mod. 4), observe that 

h= 1. e=5-2^6, n(e) = -f 1 , A =2. Prove that SR(V 6; V— 5— 2>/6) 
= 9?(V6; V«) is a class-realm. 


Art. 207. Example 5. $J?(VlO). Observe that A = /i 

= 2. Choose any prime ideal that is not a divisor of 2, 

and which does not belong to the principal class, for 
example 

(3, 2 + VTO), (ir)=p 2 = (-l + ViO). 

The fundamental unit being e = 3 + VIO, it follows from 

the theorem of Hilbert that ± eK=o? (mod. 4) may be 

satisfied always by an integer a of SR(VIO). In fact, it is 
seen that 

M = +eT = 7+2Vl0 = (l+VT0) 2 ( m od. 4). 

Accordingly, 5R(Vl0; V7+2v'l0) = « is a relative quadratic 
unbranched realm. 

As a basis of this realm may be chosen the integers 

i, w =Vio, o-g.d+VIoi+V^ 

2 

n. = (2-Vio)^ 1+Vl0 )+^. 
It is seen that ® 

r. 1 + VlO + vt 

^-2- and H = l+E 

are units in since 

30 = X > ail d iV r (^)=3-fVl0 = e . 
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Note that, if we put 


we have 


and therefore 


il=20-4«+G+5G 1> 

5 = 34-ll w -412-10fi 1 , 

Bi = 25+7co — 6Q+4fii, 
r = (3-VTo )(B0, 

(3 ) = (V3(A), 

(2 + Vl0) = (V^)(B); 


(3, 2+VlO) = ( / x), 

(2, VlO) = (£), 

(2) = (B) 2 , 

(VTo) = (5)(5j), 

(5) = (3-VIo)W=(r) 2 . 

By means of the two equations 


5 = T 2 , and 2 = £ 2 , 


we may offer numerous examples illustrating the laws of 
factoring in the relative realm. 

Let (p) be a principal prime ideal of the stock-realm 


9?(Vl0), such that 


fied, if 




— 1. This equation is satis- 



This requires that one of the equations 


V=x 2 — 2y 2 , 
p = x 2 - 5y 2 , 

admit solution in rational integral values of x and y. 
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And this means that in the relative realm 

p = x 2 -2y 2 = (x~By) (x + By ), 
or 

p = x 2 -by 2 = (x-Ty) (x + Ty). 

As examples we have 

7 = 3* —2-1* or (7) = (3-J3)(3+J3), 

11 = 16-5 or (ll) = (4-r)(4 + r), 

17 = 5 2 —2-2 2 or (17) = (5 -2B)(5 + 2B), 

19 = 12 2 — 5 -5 2 or (19) = (12 -5r)(12 + 5r), 


On the other hand if p is a prime integer that is factorable 

in 9t(VTo), then is ^ = 1- There are accordingly the 
two possibilities 



In the first case in the realm 9t(VTo), p is factorable as the 
product of two principal ideals. For the realm $tt(VlO) 
has two genuses, each with one class, and the factors of 
(p) belong to the principal genus. There exists accord¬ 
ingly an equation of the form 


{p) = (x -f VlO y) (x — ^JlOy). 

Since, however, p=x‘-2y* and p = x\-5y\, it is seen that 

in the relative realm p is divisible by four different ideals. 

And each of the two principal ideals z-f-VlO y, x — ^f^Oy 

must be the product of two prime ideals of the relative- 
realm. 

As examples, observe that the prime integers p, for 
WhiCh W = 1 and (p) = 1 are of the form 40n±l and 
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40«±9. It is seen that 

31 = 1P -10 • 3 2 = (11 — 3 VTO) (11 +3VlO) = p'p, 

m = 4 (mod. p'). m = 14 2 (mod. p), 

so that both p' and p are factorable in SR(VT0‘ Vu). 
Observe that 

11 - 3 VlO = (3 - VIO) (2 - Vm) (2 + V^) ; 

and therefore as an ideal equation 

(ll-3Vl0) = (2-^)(2+Vrf, 

while 

( 11 + 3 VI 0 ) 

= (-l+VTo+2^^)(-l + VIo-2^^^). 

As another example it is seen that 

41 = 9 2 -10 • 2 2 = (9 - 2 VTO) (9+2 VTO) = p'p, 

and 

m = 4 2 (mod. p'), n=ll 2 (mod. p). 

It is clear that 

(9-2VT0) = (4-V^)(4+Vm), 

(9 + 2a/ 10) = (8+2V10+ (5+2 g 1 °)^‘ ) 

X ( 8+ 2vro-e±^) ■ 


As other examples, find the factors of 79, and 89. 


For the second case where 




prime factors of (p) belong neither to the principal genus 
nor to the principal class, and accordingly are not 
principal ideals. Observe, however, that the equation 


p = 2x 2 — by 2 

always admits solution in rational integers x and y , so that 
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in the relative realm 

(p) = {Bx + Yy) {Bx — Yy). 

It was seen above that in the relative realm both (2, VIO) 
and (5, VlO) are principal ideals. For example, 

«)-*■ (!)=-•■ ( 4 )=-. 

and 

(13) = (13, 6 —VT0)(13, 6 + Vl0)=p'p. 

It is impossible to satisfy either one of the congruences 
M = (mod. p') or y. = c? (mod. p) 

through integers <*! and a of ft(VIO). In fact, p = 8 

(mod. p) and /z = 6 (mod. p'); and that is, p and p' are not 
factorable in the relative realm. 

In this realm, however, it may be proved that 

(13, 6 + Vl0) = (3£+r), 

and 

(13, 6-Vl0) = (3£-r). 

EXAMPLES 

1. Prove the analogous properties of (37). 

2. Show that the class-number of 5R(VI0; V7-f 2 a/T 0) is odd. 

Art. 208. It is proved, for example, by Hilbert 

{Math. Ann., Vol. 51) that the theorems regarding the 

class-realms for quadratic stock-realms may be extended 

to the treatment of relative realms of the third and 

higher degrees. Take the stock-realm $)f(V— 14 ) with 

class-number h = 4. As representatives of these classes 
are the ideals 


or 


(1), (2, ''f— 14), (3, 1-V^14), (3, 1 + V^i4) =i> 

i, i 2 , i 3 , i 1 ~l = (5+2V^Ii). 
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It is seen that 


-5-2V^14 s (l + V^14)2 ( m od. 4), 

and that 3}(V^14; A /-5-2V^l4) is an unbranched 
relative quadratic realm. As a basis of this realm we 
may choose the integers 

i,.-v=n, 0 -. 

lo 

a, = (2+V^ii) . 

18 

It may be. proved that the ideals 

*>» = (2, V=14), p 3 = i = (3, 1+^li), i' = (3, 1 -V=l4) 
are not factorable in the relative-realm. 

The ideals 

p 2 = ?2 = (12 —3 V—G4+2B,) and i 2 = (V^) 

are principal ideals, while i and t' are factorable in the 
relative-realm. 

From this it is seen that the class-number for ^(V —14; 
V^), M = — 5 —2V—14, is still even; and it may be proved 
that with respect to a stock-realm 9t(V—14), a relative- 
realm of the fourth degree must be chosen in order to 
have a class-realm. 


EXAMPLES 

1. Extend the meaning of the Dedekind symbol (a, b) to these 
relative-realms, and derive its properties. 

2. Extend the Dedekind results as given in detail in Chapter VI 
to the relative realms. See Hecke, Vorlesungen uber die Theorie 
der algebraischen Zahlen, §§ 36-38. 



CHAPTER XIII 


THE GALOIS THEORY . 1 SUBSTITUTIONS. 

PERMUTATIONS 


Art. 209. Primitive and Imprimitive Realms. One 
of the principal problems of the present treatise is a study 
of realms of rationality by means of which the theory of 
algebraic numbers that arise from algebraic equations 
may be best developed and greatly simplified. And this 
in turn presents an arithmetical treatment of algebraic 
equations. 


A system of numbers is defined (Vol. I, Art. 182) as a 
realm of rationality or a body of numbers, if such a body 
of numbers is so closed in itself that the four fundamental 
operations of addition, subtraction, multiplication and 
division, when performed with any number of the 
system, produce numbers which belong to the system. 
Such realms were extended in Vol. I, Chapts. II and III 
by the adjunction of algebraic numbers and functions of 


one or more variables, whose coefficients are rational or 
algebraic numbers. In particular, (Vol. I, Art. 49), if 
*> • • • are roots of the algebraic equations A(x) =0, 

B(x)=0, C(x) = 0 , • •respectively, and if ft is the stock- 
realm, any quantity of the realm ft(a, (3, y, • • •) is an 
integral function in a, /?, 7 , • • •, whose coefficients belong 
to ft, and (Vol. I, Art. 51) an algebraic quantity r may be 
found such that ft(«, (3, y, -..) = ft( r ). If T satisfies an 
irreducible equation f(x) =0 of the nth degree, the realm 
ft(r) is said to be of the nth degree and any quantity <7 

V J 5^°“; LfowUe’s Journal, Vol. XI (1846); Bachmann, Math. Ann. 
Vol. 18, Encykl. der math. Wtss., Vol. I, pp. 208 et seq. *’ 
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of the realm «(r) m of the form <r = x ( r ), where x ( r ) is an 
integral function in r with coefficients that belong to the 
stock-realm. If the roots of f{x) = 0 are r, t<», •.., t <»-d 
the conjugate values of a are 

<7 (1) = X (r (1) ), . • (7<"- 1 ) ==x ( r (n-l)^ 

If the quantities a, cr™, •.are all different, <r 

is a primitive quantity of the realm ft( r ); otherwise, it is 
imprimitive. 

Forming the product 

(X - a) ( X - <7 (1 >) • • • (x - (T= <t>(;c), 

we saw (Vol. I, Art. 61) that <£(z) is either irreducible or 
reducible. In the first case a is a primitive quantity of 
9?(r); in the second case the quantity a is the root of an 
irreducible equation v(x)= 0 of degree n h say. It was 
seen (Vol. I, Art. 65) that 

= where n = n^n 2 . 

Accordingly, there exists the theorem: 

Theorem. The Junction 3>(a;) is either irreducible, or it 
is the power of an irreducible function. The n quantities 
that are conjugate with a, where a is any quantity of 9?(r), 
and that is, the quantities a, <r (1) , • • •, o- (n_1) are either dll 
different from one another or they fall into systems where 
each <j occurs n 2 times. In the first case $(x) is irreducible, 
while in the second case $(£) is the n 2 power of an irreducible 
function of the n x degree. 

Theorem. Every quantity a> of the realm 9?(r) may be 
expressed rationally in terms of any primitive quantity d> of 

M(r). 

For, if 

$(£) = (x — 6 j)(x — w (1) ) • • -(X — a> (n_I) ), 
and if we put 

, O) co (1) co (n-1) 1 , x 
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where ty(x) is an integral function of the (n-l)st degree 
in Xj whose coefficients belong to 9?, it follows by writing 
x = o) that 

'Hw) 

5 )‘ 

We further see that any rational function of 9ttr) is a 
rational function of a>. Since d> is a rational function of r, 
we have the equality of the realms 9t(«) = 9?(r). 

Theorem. If & is not a primitive quantity of 9?(r), it is 
not possible to express every quantity of 9?(r) rationally 
through d>. The realm 9?(w) in this case is a divisor ( Vol. I, 
Art. 65) of the realm $R(r) and the degree of 9?(«) is a divisor 
of the degree of 9t(r). 

Proof. Every quantity in $R(«) satisfies an equation in 

9? of degree 7ii, say, where ni is a divisor of n and less 

than n. Hence a primitive quantity in 9?(r), which 

satisfies an irreducible equation of the nth degree, cannot 
belong to 9?(w). 

A realm 5R(r) is called a primitive realm if besides the 
quantities of the stock-realm 9? it contains no imprimitive 
quantities. It is clear that a realm whose degree is a 
piime number p } say, is necessarily primitive. 

The following are important properties of realms: 
If 9J(or) has a divisor 9*(/S), which is different from % 
but which has 9* as a divisor, so that (3 is a number of 
9W) but not of 9?, then 9t(fl is an algebraic realm ot*r 
(or above) 9?. Any quantity r of 9 1(0) but not of 9* 
determines a realm 9?(r) which is a divisor of 9?(/3) and 

therefore also of 91(a). The degree n t of ft(r) is a divisor 
of the degree n of 9J(a). 

If r, the quantity which determines the realm 9t(r) 

d f °“ determine the realm Mj3) ’ and « 7 is a quantity 
of me) but not of 5R(r), the realm 3?(r, y) is a realm that 
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divides 92(0). The degree of 92 (r, 7 ) is greater than the 
degree of 92(r). Further if the degree of 92 (t, 7 ) is not 
equal to 92(0), we can continue the process, forming the 
realms 9?(r), 92(r, 7 ), •••, whose degrees continually 
increase and remain smaller than n until finally a realm is 
reached which is equal to 91(a). 

This gives rise to the following theorem regarding 
realms: 

Theorem. Every divisor of 92(a), which contains 9?, 
is an algebraic realm 9 1(t), say, over 9 1. The degree of 92 (r) 
is a divisor of the degree of 9i(a), and if both realms have 
the same degree, then they are identical. 

We may fashion the above definition in the terms 
below: An algebraic realm over 9? is primitive if besides 
itself and 92 it has no other realm as divisor over 92. 

Art. 210 . Normal Realms. The Galois Resolvent. 
If 9?(a) is an algebraic realm, the conjugate realms 

92(a), 92(a'), •••, 92(a<*-») 

are all of the same degree, and if one of them is contained 
in the other, these two realms are identical, since they 
are of the same degree. 

A realm which is identical with all its conjugate realms 
is called a normal realm (Vol. I, Art. 53). In the normal 
realms the theorems are simpler. The great service 
rendered by Galois to algebra consists essentially in the 
fact that an arbitrary realm may be intimately associated 
with a normal realm and through a study of the normal 
realm, operations may be introduced which simplify the 
treatment of the quantities in the associated arbitrary 
realm. 

If a realm of the rath degree 92 (p) has the property that 
the quantities p (1) , • • •, p (m_1) which are conjugate to p 
are all contained in 92(p), then is 92(p) a normal realm. 
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For, in that case the realms $tt(p (I) ), • • •, 9t(p (m_I) ) are all 
contained in 9?(p) and therefore are identical with it. 

An equation is called a normal or Galois equation , if it is 
irreducible and has the property that all its roots may be 
expressed rationally {in 3?) in terms of a definite one of 
them. In virtue of this definition, a primitive element of 
a normal realm of the with degree is the root of a normal 
equation. Observe that the inverse of this is also true 
and that is, if p is the root of a normal equation through 
which the other roots may be rationally expressed, then 
9?(p) is a normal realm of the same degree as the equation. 
With this realm 9i(p (l) ), say, is conjugate and being a 
divisor of it and of the same degree is also identical with it. 
And with this we have the proof that in the case of a 
normal equation every root may not only be expressed 
rationally through a definite one of them but it may also 
be expressed rationally through any one of them. 

With any realm it is possible and in the following 
manner to associate a Galois realm: 

Let F{x)= 0 be an arbitrary reducible or irreducible 
equation in of the ?ith degree, with the only restriction 
that it has no multiple roots. 

Let the roots of this equation be <*, a (1) , • • a (n-I) . 

The realm 

<x (1) , • • •, <x (n-1) ) =9? 

is called the Galois realm of the equation F{x) =0. 

If F{x) is irreducible, the realms 9t(a), ■ . 9t( a <"-i>) 

are all of the same degree as F(x). In this case the 
realm 91 is called the norm of each of the realms 9f( a ) 

3U« ( "), • • •, If 9t(a) is a normal realm, it is 

identical with its norm. 

In the general case it may be proved that 91 is a 
normal realm, and that is, the norm of an algebraic realm is 
a normal realm. (See Vol. I, Art. 53.) 
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Another Proof. Let p be a primitive quantity of the 
realm 

9i = 9l(a, a (1) , • • a (ra-1) ), 

so that 

and let m denote the degree of $ft(p), so that p satisfies an 
irreducible equation of the rath degree, say, 

0(0=0. 

It remains to show that this is a Galois equation. 

Since p is a quantity of the realm 9? (a, « (1) , • • •, 
it is an integral function of its arguments, say, 


p = p(tx, a 


0 ) 


• • 


a 


(n-l 


>)• 


By permuting the as in this function, it is seen that there 
are |n —1 other functions that are thus produced. They 
are not all necessarily different. Denote these functions 
by p, pi, p 2 , • • •, p|»-i, and observe that, when one of the 
a’s is interchanged with another, there is a change only 
in the sequence of the p’s. This means that the product 

(t — p)(t — pi) • • • (t — P^n-l) =G(t), 

is an integral function of the degree \n in t, whose coeffi¬ 
cients belong to 

Observe that p satisfies the two equations G(t) = 0 and 
g{t) = 0. Since g{t) is irreducible, it follows that G(t) is 
divisible by g{t), and that means that every root of g{t) 
is a quantity in $(<*, a (1) , • • •, a (n_1) ). 

Since 

a<”, •••, a< n ~") = M(p), 

the meaning of the above is that every root of g(t) = 0 
may be expressed rationally and in fact, integrally 
through p, thus proving that g(t) =0 is a Galois equation. 

Such an equation g(t) =0 is called a Galois resolvent of 
the equation F{x) = 0. 
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A Galois resolvent may be defined through the follow¬ 
ing postulates: 

An equation g{t) —0 is a Galois resolvent of a given 
equation F(x) = 0 in 9?, if 

(1) g(t) is irreducible; and if 

(2) all of the roots of F(x) =0 are rationally expressible 

through one root of g{t); and 

(3) if a root p of g{t)=0 may be expressed rationally 

through the roots of F(x). 

Further observe that every Galois resolvent is a normal 
equation and that a normal equation is its own Galois 
resolvent. 1 


Art. 211. The Substitutions of a Normal Realm. 
Let 9t(p) be a normal realm of the rath degree, where p is 
one of its primitive numbers. Further, let 

(1) g(t) =o 

be the irreducible equation of which p is a root, the other 
roots, the conjugates of p, being 

(2) p ( 1) , p< 2) , •••,p<"-« 

By definition of a normal realm, it follows that 

(3) p (1) =@i(p), p (2) =0 2 (p), • • •, p (w_1) =0 m _j(p), 

where the 0’s are integral functions of at most the ra — 1 
degree in their arguments. Observe that 


Since p (l) 


• • 


(m—1) 


0(p)= 0, 0[©*(p)] = o (* = 1,2, • • m — 1). 

are all roots of an irreducible equa- 

1 In this connection one may well read the historical remarks that are found 
m the preface to Camille Jordan’s TraitS des 8ubstilulions. I shall content 
myself with repeating here only one of his statements: “Ces beaux r6sultats 
(de Lagrange et d’Abel) n’6taient pourtant que le pr6lude d’une plus grand 
d6couyerte. II 6tait reserve a Galois d’asseoir la thdorie des equations sur sa 
base definitive en montrant qu’& chaque Equation correspond un groupe de 
substitutions, dans lequel se reflfctent ses caract&es essentiels, et notamment tous 
ceux qui ont trait k sa resolution par d’autres equations auxiliaires. D’apres 
ce prmcipe, etant donnee une equation quelconque, il suffira de connaltre une 
de ses propn6tes caracteristiques pour determiner son groupe, d’ou l’on deduira 
reciproquement ses autres propri6t^s. M 
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tion, it follows also that 


g(p ( ' h) )=0, <7[0*(p (;,) )] = O. 

Thus it is evident that the quantities 

P (H , ©i(p w ), ( P W) 

are the roots of the equation g(t) =0; and are (neglecting 
the sequence) the same as the series of quantities 

( 6 ) P,0i(p), (p), 


provided it is shown that no two of the quantities (5) are 
identical. If, however, say 

(7) 0,(p (A) )=0*(p (A) ), 


it would also follow that this relation was satisfied by the 
other roots of the irreducible equation (1), so that 

(8) @*(p) =0jfc(p). 


And that is, p (l) =p (A:) , which is not true, when i^k. 

This gives rise to the following theorem: 

Theorem. If p is changed into p (A) , every one of the 
quantities that is conjugate with p becomes another definite 
one of these quantities, and no two different ones of these 
conjugate quantities are transposed into the same quantity. 

If in all functions of p, we write instead of p one of its 
conjugates, say, p (a) , we make a substitution. These 
substitutions may be denoted by 

a a = (p, p (a) ), (a=0, 1, 2, • • •, m—1). 

By do is to be understood the identical substitution (p, p), 
which is had when p is replaced by itself, and in virtue of 
which all quantities in 9?(p) remain unchanged. 

If upon any one of the roots (3), say, 

p (/,) =0a(p), 


the substitution a a is made, then p (A) becomes another 
root p {k) which is determined through 

(9) p (k) =0a(p ( o) ) =0/»0 a (p) =0*(p)- 
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Thus it is seen that p (k) is the same function of p (n) as p (M 
is of p. It is evident that 

<r a = (p (A) , P (k) ) = [p (M , ©A0 a (p)] 

on the one hand, while from above <T„ = (p, p (a) ). 

In this presentation p (h) was an arbitrary root of (3) 
and the corresponding p (k) is determined through (9). It 
is evident also that with a given a u the quantity p (k) may 
be arbitrarily chosen and the corresponding p (/,) found. 
It is only necessary in the expression 0a(p (,,) ) to let h go 
through the values 0, 1, • • •, m — 1, since in the doing of it, 
each root p {k) of g(t) =0 occurs once and only once. 

With this is proved the theorem: 

Theorem. Every substitution <r„ may be expressed in 
the form {p (h \ p ( *>), where either p 0l) or p (k) is an arbitrary 
one of the roots {8), while the other root is completely 
determined through a a . 

Hence the number of different substitutions, including 
the identical substitution, is m, the degree of the realm 
9Up). Each of these substitutions has the property of 
transforming the complex of numbers of $K(p) into the 
same complex. The numbers, of course, follow a different 
sequence, each number becoming another definite number 
and no two different numbers being transformed into 
the same numbers due to formulas (7) and (8). 

The operations 

<T a =(p, p<°>) (a = 0, 1, • • •, TO —1) 

are therefore called the substitutions of the realm 9?(p). 

If « = *>(/>) is a quantity of 3?( P ), which remains un¬ 
changed when p is replaced by p<*>; and that is, if <p( p ) 

~~ . we sa Y tlie quantity a> permits the substi¬ 
tution (p, pW) or c a . The quantities co which permit no 
other substitution than the identical substitution, are the 
primitive elements of the realm 9l(p). A quantity which 
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permits all substitutions <i a is necessarily a quantity of 9?. 
For, if 

r = — • ■ • = 7- ( m ~D 

it follows that 


r = 


T~\~T^ -{-••• ^ 


m 


which is a quantity of the stock-realm. 

Art. 212. Composition of Substitutions. If in any 
function of the root p, the quantity p is first replaced by 
P (a) and then p<°> by p (b >, the result is the same as if p had 
at once been replaced by p (6) . Accordingly, if we put 

(1) * = (P, P (a) ), <r' = (pW p»>), ," = (p,p<»), 

it is immaterial whether the substitution 0 - and then the 
substitution a' are made, or whether a" is at once made. 
We may therefore say that a" is compounded of a and a . 
This relation is symbolically denoted by the expression 


It was seen in the preceding article that in the notation 
of the substitution (p (A) , p (A) ) either p (A) or p ( *> may be 
arbitrarily chosen. Hence, in the above substitutions it 
is possible to choose p (a) and p (6) such that <j and cr' are 
two substitutions arbitrarily fixed among the m substi¬ 
tutions of the realm 9?(p), while therefrom <r" is com¬ 
pletely determined. Similarly, if a and c" are given, 
then is a' uniquely determined. For, if p is arbitrarily 
chosen, then p (a) is determined through a while p (6) is 
found through cr", and with this <r' = (p (a) , p (6) ) is fixed. 

It is thus seen that if among the substitutions of a 
fixed normal realm $ft(p), any two are arbitrarily chosen, 
and if the relation 

f // 

era = a 

exists, then the third substitution is thereby uniquely 
determined. In this symbolic multiplication of substi- 
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tutions it is evident that the commutative law does not in 
general hold, as evidently 

<j<j' a'a. 

The associative principle is, however, applicable. This 
gives rise to the theorem: 

Theorem. If <t, a' and a" are any substitutions of the 
realm 9?(p), then is 

(<r<7 / )<7 / ' = a(cr'a"). 

For, from the preceding article p (n) , p (h \ p "> may he so 
determined that 

<7=0, p<">), cr' = (p<«), p< fc >), a " = ( p (b) f p (r)y> 

and then it follows that 


ac ' = (p» P <fc) ), = (p, P W), 

«rV'-(pM pM), o-(o-V') = (p, p (f >). 

Hence the substitution that is compounded of the three 
substitutions o-, <r', <r" is denoted briefly by aa'a"; and in 
general, the substitution that is compounded of any 
number of components cr, a-', i s <r<rV'... For 

the quantities p <«>, p «>, ... may be always SQ 

determined for any substitutions a, a', a", . . . that 

(p, P (a) )(p (a) , p ( 6 ) )(p ( 6) , pW)(pW, p (d >) = (p, p «>). 

And this evidently may be extended to any number of 
components. 

In view of the properties 1 that have been developed in 

tins article, we may call the m substitutions of the 

normal realm iK(p) a group; and in fact, a finite group of 

degree m. Such a group is known as the substitution 
group of the realm $ft(p). 

L. E. Dickson’s Jl/odm* XZic ££Z%X523 ZT' 1 

For sources on Galois’s life see Rullrtir, n f X 7, by inborn and Co. 
PP. 332 et seq.; Scientific Monthly, 1921, pp 3G3-375 - Vol ‘ 4 ' 1897 ~". 

31 
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Art. 213. Permutation Groups. 1 In Art. 210 it was 
seen that with any equation 

(!) F(x)= 0, 

in which there were no double roots, there was associated 
a normal realm ffi(p). The roots of (1) all belong to this 
realm. If the roots of (1) are denoted by 

(2) Q, f Q ;(l) j . . a <»—1)^ 

then is 

(3) «<«)=«= x(p), <*(»> = XjCp), Xn-M, 

where the x’s are integral in p with rational coefficients. 
If the substitution <r = (p, p (1) ) is made, it is seen that 

F(a)=F[x(p)] 

becomes F[x(p (1) )], an expression which is zero, due to the 
fact that if one root of an irreducible function satisfies an 
equation, all the roots of this function satisfy the same 
equation. 

It follows that if a is a root of F(x)= 0, then also 
X(p (1) ) is a root of the same equation. Further (Art. 211) 
the substitution a changes no two of the quantities (3) 
into the same quantity. 

We thus have the theorem: 

Theorem. A substitution a produces among the roots 
(8) a certain permutation in that each of the indices 0, 1 , 

• • •, n — 1 is replaced by a definite one among them. 

We are thus led to study the permutations of n 
ciphers 0, 1, • • •, n — 1 and their general properties. 

If 0 goes into a 0 , 1 into a\ } • • •, n — 1 into a„-i, then 
«o, cl\, • ■ •, a n - 1 is in general another arrangement of the 
ciphers 0, 1, •••, n — 1. The transition from one ar¬ 
rangement to another is called a permutation and may 

1 The reader is referred also to Jordan, TraiU des substitutions; Netto, 
Substitutionentheorie; Weber, Algebra, Vol. I, § 155. 
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be denoted by a symbol 


/o, 1, 2, i\ 

\a 0 , fli, di, • • •, a n -1 / 

The number of all possible permutations among n 
elements is n! = n(n), say, this number including the 
identical permutation 


/ 0 , 1 , 2 , n 1 \ 

VO, 1 , 2 , n — 1 /’ 

in which no element is changed by the permutation. 
If by 717 , is denoted the permutation 


( Go, fli, • • •, a n -i\ 

K &1> * • *, &n-l/ ’ 

where b 0 , bi, • • •, 6 n _! denotes another arrangement of the 
numbers 0 , 1 , • • •, n — 1 , then clearly 


/O, 1, 2, 

V^o, b i, 6 2 , 



n — 1 \ 

6n-l ) ’ 


Observe that in this composition of permutations 
interchange in general is not permissible and that 


an 

is, 


TTaltb TTfeTTfl • 

The associative principle however is applicable, and 
that is, 

(7Tn7rfc)7r c = 7r a (7T67r c ). 

This is clear, if one observes that tt 0 , say, changes an 

element p to q while w b changes q to r and 7 r c changes r to s. 

or ( 7 T 67 r c ) changes g to s and 7 r a ( 7 T 67 r c ) changes p to s, 

while ( 7 r a 7 T b ) changes p to r and tt c changes r to s , so that 
( 7 r a 7 r 6 ) 7 r c changes p to s. 

Corresponding to every permutation there is evidently 
a definite inverse permutation , which consists in the fact 
that through it the change that was produced through the 
direct permutation is returned to its initial condition- 
and that is, the inverse permutation of when com- 
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pounded with ir a gives the identical permutation. Such 
an inverse permutation is denoted by so that 


-1 _ /ao, 0\, 

fl VO, 1, 
It is evident that 


and also that 


Observe that if 


/°, 1, 
“Vo, 1, 

\do, cii, 


, &n—1 \ 

, n—l)' 
•> n-l\ 

■» »-l/’ 

• •, a n -i\ 

• On- 1/ 


then 

for 


7 T aTTfc 


7 T C ^TTftVa 1 ; 


where tv 0 denotes 
while 


7T a ^b{^b V a *) = 7r a 7r 0 7r a 

the identical permutation; 

7T qTTq = 7T()j 


and further 


It is seen that 


TTcTTc 



TTo — TTq 1 , 

so that xo is its own inverse. 

Theorem. If x c is compounded of x a and 7r&, so that 
7r a 7r& = 7r c , 2Aen no2 only tv c is known, when x a and iv h are 
^iven, hut also x a is known when ir b and t c are given, and 
7T b is fully and uniquely determined from x a and tv c . 
For 

TTa = XcX^ 1 and X6 = x 7V c . 


Theorem. ^4 system that is constituted out of some or 
all of the II (n) = n! permutations of n elements 

Q = 7T, TT\, TV 2 , • • •, 

which is closed and complete in itself, in such a way that 
any two, and consequently also any arbitrary number of 
permutations of Q, through composition, offers another 
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'permutation of the system, is called a permutation group. 
By the degree of a permutation group is to be understood the 
number of permutations which constitute it. 

The complex, or set of all the n(n) permutations form 
such a group. Similarly, the identical substitution forms 
for itself a group. The groups that are situated between 
these two limits are studied in the following articles. 

As a simple example may be mentioned here the group 
of cyclic or circular permutations, or for brevity, the 
cyclic group, which is had, if by any arrangement of the 
ciphers 1, 2, 3, ••*, 7?, each cipher is replaced by the 
following cipher and the last cipher by the first, the 
permutation being repeated until the original order is 
restored. Take for example three ciphers and the 
permutations 



Note that the number of ciphers is the degree of the 
cyclic group. 


There also exist groups which consist of permutations 
of such a nature that besides possessing the properties 
just mentioned, they also have the commutative prop¬ 
erty; and that is, for all permutations there exist the 
property tt.tjv = to-tt,-. In such cases there is a closer 
analogy with multiplication. Such groups to which the 

cyclic groups belong are called the commutative or 
Abelian groups. 

If all the elements of a permutation group Qi are 
contained in a group Q, then Q, is called a divisor of Q, 
and Q is said to be divisible by Q 1# 

Art. 214. The Galois Groups. Let the roots a, 
a 1 , <* (2) > • • *, <x (n l) of the equation 


F(x) =0 
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be expressed as quantities of the normal realm $R( P ) 0 f the 
mth degree in the form (Art. 213) 

^ a = X(p), cx ( *> = X*(p). (k = l, 2, • • •, n—1). 

If one of the m substitutions, say o-, of the normal realm 
be applied, then as seen in Art. 211 , there exists a certain 
permutation among the roots ar( = o:< 0 >), a (1) , • • a ("-D. 

To every substitution a there corresponds a certain 
permutation tt of the ciphers 0 , 1 , • •n — 1 . Different 
substitutions a h , a k lead to different permutations 7 r h , tt*. 
For, if p is a rational function of the a’s (see Art. 210), say 
P = $(a, • • -, «<"-”) =$(x(p), X,(p), • • X n _](p)), 

then also, since p satisfies an irreducible equation, it is 
seen that 


(2) p W=$[x(pW), X,(p<*>), . . X„_!(pW)]. 

Observe next that if the substitutions a h , a k produce the 
same permutations among the ex’s, so that 

X(p (A) ) = X(p ( *>), X,(p< A >) = X s (p<*>) (s = 1> ..., n _i), 

then from ( 2 ) it is clear that also 


Vh = (T jfc. 

If, due to the substitution a h there arises a permutation 
7Th among the roots a (0) , o: (1) , • • •, a: (n-1) , the permutation 
TTh is said to correspond to the substitution ah- To every 
substitution there corresponds a definite permutation 
and the number of these permutations, including the 
identical permutation, which corresponds to the identical 
substitution, is equal to m. 

If to the substitutions a h and a k there correspond the 
permutations ir h and ir k , then to the compound substi¬ 
tution a h a k there corresponds the compound permutation 
7 TA 7 J-&. For the permutations are the results of the 
corresponding substitutions upon certain quantities of the 
realm 9 ?(p)> and it is immaterial whether two substitu- 
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tions one after the other are made or whether the 
compounded substitution is made at once. 

Thus arises the theorem: 

Theorem. There correspond to the m substitutions of 
the realm 9?(p), namely, a, <j\, o- 2 , • • the m permuta¬ 

tions of n ciphers x, tti, • • •, 7r m _i, and in such a way that to 
the substitution that is compounded of two substitutions, 
there corresponds the permutation that is the compound of the 
corresponding permutations. 

It follows that the permutations tt, tt\, • • 7r m _i form 
a group. This group may be denoted by P and is called 
the Galois group of the equation F(x) = 0. If F{x) is 
irreducible, the group P is called the Galois group of each 
of the realms $(<*), 9?(a (n-1) ). Note that a 

is a function of p so that any rational function of a is a 
rational function of p, and is therefore subjected to the 
substitutions a. 

Due to the theorem above, which indicates the relation 
between the elements of this group and the elements of 
the substitution group, these two groups are said to be 
isomorphic. 

Two groups G and P are said to be isomorphic if there 
exists between them the following correspondence: 

1. To every permutation of G there corresponds a 
permutation of P ; and to every permutation of P there 

. corresponds at least one permutation of G. 

2. To the product of any two permutations of G there 

corresponds the product of the corresponding permuta¬ 
tions of P. 

If to every permutation of P there corresponds only one 
permutation of G, the isomorphism is said to be holoedric , 
while it is meroedric if this is not the case. 

If a function of the n roots a, a (1) , • • •, a (*-n remains 
unchanged when the roots are subjected to a permutation, 
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it is said to allow or permit the permutation. (Art. 211, 

C1I Li • J 

The characteristic properties of the Galois group are 
expressed through the following theorems: 

Theorem I. If a rational function in x h x 2 , • • •, x n 
becomes zero when for these variables are written a, a (1) , !. 

« (n " 1) , it also becomes zero when these quantities are sub¬ 
jected to any permutation of the Galois group. 

For, express these roots as functions of p (Art. 211), the 
given rational function in these quantities becoming 
thereby <p(p). If <p(p)=0, then also is this equation 
satisfied by all conjugate values, say p (/ *>, of p. These 
conjugate values are brought about by the substitutions 
Ch which cause the permutations in question. 

Theorem II. Every rational function of the n roots a , 

a (1) , • • •, a (n_1) which permits all the permutations of the 
Galois group, is a quantity of 

The inverse of this theorem may also be proved. 
(Jordan, §§ 390-1.) Proofs are also given by Dickson, 
Modern Alg. Theories, pp. 165-166. 

For, if the function <p(p) above remains unchanged by 
all the substitutions cr of the Galois substitution group, 
then is y a quantity of the realm (Art. 211, end.) 

Consider next the complex of all rational equations 
such as 

^(a (0) , a (1) , • • *, a (n-1) ) =0, 

where the as are roots of F{x)= 0 and the coefficients 
belong to 9x. 

Theorem III. If any permutation w is applicable to all 
such equations, then i r is a permutation of the Galois 
group; and the Galois group may be defined consequently as 
the totality of all permutations which are applicable to all 
rational equations among the roots a (0) , a (1) , • • •, a (n-1) of 
F(x) = 0 . 
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For, due to Art. 50, of Vol. I, p may be expressed as a 
rational (in fact linear) function of a (0) , • • •, a (tt-,) in 
such a way that the n(n) values which are had through 
the permutations of the a’s are all different . 1 

If g(t) = 0 is the Galois resolvent of F(x) = 0, whose root 
is this p, then is 

g(p)= o, 

where p has the form 

P = a 0 Qr (0) H-aio; (1) + • • • -f-a n _,a (n-1) . 

By hypothesis the permutation 7 r is applicable. But 
every permutation 7 r of the a’s in the linear expression 
just written gives another value of p, say p (/,) which is also 
a root of git) = 0 , and consequently, the permutation 7 r 
corresponds to a substitution, which changes p to p (h) of 
the realm 9?(p) and that is, 7 r belongs to the Galois group. 
From this is derived the following important theorem: 
Theorem IV. If P is a group of permutations of the n 
roots a (0) , a (1) , • • •, a (n-1) , to which the properties of 
I heorems I and II belong , then is P the Galois group of the 
equation F{x) =0. 

I'or, due to Theorem III every permutation of P 

belongs to the Galois group, and hence P is a divisor of 
this group. 

Suppose that there are, say r, permutations of P, and 
denote them by 

(3) TT\> 7T 2 , • • •, 7r r . 

When these permutations are made upon the function 

p =ao<*°-baia (1) -|- • • • d-a„_ia (n_1) , 

the corresponding values may be denoted by 

(4) Pl> P2,-, p r . 

Apply one of the permutations (3), say tt*, to one of these 
ps, say pi, the result being the same as if tt.-tt* were 

1 See also Serret, § 491; or Netto, § 29. 
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applied to p, and denote the result of this permutation by 

Pi • 

Further, since by hypothesis P is a group, it follows 

that the compound permutation 71 -,^* is a permutation of 

P and consequently also p[ must be one of the quantities 

Pi, P 2 , • • p r . Next let 7 r k operate upon p h and let the 

result of this permutation be p£. Then from a theorem of 

Art. 211, p, is different from pj if p,- is different from p*. 

It follows that the quantities 

' / / 

Pn P2, • • •, Pr 

are, neglecting the sequence, the same as 

Pi) P2, * * *, Pr- 

It is evident that the product 

g(t) — ( t—pl)(t—p2 ) * • ‘{t—pr) 

remains unaltered through the permutations of the 
group P . It follows, since Theorem III is here appli¬ 
cable, that g(t) is a rational function of t in 9?. As g(t) is a 
divisor of the irreducible function g(t), it is seen that r 
cannot be less than the degree of the Galois group and P 
is therefore identical with the Galois group. 

If as above the quantities p are so chosen as functions of 
a, a (1) , • • •, a (n-1) that the quantities p, p (1) , • • •, which 
arise through permuting the as, are all different, then is 

a function in 9?. 

Each of the quantities p, p (1) , • • • is a primitive quantity 
of the normal realm 

W = 9l(a, a«\ ..., a (n_1) ) = 9?(p). 

And therefore each of them is the root of a Galois 
resolvent of the rath degree. Every ra of these quantities 
are the roots of such an equation. It follows that G(t) 
which has no equal roots is factorable into irreducible 
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factors, each of the mth degree. From this it also 
follows that m is a divisor of n(n), and at the same time m 
is the degree of the Galois group of F{x). 

If the Galois resolvent of an equation F{x) of the nth 
degree has as its degree the greatest possible value 
m = n(n), then with Kronecker we say that the equation 
has no affect. 1 The lower the degree m of the Galois re¬ 
solvent the higher is the affect. The integer ~~~ > whose 

greatest value is n(n) and least value 1, is called the degree 
of the affect. Thus with equations without affect, this 
value is 1; and if the affect is n(n), the roots of the equa¬ 
tion are contained in the realm 9? and therefore the 
equation is solved. 


If through adjunction of an algebraic quantity to 9J 
the Galois resolvent becomes reducible, then a Galois 
resolvent of lower degree may be introduced and the 
degree of the affect of the equation F(x) =0 is increased. 

Thus the Galois conception of the problem of solving an 
equation F(x) = 0 consists in repeatedly adj oining algebraic 
quantities of the simplest kind to the stock-realm 9?, so 
that the group is gradually diminished or the affect 
increased until it reaches its highest degree. 

Theorem. The general equation of the nth degree has 
no affect in the realm 9?, which consists of the rational 
functions of the coefficients a h a 2 , • • •, a„. 

For a u a 2) • • •, a„ may be regarded as the fundamental 
symmetric functions of the roots a, a (1) , • • •, <* (n-1) . If 

then g(t) is an irreducible factor of G{t), where the 
coefficients of g(t) are rational in a h a 2 , • • •, a n ; and if g(t) 
vanishes for t = p, we have, if in g(p) =0 we write for p and 
the a’s their values in terms of the ex’s, an identical 


* ®^ on * cker - Grundy, §§ 10 . H; and Netto. 5 153. The word "affect” 
was used by Kronecker for the first time in the Berliner Monatsb., 1858. p. 288. 
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equation. In this equation, however, we may permute 

the a s at pleasure without changing the a’s, while p takes 

each one of the values p, p', p", ... of G(t). Hence g(t) 

vanishes for all the roots of G(t) and consequently must be 
identical with G(t). 

Art. 215. Transitive and Intransitive Groups. 1 By 
means of the Galois group there exists a simple criterion 
as to whether the equation F(x) = 0 is reducible or 
irreducible. For, suppose that F(x) of degree n is 

reducible, and let F i(a;) be one of its irreducible factors of 
degree k, say, where k<n. 

Let the roots of F i(.r) =0 be 

( 1 ) O', a: (1) , • • *, 

while the remaining roots of F(x) = 0 may be denoted by 

(2) a (fc) , a ( * +1) , • • •, 

If ai is any of the roots (1), while a 2 is one of the roots 
(2), then in the Galois group P there is no permutation 
through which a\ becomes a 2 . For by hypothesis 

F i(ori) =0, 

and if there were in P a permutation through which 
were replaced by <* 2 , then, due to Theorem I, Art. 214, 
Fi(a 2 ) =0, which is contrary to the hypothesis. 

Hence, through the 'permutations of P, the roots ( 1) of 
F i(.t) =0 are only permuted among themselves. 

Reciprocally, if the group P has the property that its 
permutations change only a part of the roots a, as for 
example (1) above, among one another, then the product 

(s-a)(*-«<»). • • (x-a ik -») = Fi(x) 

permits all permutations of P and consequently (see 
Theorem II, Art. 214) Fi(x) has rational coefficients in 9i, 
and therefore F(x) is reducible. 

1 See Dickson, Modem Algebraic Theories, pp. 168 et seq. 
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A permutation group is said to be transitive if it 
contains at least one permutation which transforms one 
arbitrary element into another arbitrary element. On 
the other hand, if the elements can be distributed into 
two or more divisions in such a way that through no 
permutation of the group can one element of one division 
be transformed into an element of another division, the 
group is said to be intransitive. 

Accordingly the theorem to be proved may be stated 
as follows: 

Theorem. The equation F(x)=0 is reducible or 
irreducible according as its associated Galois group is 
intransitive or transitive. 

If a part of the elements are so connected that due to 
permutations of P , every element of one division is 
transformed into every other element of the division, the 
elements of this division are said to be transitively 
connected. The different transitively connected systems 
whose elements are only permuted among their respective 
divisions by all the permutations of P are called the 
systems of intransitivity. 

Art. 216. Primitive and Imprimitive Groups. 1 Let 
F{x) = 0 be an irreducible equation of the nth degree. It 
follows that its Galois group P is transitive. Let the 
roots of F(x) = 0 be 

W a»_i. 

If the realm is imprimitive and if T = x(a) is an 
imprimitive element in it, then is (Art. 209) 

(t~r)(t~ r (1 >) •••(<-r (n-1) ) = $(*) = <p (l) r t 

where <p{t) is an irreducible function of the sth degree* 
and consequently f 



1 See Serret. §§ 530 et seq.; and Netto. 
pp. 523 ff. 


Chapt. IV; Weber, Algebra, Vol. I, 
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The roots (1) may accordingly be arranged into s rows 
of r elements, say, 



A— a, Oil , * * *, Oir-l, 
B = P, P i, • • *, Pr-l, 


l S —a, cr h • • •, <r r —i, 


such that (see Vol. I, Art. 68) 


r — X(a) — X(c*i) — • . . = X(a r - 1 ), 
r (1 > = X(/3) = X((3i) = • • • = X((3 r -i), 

r (-D = X (a) = X((T i) = • • • = x(*r-i ), 

being the irreducible function above of the sth degree 
with rational coefficients. 

From (3) it is evident that the group P is of such a 
nature that its permutations change the elements of 
each row in (2) among themselves and the rows A, B, • • •, 
S among themselves, so that in no case can two elements 
of the same row be changed into two elements of different 
rows. For, if due to a permutation ir of P, two elements 
a and <x (1) , say, of the first row were changed into 0 and <r, 
two elements of different rows, then, due to this permu¬ 
tation, the equality 

X(a) = X(a (1) ) would become X(/3) = X(<r), 


(3) 

where 


an equality which is not true. 

Permutation groups P, which have the property that 
the permuted elements are distributed into rows of equal 
number of elements and such that the permutations of P 
change the elements of the same row among themselves, 
or rows into rows, are called imprimitive. The individual 
rows A, B, • • *, S are called the systems of imprimitivity . 
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Permutation groups which do not bring about such a 
distribution of the elements, are called 'primitive groups. 

It is possible that a group is imprimitive in several 
ways, and that is, that it has entirely different systems of 
imprimitivity. Take for example the group of the cyclic 
(circular) permutations of six elements (1, 2, 3, 4, 5, 6). 


(1, 2, 3 , 4, 5, 6 \ /2, 3 , 4, 5, 6 , 1 \ _ _ 

\2» 3 , 4, 5, 6, 1 ) Tl \ 3 , 4, 5, 6, 1 , 2J ~ etc ’’ 


/l, 2, 3, 4, 5, 6\ _ 

\3, 4, 5, 6, 1, 

/l, 2, 3, 4, 5, 6\ _ _ 3 
U 5, 6, 1, 2, 3/ — ’ r ’ — 7r >* 
(1, 2, 3, 4, 5, 6\_ _ 4 

U 6, 1, 2, 3, 

(\, 2, 3, 4, 5, 6\ _ _ 6 

\6, 1, 2, 3, 4, 5 ^- ,r6 - ,ri ; 
/l, 2, 3, 4, 5, 6\_ _ 0 

VI, 2, 3, 4, 5, 6/ — to —T,. 


TT\ * 7Ti = 7T? J 


Observe, if A = (l, 3, 5) and B = ( 2, 4, 6), that the 
permutations tt 2 , tt|, tt\ interchange the elements of A 
among themselves and the elements of B among them¬ 
selves, while 7Ti, t r 3 , tt 6 interchange A and B\ while if 

^ = 4 ), -^ = (2, 5), C=(3, 6), the permutations tt 3 , 7 r| 

change the elements of A to elements of A , elements of 5 
to elements of B, elements of C to elements of C; and n 

changes A to B and B to C and C to 4^ changes A to C 
B to A and C to B. * 

The imprimitive group being defined as above, we 
have the theorem: 

Theorem. An imprimitive realm has an imprimitive 
group. 

Due to the imprimitivity of the group, there exists an 
important result for the imprimitive realms: 
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Let \Js(x, x u • • •, .r r _i) denote any symmetric function of 
the r variables, and put 

w = \p(a, Oil, • • •, Q! r -l), 

« (1> =lKA j8l, fr-l), 


W (a 1) =’/'(o', 0-1, • * <7r-i). 

If t is defined as above, it may be proved that w is a 
rational function of r, and consequently belongs to the 
realm 9 ?(t). For, write 

, x / G ) o> (1 > co (a_1) \ 

v(t) (f37+ < -z^0) + • • • +JL T (.-1)) =*(0, 

and observe that any permutation which interchanges the 
as with as the jS’s with 0’s, etc., leaves the w’s and r’s un¬ 
changed, while any permutation which interchanges co’s 
with w’s makes the same changes among the r’s, so that in 
all cases $(t) remains unchanged. It follows from 
Theorem II of Art. 214 that the coefficients of $(0 are 
rational numbers. 

Writing in the expression above t = r, it is seen that 

$(r) 

0 ) = 77 x 
<p (r) 

and that is, any rational symmetric function of a, a i, • • •, 
a r -i is a rational function of r. If we apply this to the 
coefficients of the product 

(u — a)(u — ai) • • -{u — a r -\) = <p(u, r), 

it is seen that <p(u, r) is a function integral in u, whose 
coefficients are rational in r, where r is the root of an irre¬ 
ducible equation in 9? of the sth degree. It is thus shown 
that a, the root originally of the nth degree in 9? becomes 
the root of an equation of the sth degree in 9?(r), where 
n = r-s. An equation Fix) = 0, whose roots have this 
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property, is called an imprimitive equation. The above 
result may be expressed as follows: 

The imprimilive realm of the nth degree becomes , 
through the adjunction of the algebraic quantity r, which 
satisfies an irreducible equation of the sth degree , a realm 
r) of the rth degree where r-s = n. 

We may next see whether the imprimitivity of the 
group is a sufficient condition for the imprimitivity of 
the realm, and that is, whether in a realm 9U<*) with an 
imprimitive group there are always imprimitive elements. 

Let F(x) =0 be an irreducible equation of the nth 
degree with an imprimitive group and let the quantities 
(1) above be the roots of this equation, which are 
arranged in the series (2), and in such a way that the 
elements of this series are not separated from one another 
through the permutations of the group. 

Take any symmetric function t(x, x u • • •, .r r _,), such 
that the values 



y = *(a, at, • ■ ar-i), 

2/1=*(ft 01, 0r-l), 


2/.-i = *(<r, <7„ <r r _0, 


are all different from one another. 

The possibility of having such values is seen, if we put 

tf'it, A) = (t ot)(t c*j) • • • (t — 

(6) *(*> £) = (f-0)(*-0i)-- •(*-&_!), 

yf/{t } S) = (t — a)(t — a\) • • • {t — c r -i) } 

the right hand side of these expressions being integral in t 
and rational in r. From Arts. 49, 50 of Vol. I, it is seen 
that such values may be given to t that t(t, A), • • f(t, 

S) are all different from one another. These values mav 
be taken for the y 's in (5). 

32 
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Let u be an independent variable and put 

<p{u) = (u-y){u-y x ).. 

Observe that the coefficients of this function remain 

* • • • ^ permutations of the 

impnmitive group in question. On account of the 
presupposed transitivity of the group by which the y’s 
are interchanged, it follows also that <p{u) is irreducible. 
It is clear from the expression 




+ 


0 ), 


'+••• + 




y u-y 1 

if o) is any symmetric function of a, cti, • • •, <x r - h then by 
writing u-y , that o> is a rational function of y. 

It follows that the function \f/(t , A) above is integral in t 
and rational in y , so that we may write formula (6) 

A) = (t — a){t — <xi) • • • (t — av-0 = \p(t, y). 
Further, the function t(t, y) is irreducible in ^(y); for if 
’/'ift y) is an irreducible factor of \J/(t , y), which vanishes 
for one of the roots of t , y), say a, so that ^i(of, y) =0, 


then, due to the transitivity of the group, a permutation 
may be applied by which a is changed into say, 
without any change in y. It follows that ^i(e*i, y)= 0 and 
similarly, every root of \p(t, y) is also a root of y) 
with the result that \//(t, y) and y) are identical. 

It follows further that the equation F(x) = 0 of the nth 
degree, is imprimitive in the sense defined above, and 
that is, a root a of this equation may be regarded as a 
root of an equation of the rth degree whose coefficients 
depend upon the root y of an equation of the sth degree. 

To show finally that also the realm 9? (a) (in the sense of 
Art. 209) is imprimitive, it remains to prove that in the 
realm 9Ka) there exist quantities that satisfy an irre¬ 
ducible equation of the sth degree. As y itself satisfies an 
irreducible equation of the sth degree, it is only necessary 
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to show that y belongs to 9? (a) and that is, y is a rational 
function of a. 

To prove this, observe that \p(a, y) =0, while y 0, 
•••, 2 / a _]) are different from zero. For, were say 

’/'(<*> V 0 =0, then a would be a root of an equation of the 
rth degree xp(t, y y ) =0, whose roots are the r quantities 0, 
/3i, • • 0r-i that are different from a. 

It thus becomes evident that the two equations 

\f/(a,u)= 0 and <p(u)=0 

have one and only one root in common, namely, u = y. 
It is seen that the greatest common divisor of these two 
functions is linear in u and rational in a; and that is, y 
may be expressed rationally through a. 

With this is also proved the theorem: 

Theorem. A primitive realm has a primitive group. 
(See Jordan, §§ 54 ff.) 

Art. 217. Application 1 of Permutation Groups to 
Equations. A more exact study of the permutation 
groups is necessary for a deeper penetration into algebraic 
problems. A new light was thrown on the method of 
solution of algebraic equations by Cauchy ( Exercises 
d analyse et de physique mathematique) through a consider¬ 
ation of groups of permutations which leave a given 
rational function of the roots unchanged. 

We may first present some general theorems which will 
form the foundation for the following discussions. 

Let 

^ ^1> ^2, * * *, U n 

be a system of independent indeterminates (variables), 
and let 

® i* 2 , •••, u n ) 

be an integral rational function of these quantities with 

* See Weber’s Algebra, Vol. I, $ 159. 
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coefficients that belong to an arbitrary realm. Two 
such functions when arranged in powers and products of 
the u s are regarded as equal, when the corresponding 
teims have the same coefficients. 

If the indices of the variables, or what is the same thing, 
it the u s themselves are subjected to a permutation tt, the 
1 unction xp may either change in value or it may remain 
unchanged. If it remains unchanged, it is said to permit 
the permutation tt. If it permits all n(n) possible 
permutations, it is a symmetric function and accordingly 
may be expressed through the fundamental symmetric 
functions. The other extreme case is when the function 
takes different values for all the n(n) permutations. 

In general, certain permutations leave the function xp 
unchanged while others give it different values. 

Theorem I. The complex or system of all the permuta¬ 
tions of u h u 2 , • • •, u n which leave an integral function 
'/'(ui, • • •, u n ) unchanged, is a group of permutations. 

To prove this, suppose that t is a permutation that 
leaves xp unchanged, a fact which may be expressed 
through 

\p = Xp r . 

Since the u 's are independent variables, this identical 
equation must remain such when the variables are 
subjected to any permutation tt'. But if tt' is applied to 
\p T , the result is the same as if the compound permutation 
tt' were applied to xp. 

It follows that 

Pt> = ’/'XT'- 

Further, if xp = xp T ,, it is seen that 

’/' = ’Att'; 

and that is, if the function xp remains unchanged through 
the permutation tt and t, it remains unchanged also 
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through tt 7 r', with which, due to the definition of a group, 
the Theorem I is proved. 

By means of this theorem we have a method of forming 
permutation groups. For take any function ^ of n 
variables and find all permutations which leave it 
unchanged. It will be shown later that from this group 
all permutation groups may be formed. 

Iheorem II. If P = 7r, 7 r', ir", ••• is a group of 
permutations on n elements , and if tc x is an arbitrary one of 
them , then the system 

P\=TTK\, Tr'lTi, Tt"tT 1 , ••• 

is, neglecting the sequence , the same as the system P. 

For, due to the property of a group of permutations, it 
is seen that each element of P x is an element of P. 
Further, the elements of P x are all different (Art. 213); 
and as there are the same number of elements in P x as in 

P, it is clear that the system P x is, neglecting the se¬ 
quence, the same as P. 

Similarly, it may be proved that 

P[ — 7Ti7T, Kit', TT X Tr", • • • 

is identical with P. 

With this may be proved the following theorem: 

Theorem III. Every permutation group contains the 
identical permutation. 

For, among the permutations of P, there must also 

appear the permutation tt, and if *■„*-, = t., then tt 0 is the 
identical permutation. 

Theorem IV. Corresponding to every permutation of a 

permutation group P there is its inverse , which is an 
element of the group. 

For, if tttt, is the identical permutation in P x , then is 

Tnri — TTo or 7T = 7 T 0 7 T = TT^, 

where tti is any arbitrary permutation of P. 
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If instead of the indeterminates u h u 2 , ■ • •, u n are 
written definite numerals or quantities of a realm" say 
“ii “2, ••*,««, then Theorem I above ceases in its gener¬ 
ality to be true. For, take the simple case where n = 3, 
and let a relation among a h a 2 , <* 3 be 2a 3 = a l +a 2 . 
The function a 2 — a 3 remains unchanged through the 
permutation 

A 2, 3\ 

\2, 3, l)- r > 

say, the function becoming 

«3 — «i = <*3 — 2a 3 + a 2 = a 2 — (X 3 . 

Further, the identical permutation leaves a 2 — a 3 un¬ 
changed. However, t and 7r 0 do not form a group, for 
such a group must contain the element 



which is not here the case. 

The following theorem is, however, true for such 
functions: 

Theorem V. If P is a 'permutation group of m 
ciphers , and if a 1, • • •, a m are arbitrary quantities that are 
different from one another , there exist rational functions of 
these quantities with rational coefficients, which do not 
change values when the indices of the as are subjected to a 
permutation of the group P, and which change values when a 
permutation that does not belong to the group P is applied to 
them. 

To prove this take a function 

p = 4>(ai, a 2) • • •, am), 

which has U(m) different values, when the as are 
interchanged in all possible ways. Denote the values, 
which p assumes through application of the permutations 
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of the group P by 

(1) P> Pi, ’ ' Pm-i* 

Due to Theorem II above, neglecting the sequence, these 
quantities are only changed among themselves, when a 
permutation tt x of the group P is applied to them. For, 
the application of a permutation 71-1 to all the functions 

(1) has the same result as the application of the permu¬ 
tations of Pi to p; and from Theorem II, the groups P and 
Pi are identical, neglecting the sequence of their re¬ 
spective elements. 

If t is a variable, the function 

(2) \J/= (t — p)(t — pi) ♦ • • (t — p„_i) 

remains unaltered when subjected to any permutation of 
P. 

If then the quantities (1) are subjected to a permu¬ 
tation which does not belong to P, they become, say 

/ / / 

P ) Ply ' 7 P/i-1, 

where at least one of the p n s does not appear among the 
quantities (1). It follows that 

'l'i = (t—p')(t—p[) • • • (t— pi_i) 

is not identical with 

It is therefore possible to give to t such a rational 
value, that all functions which have been formed like \J/ X 
are different from \p. 

The above results are evidently true, if independent 
variables enter in the place of the as. 

A function which permits the permutations of a group P, 
whilst it changes values with all permutations that do not 
belong to P, is called a function belonging to the group P. 

To a group P 0 , which includes all permutations of m 
ciphers, belong the symmetric functions. This group is 
therefore called the symmetric group. 
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A function p which belongs to the one single group 

hlc ^ conslsts of the identical permutation may serve 

for the unique symbolizing of the permutations. For 

there is only one permutation it' through which p becomes 

P . For this permutation the symbol (p, p') may be used 
so that 

p), (p, p), (p, p"), • • • (p, p<«-«) 

may represent symbolically all permutations of m 
ciphers. 

Art. 218. Transpositions. Cycles. By the transpo¬ 
sition (1, 2) is to be understood that 1 and 2 are inter¬ 
changed, so that (1, 2) = (2, 1), while (1, 1) = (1, 2)(1, 2); 
and that is, a transposition twice repeated leads to the 

identity. Hence, every transposition is its own inverse. 
If 

7T — ( 1 * 2 ’ m ) 

then, since the transposition (m, a m ) interchanges m and 

a„ t) it is seen that the compound it( m, a m ) — tti, say, leaves 
m unchanged. 

Accordingly, we may write 




w-l\ 
b m -1 


which is a permutation of at most m — 1 ciphers. 

Further, since 7r = 7ri(w, a m ), the following theorem 
follows through induction: 

Theorem I. Every permutation may be distributed into 
transpositions and in an infinite number of different ways. 

Theorem II. If a permutation group of n ciphers 
contains all transpositions with one fixed letter, for example , 
(I? (1,3), • • •, (/, n), the group is identical with the 

symmetric group. (Netto, § 34.) 
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Observe that, if the ciphers in say (1,2, 3, 4, 5) be sub¬ 
jected to the transposition (1, 2), it becomes (2, 1, 3, 4, 5); 
and if a transposition (1,3) be made, the latter expression 
becomes (2, 3, 1, 4, 5); and if in this, there is a transpo¬ 
sition (1, 2), we have (1, 3, 2, 4, 5). This latter expression 
is the same as if a transposition (2, 3) had been effected in 
the original arrangement (1, 2, 3, 4, 5). We may there¬ 
fore write 

(1,2)(1, 3)(1, 2) = (2,3); 

and similarly, 

(1, 3)(1, 4)(1, 3) = (3, 4), 

(1, 3)(1, 5)(1, 3) = (3, 5), 

etc. It is thus seen from Theorem I that every permu¬ 
tation of the symmetric group may be compounded of the 
transpositions (1, 2), (1, 3), • • •, (1, n). 

A permutation tv is called cyclic or circular when the 
ciphers can be arranged in a row in such a way that 
through the permutation t r each cipher becomes the 
following cipher and the last one is again transformed 
into the first. For example, 

/l, 2, • • -, n~ 1 , n\ 

\2, 3, 1/ 

Such cyclic permutations may be denoted simply by 

7r = (1> 2, 3, • • •, n), 

it being immaterial which cipher comes first. For 
example, tt = (3, 4, • • - , n , 1 , 2), etc. 

The order of a permutation tt is the smallest exponent 
such that 7^=1, where 1 denotes the identical permu¬ 
tation. It is evident that the order of a cyclic (circular) 
permutation is equal to the number of letters (», say) 
which it displaces. For, arrange the n letters at equal 
distances around the circumference of a circle and 
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observe that the substitution must be repeated n times 
to regain the original position. 

Theorem III. Every permutation 7 r may be uniquely 
distributed into a series of cyclic permutations such that 
no two of these cycles contain the same cipher. (Serret 

§ 408; Netto, § 22 .) 

For, if 

7T=( 1 ’ 2 ’ M 

\ a b 02 , • • •, a n /’ 

and if we begin with any arbitrary cipher, say 1, and 
write down the row 1, ai( = b), where b is the same cipher 
in the top row of x as a\ is in the bottom, we have, say 

W 0i( = &), 06, 0 &( = c), a c , 

a series which continues until we come to a cipher which 
has already appeared. This cipher must be 1. For 
every preceding cipher in the series (1) is uniquely 
determined through x. 

The ciphers (1, b, c, • • •) form the first cycle. If all the 
ciphers of 7 r have not appeared in this cycle, take one of 
the remaining and continue in the same way until all the 
ciphers of x have been used. Observe that in these 
cycles, corresponding to any cipher the preceding as well 
as the succeeding ciphers are uniquely determined 
through x. It is clear that the cycles themselves are 
uniquely determined. A cipher, which does not change, 
forms a one term cycle. The following examples serve as 
illustrations: 





A 2 - 3 - 4 - 5 - 6 > 7 - 8 Y ( i 

\3, 6, 7, 1, 4, 5, 8, 2/ U 
/l, 2, 3, 4, 5, 6, 7, 8\ _ 
\2, 1, 3, 5, 7, 8, 6, 4 ) ~ ^ 
(\, 2, 3, 4, 5, 6, 7, 8\ 

\2, 3, 6, 5, 8, 1, 4, 7/ 


, 3, 7, 8, 2, 6, 5, 4). 

, 4, 5, 7, C)(l, 2)(3). 
, 7, 4, 5)(1, 2, 3, 0- 
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Note that the sequence of cycles is of the same mean¬ 
ing as of a composition and that permutations which have 
no cipher in common may be interchanged. One term 
cycles which change nothing are often left out. 

In general if 7r and k are two permutations of n ciphers, 
ktt is different from tvk. It follows that 

TT~ l KTT = K 7^K. 

If k is distributed into its cycles, k' may be derived from k, 
giving rise to the following theorem: 

Theorem IV. The permutation is had , if the 

permutation tt is applied to the cycles of k. 

To prove this let k be distributed into its cycles, say, 

K = (a, 0 , 7 , • • •)(«'» 0 ', 7 ', •••)*•• 

and let 

T /«» •••»«'> 0', y', •• \ 

0», 7», * * *, oc',, yi, • • • / 

Through 7r -1 , a r becomes a, and through k, a becomes 0; 
and through 7r it is seen that 0 becomes 0*. Hence, 
through 71-“W becomes 0 T . The same permutation 
changes 0 X to y x , etc., with the result that 

TT'W = (a w , 0 X , y x , • • -) (or', 0i, yi, •••)••• 

and with this is proved Theorem IV. (Weber, Algebra , 
Vol. I, p. 536; see also Dickson, Mod. Alg. Theories , p. 
186; Fricke, Die elliptischen Funktionen , etc., Part II.) 

Art. 219. Permutations of the First and the Second 
Kinds. Let a i} a 2 , • • •, a„ be real quantities such that 
ai>a2>a3* • • >a n >0 and form the product of the 
differences of these quantities: 

P{a h a 2 , ■ • •, a n )=P = (ai —a 2 )(ai—a 3 ) • • *(ai —a„) 

X ( a 2 — a 3 ) • • • (a 2 — a n ) 


X (a n _1 fln)* 





478 THE THEORY OF ALGEBRAIC NUMBERS 

a," z ch ‘ Bg “ i in ">■ — ">«■»», 

P = (a ai — G^) («a, — a a ) • • • (a a — a a ) 

X (fla, — a flj ) • • • ( a<h — a a J 

X (Qa^j Qa n ) • 

Theorem I. a sfmpfe transposition (h, k) 

where h and k denote any of the ciphers 1, 2, • • . n both P 
and P' change signs. * 

Take for example the transposition ( 1 , 2 ) and observe 

that the two first rows in P become, due to this trails- 
position, 

(«2 — «i)(a 2 — a 3 ) • • • ( a 2 — a n ) 

(«i — 03 ) • • • (di — a n ), 

the other rows remaining unchanged. Further, observe 
that these products are the same as those found in the 
two first rows of P with the only exception of (a 2 — ai) 
w hich has the opposite sign of the corresponding term in 
P. All the terms containing h and k may be arranged in 
the same scheme as the arrangement in P of the terms 
containing 1 and 2. The theorem is thus proved. 

By definition permutations of the first kind are those that 
leave the product P unchanged, while the permutations 
of the second kind change P to -P. We have at once: 

Theorem II. The permutations of the first kind are the 
compounds of an even number of transpositions and those of 
the second kind of an odd number. 

Belonging to the first kind is to be reckoned the so- 
called identical permutation which leaves P unchanged. 

A further consequence is that in whatever way a 
product P' is derived from P by means of transpositions, 
the number of transpositions is always even or odd, 
according as P' has the same or opposite sign of P. 
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If in each of the totality of arrangements 


A, A' f A 





of n elements, a transposition is made, say ( 1 , 2 ), then 
each of these arrangements goes into another definite 
arrangement, say A into B, A' into B', etc., and if the 
same transposition is repeated, then B returns to A , B' 
to A', etc. From this it follows that the arrangements B 
are all different from one another and consequently in 
their totality are the same as the totality of the A ’s. 

Further, as shown above, all the difference products 

P, P', P ", • • • 

which are formed from P with the different arrangements 
A, A', A", • • • change sign through a transposition. It 
follows that to each A of the first kind there corresponds a 
definite B of the second kind, and to each A of the second 
kind, there is a definite B of the first kind with the result: 

Theorem III. The number of arrangements of the first 
kind is the same as the number of arrangements of the 
second kind , and that is =5n(n). 

For n = 3 we have the following six arrangements 

(1, 2, 3) (2, 3, 1) (3, 1, 2) 

(3, 2, 1) (2, 1, 3) (1, 3, 2), 

of which the first horizontal row forms the first kind. 
Observe that (1, 2)(1, 3) changes (1, 2, 3 ) to (2, 3 , 1), etc! 

The above theorem was proved through a consideration 
of the product P . In the sequel it will be shown that the 
same results may be had without the use of such a 
function. To bring about this, it may be proved that if r 
denotes a transposition, and if 7 r is an arbitrary permu¬ 
tation, then in the compound ttt the number of cycles is 
either one greater or one less than in the permutation tt. 
For, the two ciphers which are interchanged through r 


480 THE THEORY OF ALGEBRAIC NUMBERS 

may either appear in the same cycle, or they may fall in 
different cycles. Suppose 

1 °, that the cycle 

7 = ( 1 , 2 , • •a, a + 1 , •••,&) 

appears in 7 r and suppose that r operates on two ciphers 

that appear in 7, say r = (l, a). We may write 7 in the 
form 

y * **» a ~l, a, 0 + 1 , • • •, b\ 

\2, 3, •••, a, a+ 1 , a+2, • • •, 1 / 

and 

_{ a > 2, 3, • • •, a —1, 1, a + 1, •••, b\ 

\2» 3, 4, •••, a, a + 1, a+2, •••, 1 / 

From this it is clear that the number of cycles has been 
increased by one, while the remaining cycles in 7 r have 
remained unchanged. Suppose, however, 

2 °, that the two ciphers that are interchanged by r fall 
in two different cycles of 7 r, say in 

7 = (1, 2, • • •, a) and 7 , = (1', 2', • • •, a'), 

and suppose that r = (1, 1'). It follows that 

/l, 2, 3, • • •, a — 1, a, 1', 2', ...,a'-l,a'\ 

77 \2, 3, 4, • • •, a, 1, 2', 3', ...,a', 1^ 

and 

/+, 2, 3, • • a — 1, a, 1, 2', ...,a'-l f a'\ 

Tyy \2, 3, 4, ■ ■■, a, 1,2', 3 ',■■■, a', 1'/ 

It is evident that through the compound ryy' the two 
cycles 7 and y' have merged into one, while the remaining 
cycles in tt have remained unchanged. 

Next, let 7r be a permutation on m ciphers, which 
consists of v cycles (including the one-term cycles), 
which have been brought about through /x transpositions. 
These cycles may through such transpositions in the 
inverse order be changed into the identical permutation. 
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This identical permutation consists of m one-term cycles. 
Therefore in all m-v cycles have been thereby gained; 
and since each transposition effects the gain or loss of one 
cycle, it follows that the number of transpositions is 
ft — g+l, where g is the total number of cycles gained, l 
being the total number lost. Further, the differences in 
the number of cycles gained over those lost is <7 — Z which 
is m — v above. It follows that 

fx — (m — v) = 21 or fx = (m — p) (mod. 2). 

It is thus clear that p is an odd or even integer according 
as m — v is odd or even. The number m — v } however, is 
inherent in the permutation and does not depend upon 
the method of its distribution into cycles. 

Example. Prove that the pth power of a cyclic permutation 
7r of order v is itself cyclic if (jx, p) = 1; but if (jx, v) = d> 1, then 

** is a permutation composed of d cycles of order -• 

d 

We further have: 

Theorem IV. The permutations of m ciphers fall into 
two classes of which the first may he distributed into an 
even number of transpositions and the second class into an 
odd number of transpositions. 

Each of these two classes contains an equal number of 
permutations = \TL(m). For, through the applications of 
any transposition all the permutations of the first class 
become permutations of the second class and vice versa. 
(Serret, § 429; Netto, § 35.) 

The composition of two permutations of the first kind is 
a permutation of the first kind while a permutation of the 
first kind compounded with one of the second kind offers 
a permutation of the second kind. We therefore have: 

Theorem V. The permutations of the first kind form a 
group . 
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A function of m variables u u • • u m or of m quantities 
ai > ■ • •> oi m that are all different from one another, which 
changes sign when any two of the variables are inter¬ 
changed, for example, the product of the differences 

(^1 — U<f)(U\ — uf) • • • (u\ — u m ) 

X (u 2 — uf) • * • {u 2 — u m ) 


is called an alternating function. Such a function when 
operated upon by a permutation of the first kind remains 
unchanged, while it changes sign when any permutation 
of the second kind is applied to it. The alternating 
functions, therefore, belong to the group of permutations 
of the first kind. 

Previously (Art. 217) we have called the group to 
which the symmetric functions belong, the symmetric 
group; so here we shall call the group to which the 
alternating functions belong, the alternating group. (See 
Jordan, pp. 61 ff.) The group which consists of one 
single identical permutation may be called the identical 
group or also the unit group. 

A cyclic permutation of n ciphers may be distributed 
into n — l transpositions as follows: 

(1, 2, • • •, n) = (1, 2)(1, 3)--.(l,n). 

From this it is evident that a cyclic permutation belongs 
to the first or the second kind according as n is odd or 
even. (See Serret, § 422.) 

Observe that two transpositions in which the same 
cipher occurs, are such that (1, 2) (1, 3) = (1, 2, 3), while 
two transpositions in which the ciphers are all different 
are exemplified through (1, 4)(2, 3) = (1, 2, 3)(1, 2, 4). 
It is clear that all permutations of the first kind may be 
replaced by cycles of three ciphers. 

And this gives rise to the following theorem: 
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Theorem VI. All permutations of the first kind may he 
distributed in an infinite number of ways into cyclic 
permutations of three elements. 

Next observe that every cycle of three ciphers may be 
compounded of cycles with three ciphers of which two are 
fixed. For example 

(2, 1, 3) = (1, 2, 3)(1, 2, 3), 

(1, 3, 4) = (1, 2, 3)(2, 1, 4)(2, 1,3), 

(2, 4, 5) = (2, 1, 4)(1, 2, 5)(1, 2, 4), 

(3, 4, 5) = (2, 1, 3)(2, 4, 5)(1, 2, 3). 

An immediate consequence is the following: 

Theorem VII. Every permutation group that contains 
all cyclic permutations of three letters of which two are fixed , 
must contain the alternating group. 

Theorem VIII. If m is greater than 4, then every 
permutation group of m ciphers , which contains all permu¬ 
tations ( 1 , 2)(3, 4) of two transpositions with no cipher in 
common , is divisible by the alternating group. (Netto 
Theorem IX, § 35.) 

For, observe that 

(1,2, 3) = (1, 2)(4, 5)(4, 5)(1,3); 
and, if there is a fifth cipher besides 1, 2, 3, 4, it is clear that 
all cycles of three ciphers may be compounded of pairs of 
transpositions of the form (1, 2) (4, 5). 

If, however, m = 4, then the four permutations 

(1), (1, 2)(3, 4), (1, 3)(2, 4), (1, 4)(2, 3) 

form a group which is smaller than the alternating group, 

since the latter contains besides these permutations also 
the eight cycles 

(1,2,3), (1,2,4), (1,3,2), (1,4,2), 

(1,3,4), (1,4,3), (2,3,4), (2,4,3). 

To the above theorems may be added the following, 
which have to do with transitive permutation groups: 
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Theorem IX. If a transitive 'permutation group of m 
ciphers contains at least one transposition , it is either the 
symmetric group or it is imprimitive. 

Let the permutation group on m ciphers in question be 
denoted by P, the ciphers being 1, 2, • • •, m, and let the 
transposition (1, 2) be among the permutations of P. 
Suppose also that the transpositions (1, 3), •••, (1, p) 
and no other transposition with the cipher 1, belong to P. 
If p = m, then, due to the Theorem II, Art. 218, P is the 
symmetric group. If however, p<m , then, due to the 
same theorem, P contains all permutations of the ciphers 

M = 1,2, •••,/*. 

From this it follows that P contains no transpositions of 
one of the ciphers, 1, 2, • • •, m with another cipher, say, 
/x-fl. For, if (2, m + 1) appeared in P, then also 
(1, 2)(2, ;u-|-l)(l, 2) = (1, m+ 1) would appear in P, which 
is contrary to the assumption. 

Next, if P is a transitive group, there exists in it a 
permutation r (that is not a transposition) which 
transforms the cipher 1 into a cipher that is not one of the 
ciphers in M, say p -f-1; and when operated upon by 7 r, no 
one of the ciphers of M can become another cipher of M . 
If, for example, due to t the cipher 2 becomes r, where 
r is a cipher of M, then *r _1 (l, 2)tt operating on (r, • • •, 
p — 1) changes these ciphers to (/z + 1, ••*, r), so that 

7t 1 (1, 2)tt = (/x + 1 , r), 

which is a transposition in which r, one of the ciphers of 
M, is changed into one of the ciphers p + l, p+2, • • •, m, 
contrary to what has just been proved. 

Thus it is seen that through each permutation of P, the 
ciphers of M are only changed among themselves, or, 
they are changed into an entirely different system of 
ciphers, say M'. 
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If there are other ciphers that do not appear in either 
M or M', there exists a permutation in P through which 
the ciphers of M are transformed into ciphers of a third 
system M" in which there is no cipher that occurs in 
either M or M'. For, let there be two ciphers of M, say a 
and p (which may also be identical) and suppose that 
through the permutations tt and tt' these two ciphers are 
transposed into a cipher 7 , which appeared in both M and 
M", then p would, through the permutation th = 7 r , 7 r “ 1 be 
transposed into a. Hence, the permutation 7 r, can only 
transpose the ciphers of M among themselves; and, since 
tt^ttitt, it follows that M' and M" must be identical. 

Thus it is seen that all the ciphers 1,2, •.., m are 
distributed into systems M, M', Af ", ..., there being M 
ciphers in each system which through P are permuted 
imprimitively; and that is, P is an imprimitive group. 

If m is a prime integer, there exist no imprimitive 
permutation groups, with the result that in this case a 
transitive group which contains a transposition can be 
only the symmetric group. 

In a similar manner and from Theorem VII, may be 
derived the following: 

Theorem X. If a transitive permutation group of 
™(>4) ciphers contains one or more cycles of three ciphers , 
it either contains the entire alternating group or it is an 
imprimitive group. 

For, if the group P contains the cycles of three ciphers 

(1> 2, 3), (1,2,4), •••, (1,2, ju), 

but no other cycle of three letters having the ciphers 1,2 

then, due to Theorem VII, it contains the entire alter¬ 
nating group of the ciphers 

M = 1 , 2 , •••,/!. 
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If /x <m, there cannot appear in P a cycle of three 
ciphers which connect one or two of the ciphers M with 
other ciphers. For, let P contain a permutation (1, r , $), 
such that of the two ciphers r, s, at least one does not 
appear in M and choose from M two ciphers a and /3 so 
that neither a nor 0 is the same as one of the ciphers 1, r, 
s. Then observe that 

(1, 0, or) (1, r, s)( 1, a , £) = (<*, r, s). 

Note that (1, a, (3) is the inverse of (1, 0, a) and belongs 
to P and accordingly, (a, r, s) belongs to P for every a of 
M. Hence, from Theorem VII it follows that the entire 
alternating group of ciphers 

1 , 2 , 3, • • •, m, r, s, 

is contained in P, contrary to the hypothesis. 

Hence the m ciphers of P , as in the previous case, are 
distributed into several systems M , M\ M", • • • of 
imprimitivity. 

We may finally add the theorem: 

Theorem XI. If the case of imprimitivity occurs in 
Theorem IX, the group P contains the entire symmetric 
group for each system of imprimitivity , and likewise in 
Theorem X, it contains the entire alternating group for each 
system of imprimitivity. 

The repeated composition of one and the same permu¬ 
tation with itself is denoted by powers of the permutation. 
If 7 r is any permutation, then in the series 

777T^ • • • 

7T , 7T , 7T , 71 , y 

where 7r° = l is the identical permutation, the same 
permutation must be necessarily repeated. 

From 7r p+ ‘ = 7r M it follows that ir e =l. If e is the 
smallest positive exponent for which ir*=l, the permu¬ 
tations 

1 2 _ t —1 

, 7T, 7T% • • •, 7T 
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are all different from one another, while 




TT 2 *- 1 


are periodically repeated in the same sequence. Either of 
these series is called the period of the permutation ir, and e 
is called the degree of 7 r. 

The period of 7 r constitutes a group, since through 
composition of any two of its elements another element of 
the same period arises. 

If 7 r is a cyclic permutation, 


7T=(1, 2, • • • , n)\ 
then, if n is an even integer, 

tt 2 =(1, 3, • • •, n — 1)(2, 4, 
and if n is odd 



tt 2 = (1, 3, • • •, n, 2, 4, • • •, 71 -1), 

and the degree of ir is in both cases n. 

For example, let 


/1,2, 3, 4, 5, 6W2, 3, 4, 5, 6, 1\ 
\2, 3, 4, 5, 6, \) V3, 4, 5, 6, 1, 2 ) 


It follows that 


If 


7T 


T ' (3, 4, 5, g ! i, 2) ~ 3> 5 ^ 2> 4> 6 ^- 

= 2, 3 , 4, 5, 6 , 7\ _ /2, 3 , 4, 5, 6, 7, 1\ 

\2. 3 , 4, 5, 6 , 7, 1/ - \ 3 , 4, 5, 6 , 7, 1,2^’ 


it is seen that 


„*=( 1> 2 >3, 4, 5, 6, 7\ 
\3, 4, 5, 6, 7, 1, 2/ 


= (1,3, 5, 7, 2, 4, 6). 


If 7 r is distributed into several cycles, the degree of 7 r is 
equal to the least common multiple of the numbers of the 
elements in the individual cycles. For example, if 
7r = (l> 2) (3, 4, 5), the degree of ir is 6 . 
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Writing tt in the form 


or 


tt=(1, 2) (3, 4, 



1, 4, 5, 3\ 

2, 5, 3, 4/ 


observe that 


A 2, 5, 3, 4\ 
\2i 1, 3, 4, 5/ 




(i, 2,5! 3! 4) ~ 5 - 4 ); 

(2,1,314! s) = (1 - 2 )( 3 )( 4 )( 5 ); 


7t< = (1)(2)(3, 4, 5); 


^ = (1, 2)(3, 5, 4); 



Art. 220. Divisors of Groups; Sub-Groups and Conju¬ 
gate Groups. In Art. 217 it was seen that a function of n 
independent variables U\, u n determined always a 
permutation group and it was observed that this was not 
always true if in the place of the variables there entered 
definite quantities <* 1 , • • •, a n . This difference is brought 
into evidence by the Galois theory which goes to the 
essence of the question. (See Weber, Algebra, Vol. I, pp. 
542 ff.) 

As in Art. 214 let F(x) =0 be any equation of the nth 
degree whose coefficients belong to 9?, and let its roots be 
a, a (1) , • • • o; (n 1} , which we suppose are all different. 

The normal realm « (1) , • • a (n-1) ) = 9t(p) may be 

denoted by 9?. 

By the Galois group P of the realm 9?, or of the 
equation F(x) = 0, we may understand either the group of 
substitutions of the realm 9? or the permutation group of 
the indices of the a s, which group is isomorphic with the 
substitution group (Art. 214). 

Let p be the degree of P, and that is of the Galois 
resolvent, and denote the operations of P (whether they 
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be the substitutions of 9? or the permutations of the a's) 

by 

(1) P = 7T, 7Tj, • ♦ •, TTp-i. 

If the system of permutations 

(2) Q — k,k x , • • •, k Q -i 

that are contained in P, form a group, and that is, if any 
two of these elements of Q, when compounded, form a 
permutation of Q, the group Q is said to be a divisor or 
sub-group of P. 

The following important general property may be 
derived for the divisors of a group: 

When the degree q of the divisor Q is less than p, the 
degree of P, we may take a permutation tt x of P, that is 
not an element of Q, and form the system 

(3) Q7Ti= &7Ti, 7v 17Ti, • • •, kq —i7T!, 

which may be expressed symbolically as the product Qtt x . 

The elements of (3) are different from the elements of 
Q. For, were kir } = k x ir X) then is kir x ttT x = k\irovk = k x . 
Were k = knr x , then is kT 1 k = kT l k X 7r ] = ir x and as both k and 
k x l belong to Q, it would follow that tt x is an element of Q, 
contrary to the assumption. The elements of Qtt x do not 
form a group; 1 otherwise k X Tr x k 2 ir x =k h Tr x , where k h is an 
element of Q. It would follow that tti =kT 1 k h k;\ which 
again requires that rc x be an element of Q. 

The system Qir x is called a sub-group of Q (within P). 
The sub-groups remain unaltered if ir x in (3) is replaced by 
any element kir x where k is an element of Q, since Qk is 
identical with Q. 

If in general we call any system Qtt a sub-group, and if 
among these sub-groups we include Q , it may be proved 
that two sub-groups are either identical or they have no 
element in common. For, were Qw x and Qtt 2 two sub- 

1 The terminology "sub-group” is accordingly somewhat of a misnomer. 


490 THE THEORY OF ALGEBRAIC NUMBERS 

groups and if k\Tc\ = k 2 T 2} where ki and k 2 are two elements 
of Q, it would follow, if we put k = k 2 1 k h that T 2 = kin. 
Since k belongs to Q, it would also follow that 

Qt 2 = Qkiri = Qtu 

If through (2) and (3) the group P is not exhausted, we 
may form further sub-groups Qir 2f •••, and continue 
until P is entirely distributed into sub-groups. As each 
of these sub-groups contains q elements, we have the 
following important theorems of Lagrange and Cauchy: 

Theorem I. The degree qof a divisor Q of a group P is a 
divisor of the degree p of P. 

A corollary of this theorem is: The degree of any element 
(cycle) of the group (see preceding article) is always a 
divisor of the degree of the group. 

Reciprocally, if p is a prime integer , every group whose 
degree is divisible by p will contain a permutation of the pth 
degree. (Jordan, §§39 and 40.) 

The distribution of P into its sub-groups may be well 
expressed after Galois through the symbolic equation 

(4) P = Q+Qtti-{-Qt 2 -\ - \-Qttj~i, where P = q-j- 

The integer j is called the index of the divisor Q. This 
number does not express any peculiar intrinsic property 
of the group Q but merely a relation of Q to P. As seen 
above, two sub-groups to Q either are identical or they 
have no element in common. We thus have the following: 

Theorem II. If x is any permutation of P, the system 
of sub-groups 

Q-7T, Qx]X, QtT 2 TT, • • •, Q-Kj-lTT 
is different only in sequence from the system 

Q, Qtti, Qtt 2 , • • Qttj- 1. 

The definition of sub-groups may be extended to 
systems of the form ttQ, and P may also be distributed 
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into such systems. Corresponding to the distribution 

(4) there follows in particular a second distribution 

(5) P = Q + 7rr 1 Q4-7ri' 1 Q+ • • * +7rJL-\Q. 

For, if 7 ri does not appear in Q, then 71 T 1 is not found in 
Q ; and we may form as a first sub-group vT'Q. If 7 r 2 does 
not enter in Qtv h then tt 2 1 does not appear in 7 vT l Q. For, 
were ttJ 1 = ttT l k, it would follow that 7 r 2 = £ -, 7 ri which is, 
contrary to hypothesis, a permutation in Qm. It appears 
in the treatment of algebraic problems that preference 
must be given to the distribution (4) over (5). 

A quantity xp of the realm 9? = 9f(p) is said to belong to 
the group Q (within P) } if \p does not change when an 
operation of Q is applied to it, and if it does change when a 
permutation of P other than of Q is applied to it. The 
conception of “ belonging to ” is somewhat extended 
when compared to that defined in Art. 217, in that the 
permutations that lie without P are not considered here. 
When, however, P is the symmetric group, the two 
definitions are co-extensive. 

Theorem III. To every divisor Q of P belongs a 
quantity in 9?, and every quantity in 91 belongs to a definite 
divisor Q of P. 

The first part of the theorem is proved in Theorem V, 
Art. 217. For, if a function of the a’s within a sym¬ 
metric group belongs to a group Q, it belongs to Q also 
within any other group P of which Q is a divisor. 

The second part of the theorem follows directly from 
the fundamental property of the Galois group. To 
show this, we may introduce the following notation: If 
the permutation tv of the group P operates upon a 
function \p of 9?, then the notation yp/iv denotes this opera¬ 
tion. If upon xJ/Jtv a permutation tt' is caused to operate, 
the result is the same as if the compound permutation ttk' 
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operated upon \p; and that is, 

(is / Tr) 7r' = j/1 TTir'. 

If i remains unchanged when subjected to the permu¬ 
tation 7 ri, then is 

I' — I'l'ir i. 

Due to Theorem I of Art. 215 every permutation it of P 
maj' be applied to any equation n = 0 giving 
yp/Tr = \Plir 1 Tr. If then = it follows that 
and that is, the permutations which leave i p unaltered 
form a group. 

Next, observe that if i is a function in ^ which belongs 
to the group Q, and that is, if 

\l / = \fr/k = \l / /k l = • • • = ifsfkq—i, 

and if, further, tt x is any permutation of P which is not 
found in Q, then 

xp/kiri = \f//knri = • • • = xk/kq-iTTi =\f/ h 

where ipi is different from 
Reciprocally, if for any permutation 

(A) *Ai =\klTr = \f/lkTTi = ■ • •, 

then 7 r must be one of the permutations in the series 

kir i, k\TT\, • • •, kq— i tt i. 

For, applying 7 r -1 to the expression in (A), it is clear that 
kir i 7 r —1 is a permutation which leaves \p unchanged; and 
that is, a permutation of the group Q, say k { . It follows 
that 'jr = kr 1 k'jTi, which is a permutation of Q 71 - 1 . 

We therefore have the following: 

Theorem IV. A function \J/ which belongs to Q is 
transformed through all the permutations of a sub-group Qir 
and through no other permutation of P into a definite 
quantity \f/ 1 , which is different from \p. 
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Accordingly, there correspond to the j sub-groups the j 
functions 

^t» •> 1/7-1; 

and from Theorem II follows the theorem: 

Theorem V. The quantities \ J /, \ p h • • •, 1 undergo a 

permutation, if one and the same operation tt of P is applied 
simultaneously to them all. 

For, the quantities \f/, rpi, • • •, \pj -1 may be expressed 
in the form \plkwi, •••, \p/kir } -i; and when tt is 
applied to these quantities, we have xp/kir, ip/kirnr, • • •, 
Jkivj—iir , where A: and 7 r are arbitrary permutations of Q 
and P, respectively. In each of the series 

k, kir 1 , • • •, k-n-j-i 

and 

A:7T, k-TTiTT, • • •, /C7Ty_i7r, 

there is offered from each of the sub-groups Q, Q 7 J- 1 , • • •, 
Q 7 ry_,, one and only one permutation. 

The functions \p, \pi, \p 2 , \f/j -1 which, as shown 

above, are all different from one another, are called 
conjugate functions. It is easy to determine the group to 
which each of these individual functions belongs. For, if 
= and if tt is a permutation of P which leaves \pi 
unchanged, then is 

j/'/7 r i7T = ^i/7r = ^1 =^7Ti. 

Apply to this expression the permutation irT 1 which 
belongs to P. It follows that 

^ 1i-inrT 1 = \J/] 

and that is, 7 rix^r 1 must be one of the permutations that 
leaves \f/ unchanged, say k i} a permutation of Q. 

We accordingly have 

7T = ITi'kilTi. 
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If, reciprocally, tt has this form, then is 

i l/7r = ^/tTiTT = l/'/TTiTrr^.-TT! = ^/^TTi = ^ ; 

and that is, xpi allows the permutation 7 r. 

It is thus shown that the group to which xp x belongs may 
be indicated by the symbol 

ttT'Qtti. 

That 7 Ti 1 Q 7 n is in fact a group, is seen through com¬ 
pounding, say 

Tr^kirnr^knn = TT'kknn, 
which permutation belongs to tt^Qtti. 

The groups to which the conjugate quantities \f/, 

• • \pj -1 belong, namely, 

(6) Q, TTi 1 Qtti, 7r 2 1 Qtt 2) • • •, 7r J —iQ 7r j—i 

may be called the conjugate divisors of P, or briefly, the 
conjugate groups. (See, for example, Netto, §§45-46.) 

If the elements of two groups 

Q = k, ki, k 2 , • • *, 

Q' = k', k[, k' 2 , ... 

are related to one another uniquely and in such a manner 
that k , k' and k 1 , &!, being two pairs of corresponding 
elements, their compounds kk\ y k'k[ are also corresponding 
elements, the two groups are said to be isomorphic. 
(See Art. 214, and Jordan, §§ 67-74.) 

The manner of composition of the two permutations 

'K~ l ki'mr~ l khTT = Tr~ l kikhTr 

shows that all conjugate groups are isomorphic. 

If 7 r is an arbitrary permutation of P and therefore of 
the form & 7 r r , the group x^Q-rr is always found among the 
conjugate groups ( 6 ), namely, 

'K7 l k~ 1 QkTT r = 7 

The derivation of x~ l Qx from Q is sometimes called a 
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transformation of the group Q through 7 r, and is 

called a group transformed out of Q. 

Art. 221. Reduction of the Galois Resolvent. Normal 
Divisors of a Group. The question which is to be 
considered next is the gradual reduction of the group of a 
given equation. This can be done by adjoining certain 
algebraic quantities to the stock-realm. 

As in the preceding article, let P be the Galois group of 
degree p and let Q be one of its divisors of degree q and of 
index j. Let ^ = ^(a (0) , a (1) , •••, a (n-1) ) be a function that 
permits the permutations Q, the conjugate quantities 
being 

( 1 ) Pt *Pi) • • • f 

The following theorem may be proved: 

Theorem I. The conjugate quantities ( 1) are the roots of 
an irreducible equation. 

For, let t be a variable and form the function 


<p{t) — {t — \p)(t — rp 1) • • • (t — \pj-i). 


Observe that this function remains unchanged when it is 
subjected to any permutation of P and therefore (Art. 
211, end) its coefficients must belong to 9 1. To show 
that this function is irreducible, assume that it is factor¬ 
able and let <p x (t) be one of its irreducible factors and 
assume also that t = \p is a root of so that <pi(\p) =0. 

Since (Art. 214, Theorem I) all the permutations of P 
are applicable to this function, it is seen that <p x vanishes 
for all the quantities \p, \p Xy • • *, ipj—u an d is therefore, 

neglecting a constant multiplicative factor, identical 
with <p. 

The Lagrange Theorem: 1 


0«Ii a , gra T' 8e ’ ^ la r&5olution algfibrique des 6quations." 

vrea. Tome III § 100. Only a special case of this theorem was given by 

“ amely » the case in which the roots are independent variables: in its 
generality it was proved by Galois. See Jordan, §§ 60, 61 . 
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Theorem II. Every quantity of the realm 91 which 
permits the permutations of the group Q is contained in the 
realm 9?GW, where xp is a function that belongs to Q. 

Proof . Let w be a function which permits the permu¬ 
tations of Q , and is a function which is changed into a 
function by each of the permutations of a sub-group 
Qiri(i = 1, 2, •••, j— 1). Thus, corresponding to the 
conjugate quantities 

'I'y'I'i, • • •> ti-l 
there are the quantities 


O), COi, • • •, «/_i, 

which are not necessarily all different. 
Form the function 


m 



Wl 


\p^~t — xp 1 


+ 



and observe that this function remains unchanged when 
to it are applied the permutations of P. Its coefficients 
are therefore quantities in 9L 
Writing t = xp } it is seen that 


as was to be proved. 



F(*) 


Example. Prove that all functions that belong to the same 
group may be expressed rationally through any one of them. 

Theorem III. If the function xp which permits the 
group Q is adjoined to the realm 9?, then in 9?( xp) the group 
P is reduced to Q. 

For, observe that due to Theorem I, Art. 214, every 
equation in 9? among the quantities a, a (1) , • • - , a (n-1) is 
also satisfied when a permutation of P is applied to the 
equation. 
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And, further, note first that every equation in 9? WO 
that exists among the roots or, <* (1) , •••, 0 f the 

fundamental equation F(x) =0, permits the permutations 
of Q , since Q is contained in P and since ^ remains 
unchanged through the permutations of Q \and secondly, 
due to the Lagrange Theorem, every function which 
remains unchanged through Q belongs to $KW0- 
These are the characteristic criteria of the Galois 
group in 9JW0- (See Art. 214, Theorems I and II.) 

The Theorem III may also be expressed as follows: 
Theorem III. The normal realm = a {1) , •••, 

a(n_1) ) w °f the pth degree over 9? and of the qth degree over 

W)- 

To the depression of the group through adjunction of 
there corresponds, as has already been seen from the 
general fundamental theorems, a decomposition of the 
Galois resolvent. 1 For, let g(t) = 0 be the Galois resolvent 
(Art. 210) and let p be one of its roots. Through the 
permutations k, k h • • •, & ff _i of Q, suppose that p becomes 

( 1 ) . P) Pn • * •> pff-i, 

where in general 


Ph=p/k h . 

If to this system of quantities (1) there is applied a 
permutation of Q, Q being a group, it is evident that only 
the sequence of the quantities is changed. Hence, due 
to the Lagrange Theorem, the function 

9(1} V = (t— P){t~’Pl) • * • (t — Pg_j) 

is a function of the realm 9*WO. 

At the same time it is seen that g(t, *) is a divisor of 

Apply to p the permutations of the sub-group t Q 
and that is, the permutations 


TTik, ITiklf Tiki, * • •, TTikq-X. 

1 Cf. Dickson, Modem Algebraic Theories, pp. 174 et seq. 
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It is seen that p becomes 

PO.iy Pl.iy 

where 


* * Pq—l, i 


(♦’-I* 2 * 


Ph.i — p/lTikh. 

It is clear that any two of the series (3) are either 
identical or they have no element in common. For, if 
Ph, i = pr, ay then is 7Tikh = iTgkr, so that 7 r s is a permutation 
of the sub-group tt,Q. Further, the quantities (3) inter¬ 
change only among themselves when to them is applied 
a permutation of Q. For iriQk = 7 r,( 2 , if A; is a permutation 
of Q. Accordingly, 

'I') = PQ.i)(t ~ pl.i) • • • (t — Pq-l, i) (i = 1, 2, —1), 

are functions of the realm and it is seen, when \p is 
adjoined to the realm % that in the realm toty) 

( 4 ) 9(t)=g(ty f) • • $). 

Another method of decomposition of g{t) into factors, 

although the factors are not all quantities of the realm 
9? WO but are contained in the conjugate realms 
9W0> respectively, is as follows: Write 

Ph,i = Phi Ki = plk h TTi, 

and observe that the quantities p, pi, • • -p q -i of the series 
( 1 ) become through application of in 

(5) Po.v Pi.u pj-i.i ( i=1 > 2 » 

Further, these quantities are changed only in sequence 

through a permutation of the group since p ht 

= p/khTTi becomes through application of Tr^kaTTi, 

p/khTTiTT^kaTi = p/khkaTi. 

Observe that the functions permit the permutations 
of the groups 

TlT^TTi (t = i, 2, D- 

As above, \p through the application of 7 r t - becomes \f/i, 
while through the application of the same permutation 
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the functions 

9(t, 'I'i) — (t~Po,i)(t — p{,») • * * (l — Pa-i.i) 

are had from the function given in formula (2). As 
these are all divisors of g(t), and as the j-l series as 
presented in (5) have no two elements in common, none 
of the functions g(t, ^,) have a common factor. And 
from this it is seen that 

9(0 = 9(t> 'P)9(t> ^i) • • • g{t , \J/j- 1) 
offers a distribution into factors which in general is differ¬ 
ent from that in (4). The two distributions are coincident 
only when corresponding to a permutation tt in P there 
can be found another permutation t / such that ttQ = Qtt'. 

If Q and Q' are two different divisors of the group P, 
they may have in common certain permutations and 
always the identical permutation. If the identical 
permutation is the only permutation that the two groups 
Q and Q' have, they are said to be prime to each other 
The collectivity (or complex) D of all permutations 

common to Q and Q' is called the greatest common ditnsor 
or intersection 1 of Q and Q\ 

This D is always a group, for, if T and tt' are two 
permutations common to Q and Q', then also tttt' is a 
permutation of both Q and Q' and therefore of D. This 
defimtmn may be extended at once to several groups 

l [* '* , a fll " ction that Permits the permutations of Q 
and if ^ is a function that permits those of Q\ then it is 

a ways possible (see Vol. I, Art. 50) to detemune two 
rational numbers a; and x' such that a = x^+x'r is a 
function that belongs to D. For, „ permits the permu- 

at Z Tf SmCe * “ d ^ Permit these Permu- 

tations. If tt is a permutation that does not belong to D, 

1 A word introduced in this connection by Study. 

34 
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we cannot have simultaneously ^ = and = 

Accordingly, we may so determine x and x' that a; is not 
equal to co/?r. 

If then \J/ and are simultaneously adjoined to the 
realm 0?, it is clear that the group P reduces to the group 
D (see Theorem III above). 

The same process applied to several groups offers: 

Theorem IV. If Q, Q ', Q", •.. are divisors of P, and if 
D is their intersection, while \p, \J/', \J/", • • • are functions 
that belong respectively to Q, Q', Q", •••, the group P 
reduces to the group D if simultaneously adjunctions of 

^i • • • ar e made to the stock-realm 0?. 

If we adjoin not only one root \p of the auxiliary 
equation above ip(t) =0, but all the roots i, V'i, • • •, Vy—i 
to the stock-realm, which therefore becomes 9 l(\p, \J/ lf • • *, 
iAy-i), the group P is reduced to the group that is the 
intersection of all the groups that are conjugate with Q, 
so that D is here the greatest common divisor of all 
groups Tr~ l Qir when t goes through all the permutations 
of P. (See Art. 221.) 

Of peculiar interest is the case where all the conjugate 
groups are identical. In this case, due to the 

Lagrange Theorem, (above) the conjugate quantities 
\p, rpi, • • •, \J/j- 1 , since they all permit the permutations of 
Q, are quantities of the realm 9U^) with the result that the 

realms 9U^)» $Wi), • • •, 9?0A/-i) and 9W, ^i, • • •, ij -0 
are identical; and that is, 9?(^) is a normal realm above 9L 
In this case the distribution into factors of g(t) as 
presented in the formulas (4) and (6) are the same. 

We call a divisor Q of P which has this property, a 
normal divisor, or an invariantive sub-group. Galois 
speaks of the decomposition propre of a group, mean¬ 
ing thereby the eigentliche Theiler as denoted by German 
authors. 
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Observe that if Q is a normal divisor of P, the adjunc¬ 
tion of i/' to 9? is of the same significance as if all the roots 
of the auxiliary equation were adjoined to 0?. 

Theorem V. Even if Q is not a normal divisor of P , the 
greatest common divisor D of all conjugate divisors tt-’Qtt is 
a normal divisor of P. 

For, if k is a permutation of D and therefore of 

Q > 7r » ^2 X QtC2i • • • , TT7-&TTJ-1, 

the same is true of every permutation tt-'&tt; and that is, 

7T 1 Dt is a divisor of D and being of the same degree, 
must be equal to D. 

A group which besides itself and the identical group 
contains no normal divisor is called a simple group 
(Vol. I, Art. 81). The intersection of all groups that are 
conjugate with a simple group is either the group itself or 
the identical group, according as the simple group is a 
normal divisor of P or not. 

If Q is a normal divisor of P and if D is a normal 

divisor of Q, D is a divisor of P. If, however, D is a 

normal divisor of P and is also a divisor of Q, it is a 
normal divisor of Q. 


Art. 222. The Groups of the Resolvents. 1 Let 

<p(t) = (t — \p)(t — \fl) • • • (t - 

K <2 is the identical group, so that q = 1 and p = qj =j, then 
is of the same degree as the Galois resolvent alt). 
Further, every quantity of 91 permits the identical 
permutation. Hence, every quantity of 9} including the 
loots a a <*«>, ■ • ., «<»-) may be rationally expressed 
through *, thus making 91 = 9f(*). It follows, in a more 

“r e> that the equations = 0 may be called 


Two cases are to be distinguished: 

1 Weber’s Algebra, Vol. I, pp. 553 ff. 
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1. If the conjugate groups have no common 

divisor, the simultaneous adjunction of all the roots of the 
resolvent <p(t)= 0 to the stock-realm has, due to Theorem 
IV of the preceding article, the same significance as the 
adjunction of a function which belongs to the unit group 
and accordingly, the solution of the given equation is 
coextensive with the solution of the resolvent. 

We then have 

W = i \, • • 1/7-1); 

and a Galois resolvent of the equation (p{t) = 0 is at the 
same time a Galois resolvent of the original equation. In 
this case <p(/)=0 is called a total resolvent of the given 
equation. 

2. If the conjugate groups have a common 

divisor D that is different from the unit-group, and if D 
is of degree d , being from above a normal divisor of P, 
then the simultaneous adjunction to the stock-realm 91 
of all the functions that are conjugate to has the same 
significance as the adjunction of a quantity that belongs 
to D. Through this adjunction the Galois resolvent of 
the given equation is not solved completely but is 
distributed into factors, each of degree d. In this case 
(pit) is called a 'partial resolvent. 

If P is a simple group, there exist only total resolvents; 
while if P has normal divisors, a partial resolvent may be 
found corresponding to each such normal divisor. 

The same difference makes its appearance, if the Galois 
group of the resolvent <p(t) is considered. It may be 
shown that this group consists of those changes which 
appear in the series of the quantities 

( 1 ) 1/7 ih 1/% • • 1/7-1 

through application of all the permutations t of P. For, 
every equation in involving the quantities (1) remains 
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such, if to it any of the operations t is applied, since such 
a permutation t is applicable to the a’s (Theorems I, II, 
III, of Art. 214) and therefore also to the ^’s; and if a 
function in 0? of the quantities permits 

all these permutations, it also permits all the permu¬ 
tations of P and is therefore a quantity of 0?. 

The next problem is to determine the degree of this 
group. Among the permutations of P those permu¬ 
tations and only those will cause no changes among the 
quantities (1) which simultaneously appear in all the 
conjugate groups ttQtt, and that is, in their greatest com¬ 
mon divisor D. Let a denote a permutation of D. If 
then 7r and t n cause the same permutation among the 
quantities (1), then thtt - 1 will bring about the initial 
airangement among the ^’s. And, consequently 

7T17T -1 = a or 7 Tx — G-K. 

Thus, all 'permutations of the sub-group Dt and only 
these, produce one and the same permutation among the 
quantities ( 1 ). In other words, the degree of the Galois 
group of the resolvent *>(0=0 is equal to the number of 
these sub-groups, and that is, equal to the quotient 
pld or to the index of the divisor D of P. 

If D is the identical group, so that d = 1, and con¬ 
sequently, <-. = 0 is a total resolvent, the degree of its 
group is as high as the degree of the resolvent of the 
original equation, both groups being isomorphic. In this 

case through the consideration of the group, nothing is 
won. 

If, on the other hand, Q is a normal divisor and there¬ 
fore D identical with Q, then is *>(0 = 0 a partial resolvent 
and the degree of its group is equal to the index j of the 
divisor Q of P. After the adjunction of a root of this 
resolvent to the original stock-realm, the group of the 
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original equation reduces to Q which is of degree q. 
1 hus a splitting up of the resolvent is produced. 

If resolvents of the smallest possible degree are desired, 
we must seek divisors of P which are of the highest 
possible degree and therefore of the smallest index. 
And if one wishes to bring about a reduction of the group, 
it is necessary to find a normal divisor of P. 

Art. 223. Reduction of the Galois Group through 
Adjunction of Arbitrary Irrationalities. The solution of 
an algebraic equation is, according to the Galois con¬ 
ception, replaced through that of another equation. 
Through adjunction of well chosen algebraic quantities to 
the stock-realm is produced a factorization of the Galois 
resolvent. 

The problem may be presented as follows: In the origi¬ 
nal stock-realm $ the Galois resolvent g(t) = 0 is irre¬ 
ducible. The realm 9? is extended to another realm 
9?(e), say, in which the resolvent is factorable. 9?(<) 
is of course an algebraic realm and e satisfies in 9? an 
irreducible equation 

(1) x«=0. 

We assume that in 9?(e) the resolvent g(t) is factorable, 
one of its irreducible factors being 

(2) e), 

which has the root t = p, where p is also a root of g{t) =0. 
Let the degree of gi(t, e) be q and let the roots of gi(t, e)=0 
be 

(3) Py Ply * * *> PQ-Iy 

so that 

( 4 ) gi(t, e) = (t — p)(t-p\) • • • (t—p q -i). 

First of all, it is to be proved that the following substi¬ 
tutions of P, namely, (p, p), (p, Pi), • • *> ( Py P«-i ) f° rm a 
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group Q. To prove this, write as in Art. 211, 

P»=0.(p) (i = i, •••, ?-i), 

and observe that the equation 

01 [0,(0, c] = 0 

has a root, namely, t = p in common with g\{t)= 0. The 
equation g x (t) =0 in $?(*) is irreducible. Hence 0i[0,(O, 
e l is divisible by 0 i(/). It follows, if p 2 is one of the roots 
(3), that also 

®l(p2) =Pi 

where p, is one of the roots (3). As 

Pi= 0 i(p) and p,= 0 i(p 2 ), 
it is clear that 

. . . (p, P2) = (pi, p,). 

And since 

(p> Pi)(p>, Pi) = (p , pi), 

it is seen that (p, p.) is compounded of (p, Pl ) and (p, p 2 ), 
thus proving the group property of Q. 

Denote the index of Q by j and put 

(5) p =jq. 

The product (4) permits the substitutions of the group 

Q; and, if as above ^ is a function in ft which belongs to 

this group, then due to the Lagrange Theorem, the 

function g x {t, c) may be rationally expressed through 

And that is, g x (t, e) is a function of t in the realm 9t(^) of 

the jth degree and accordingly may be denoted by g\t, $). 

The quantity \p is the root of the auxiliary irreducible 
equation (Art. 221) 

(6) <p(u)= 0, 

the other roots being \j/ x , \J/ 2) • • •, \pj _ 1# 

It was seen in Art. 221 (6) that g(t) could be distributed 
into the factors 

(7) 9(1) =g(t, *)g(t, *,) • • .g{t, *,_!). 
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Observe that by definition g(t, f) = gi (t, e) and that this 
equation is not true, if for \J/ any of the quantities \p h • • •, 
tj-i is written; otherwise, there would be a double 
factor on the right of equation (7). Hence, it is possible 
to give a rational value to t such that the equations 

9(t, u)-gi(t, e)= 0 and <p(u) = 0 

have only one root in common. Accordingly, the greatest 
common divisor of these equations expresses u rationally 
in e; and if u is put in the two equations, it follows 
that \f/ is a rational function of e. 

The realm 92G/0 is therefore a divisor of the realm 92(e). 
The degree of the realm 92(e) and that is, the degree of the 
irreducible equation X(e) =0, is therefore (Vol. I, Art. 68) 
a multiple of j, where j is the degree of the irreducible 
equation that is satisfied by \p. If the degree of the 
auxiliary equation y{u ) =0 is j, which is the case if the 
degree of x(e) is a prime integer, then e and \J/ being 
primitive quantities, the realms 92(e) and 92( \J/) are 
identical and e can be rationally expressed through \f/ } say 
e = G(\p). And if for \p are written the other roots \p i, • • •, 
\f/j-i of (p(u) =0, we have the conjugate roots «i, • • •, ey_i 
of X(«) =0. 

It is evident that e may be taken for \p itself and we 
have a factorization in the form 

g(t)=g(t, e)g(t, €i)- • • g{t , e>_i). 

Since \p and its conjugates belong to the realm $(p) = 
it is seen that the quantities e, e iy • • •, e>_i all belong to 
this realm. 

The above results are of extreme importance and 
should be particularly emphasized. 

If F(x) = 0 is a given equation and if 92 is the corre¬ 
sponding Galois realm, the quantities of 92 were called by 
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Kronecker the natural irrationalities of the equation 
F(x) =0. 

Accordingly, we have the following: 

Theorem. Every possible reduction of the Galois group 
is effected through adjunction of a natural irrationality to 
the stock-realm. If j is the index of the reduced group with 
respect to the original group, and that is, the degree of the 
auxiliary equation which \f satisfies, the reduction cannot be 
brought about through the adjunction of a realm of degree 
lower thanj. The degree, however, may be equal to j and in 
that case, the adjoined irrationality is a natural one. If the 
degree of the adjoined realm is greater than j, it must be a 
multiple of j. (See Jordan, pp. 261 ff.) 

Art. 224. For future reference we may insert here 

certain observations regarding the divisors of any finite 

group. Let P be any finite group whose divisors are Q 

and R. Denote the elements of these groups respectively 

by a, b and c, where the 6’s and c’s are found among the 
a’s. 

Denote the index of the divisor R of P by 

. , J = (P,R), 

so that, if 

= + + -- t-Rj- 1, 

then is 

(1) P = R-\-Ra\-\-Ra 2 ~\- • • • 4 - Ra k -\- • ■ • 

where a h o 2 , • • •, a/_ i are elements of R u R 2 , .. R J _ l 

respectively. (Weber, Algebra, Vol. II, p. 21.) 

Consider next the complex 

< 2 ) Ra k Q = P k , 

say; and observe that, if any element of a sub-group Ra is 
found in P k , then P k contains all the elements of Ra. For 
if a is any element of this complex and is consequently of 
the form a = ca k b, then every element c.a is of the same 
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form. To determine the number of sub-groups Ra, that 

are found in P *, let e be any element of Q that satisfies the 
condition 

(3) Ra k = Ra k e. 

It follows that a k e is an element of Ra k) so that e = ai l Ra k . 
Hence the condition (3) is satisfied for all elements e of Q k , 
where Q k is the intersection of Q and a k l Ra k . Next 
observe that two sub-groups Ra k b and Ra k bi are equal 
only if b^- 1 is an element in Q k , and that is, if bi=eb. 
For, if Ra k bi = Ra k b, then is a k bi an element of Ra k b or 
bib- 1 is an element of a k l Ra k . 

Hence, if b in Ra k b goes over all the elements of Q, each 
of the sub-groups Ra appears an equal number of times, 
in case it does appear. And this number is the degree of 
Q k . With this it is proved that the number of sub-groups 
Ra, which are present in the complex P k) is equal to the 
index ( Q , Q k ); and the number of elements (the degree) of 
Pk is r(Q, Q k ), where r is the degree of R. 

Art. 225. Imprimitive Groups. 1 We may next apply 
the general results of the preceding articles to groups of a 
special nature. First we shall consider the imprimitive 
groups. In Art. 216 it was seen, if F(x)=0 is an irre¬ 
ducible equation of the nth degree with an imprimitive 
group, that n may be distributed into two factors r, s, such 
that the roots fall into s series of r terms, namely: 

A=a, ai, • • *, Ofr-l, 

Q) B=P, 01 , • • *, 0r—1, 

S = <T, (T\, • * *, (T r -1. 

It was also seen that through the permutations of the 
group P the quantities of the individual rows are not 

1 See Netto, §§ 64 et seq. 
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separated but are permuted among themselves, the rows 
being permuted among themselves. 

Among the permutations of the Galois group P of F(x) 
there are certain permutations whose complex may be 
denoted by Q and which leave the individual series A, 
B, • • •, S standing, the indices in each of these rows being 
permuted. These permutations form for themselves a 
group since the composition of any two of them do not 
effect a change of rows. This group Q is a normal 
divisor of P. For, if k is a permutation of P, then 7 r may 
bring about an interchange of rows while k leaves these 
rows standing, producing only in them a permutation of 
indices, and tt~ x returns them to their initial state, so that 

is a permutation of Q no matter what is the 
permutation 7 r of P. 

The group Q is intransitive. Through the adjunction 
to the stock-realm of a function which belongs to Q, it 
is seen that not only the Galois resolvent is reducible but 
the same is also true of the function F(x) itself, which is 
factorable into s factors of the rth degree, namely, 

( 2 ) F(x) = F a (x, *)F 0 (x, f) • • • F.(x, *). 

The roots of/ a (a, rp) —0 are the quantities of the series A. 
The Galois group of this equation consists of all permu¬ 
tations which are brought about among the quantities 
a, ca, • • •, (Xr—i through the permutations of Q. 

For the product 


F a (x) — (. x — oc ) (rr — ai) • • • (x — a r ~i) 

permits the permutations of Q and may therefore be 

expressed rationally through In every rational 

equation in among the quantities a, a u • • •, cn r ~i 

these quantities are permuted as is required by the group 

9’ .and if a function of the as permits these permutations 
it is contained in 9 i(^). ’ 
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If j is the index of the divisor Q of P, the quantity \J/ is 
a root of a partial resolvent x(w)=0 of the jth degree 
which is a normal equation and therefore its own re¬ 
solvent. Observe that Q is a normal divisor of P and 
consequently identical with the groups 

Q) TTl 1 QtTi, 7T 2 1 Q7T2, * * ', j-\. 

If the roots of the resolvent X{u) =0 are 

(3) \J/, xpi, \J/ 2 , • • •, \J/j- 1, 

the Galois group of this resolvent consists of the sub¬ 
stitutions 

(4) Ws (t, ’/'O, • • •> it, ts- 1). 

These are brought about through the permutations of the 
sub-groups 

(5) Q, QtTi, • • •, 

Each permutation of a sub-group effects a certain permu¬ 
tation among the rows A , B, • • •, S and these permu¬ 
tations are all different. For, if the same permutation 
were brought about among the rows by tti and i r- 2 then 
would be a permutation of Q. Hence, Q7r 2 irT l = Q or 
Qtt 2 = Qtti, so that Qtt 2 and Qtt\ would not be different. 

It is thus seen that the permutation group of the partial 
resolvent x(w)=0 is isomorphic with the group of 
permutations which are caused through P among the 
rows A, B, • • •, S. 

If by Q a we understand the complex of permutations of 
P through which the row A is not shoved into another 
row, then evidently Q a is a group. If 7^ is a permutation 
through which the row A is caused to become the row B, 
which permutation must exist on account of the pre¬ 
supposed transitivity of P, then Q a tt# is a sub-group to Q a 
through which A is transformed into B. If k is a 
permutation of Q a then is the effect of the permutation of 
kir 0 upon a,-, which may be denoted by ai/kir?, a change of 
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<Xi to 0j, say; so that 

ai/lciTff = (3j or a { = Pj/irf'k- 1 . 

Further, on the one hand a,-/ Trp = 0 h , say, and on the 
other hand 

ocil TTfi = 0 // irp l kT l irp = (3h. 

Thus the permutation ? rj l k~ l ir 0 changes one 0 to another 
/3; and as k~ l is any permutation of the group Q a , it is 
seen that the permutations of its conjugate group 

^p l Q a Trp = Qp have the effect of permuting the (3’s in the 
row B. 

In this manner we have the conjugate groups 

Q af Qp, • • •, Q oy 

whose greatest common divisor is the normal group Q, 
considered above. 

A function y a which belongs to the group Q a is the root 
of an equation of the sth degree in 9L Let <p{y) = 0 be 
this equation, the other roots of which are derived from y a 
through application of permutations of the sub-groups 

QaTTp, QaTTy, * * *, Q a TTa • 

And the equation X(u)=0 of degree j is the Galois 
resolvent of <p(y) =0. For the realm of rationality 

W(y a , yp, • • •, ija) is 9W), 

where ^ is a quantity that belongs to Q and satisfies the 
equation x(u)=0 given above. It was seen that the 
group of the equation x(u) =0 of degree j is isomorphic 

with the group of permutations which caused the 
interchanging of the rows A, B } • • S. 

Due to the transitivity of P, these systems are transi¬ 
tively changed into one another and since the changes 
among y a , y 0f ..., y<t correspond to the changes of the 
lows A, B, • ♦ *, S, it is seen that v(y) is irreducible in 9?. 

The simultaneous adjunction of all the roots of <p(y) = 0 
to the realm 9? has the same effect as the adjunction of 
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namely, that of reducing the group of the equation 
F(x) =0 from P to Q. 

Through the adjunction of y a a rational factor F(x, y a ) is 
separated from F(x) and the roots of F(x, y a ) are the 
quantities of the row A. 

Through the adjunction of the other quantities y B) y y) 
• • •, y 9 there arises the factorization 

(6) F(x) =F(x, y a )F(x, y p ) • • • F(x , y a ). 

These functions F(x, y a ), • • •, F(x, y 0 ) coincide with the 
factors in (2), namely, F a (x, i p), F B (x, ^), •. F„(x, t). 

It may be remarked that the function F(x , y a ) is 
irreducible in the realm 9?(y a ). For, due to the assumed 
irreducibility of F(x)= 0 in 9?, there are in P certain 
permutations through which a is transposed into any 
other a, of the row A and these permutations belong to Q a . 
Hence if a rational function <p(x, y a ) vanishes for x = a, 
then every <?(<*,•, y a ) must be zero (Theorem I, Art. 214). 

It follows that <p(x, y a ) must be divisible by F(x, y a ). 
It does not follow, however, that 

F(x, y a ) = F a (x, y+) 

is irreducible in the realm 9?WO. 

It is of interest to study the relations among the Galois 
groups of the factors F(x, y a ), • • •, F(x, y 0 ). It has been 
seen above that the group of the factor F(x, y a ) in the 
realm 92 WO are had if we seek all the permutations of the 
row A that are due to the permutations of Q. Denote 
this group of permutations by P a and similarly let P B 
denote the group of permutations of F(x, y B ), • • *, while 
P 9 is the group of permutations of F(x, y„). 

From P take any s — 1 permutations tt b , • • •, ttv such 
that through ir B the row A becomes the row B, • • •, 
through 7 x 9 the row A becomes the row S. These results 
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may be indicated without the loss of generality by 

_ f cc 0) * * *> a r— 1 \ /oco, a 1 , •••, Qf r — 1 \ 

V0o, (3 1, •••, /3 r _i/’ ,7r ° \<r 0 , (Ti, •••, <s r -\) 

Next let k be any permutation of Q which brings about a 
change among the as, say 


(a) = ( a °' **’ ar_I V 

\O’a 0 , Qfa,» *> a a r _ { / 

Observe that 7ro l kirff = k fi , say, is a permutation of Q which 
causes among the /3’s the change 

(Q\ _ (^ 1> ' • 'I £r-l\ 

' U, U,, /lj’ 

and that is, the same changes among the indices of the 
0 ’s as were effected through k among the indices of the as. 
For, let k 0 be a permutation of (0) and note that 

k = TT^TTj 1 , 

is a permutation of Q upon the /?’s that corresponds ex¬ 
actly with those that have been caused among the as. 

Note that Q is the group of permutations which 
changes the elements of the various rows in (1) without 
changing any of the rows. 

With this is proved the following: 

Theorem I. In the case of an irreducible imprimitive 
equation , the roots may be so arranged in the individual 
rows that the equations 


F( x > y a ) — 0, • • •, F (x, y a ) = 0 
all have the same group in the realm 

If the notation of the roots is not chosen in the manner 
indicated, the groups will be at least isomorphic. 

It is seen that an imprimitive transitive group has an 
intransitive normal divisor. 

The question is next asked: When has a transitive 
group an intransitive normal divisor? It will be proved 
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that such a group must be imprimitive. For, let P be a 
transitive group of permutations and Q an intransitive 
normal divisor of P. Further, suppose that 

A=a, ai, • • •, oi r —i 

is one of the systems, whose elements through Q are 
changed only among one another in such a way however 
that the elements of A are transitively connected through 
Q. And that is, through the permutations of Q every 
element a is transposed into every other a. 

If one of the permutations tt of P changes the elements 
of A into the elements 

B = P, P1 , • • •, 0 r -l, 

then these elements are either all identical with the as or 
they are all different from them. For, through the group 
7T _1 Q7r, which by hypothesis is identical with Q, the 0’s are 
only transposed among themselves and transitively as the 
as. Were only a part of the as appearing in B due to the 
permutation 7r, then, contrary to the assumption, these 
would be changed into other elements that did not 
appear in A. 

If there exist other elements than those expressed 
through A , to which the permutations of P are applicable, 
there also exists, since P is transitive, a permutation tt 
through which A is transposed into an entirely different 
system B. If & is a permutation of Q, then through 
the permutation t-'Jctt, which also is a permutation of Q, 
the same change is brought about among the indices p 
of the row B as the permutation k caused among the 
indices of the as. From this it follows that through Q 
the jS’s also are only permuted among one another. If 
with A and B all the elements are not reached, we may 
form in the same way a third system C which exists 
through the permutation ir' operating on the as and 
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through 7T V operating on the 0’s. The system C has 
in common no element with either A or B. The process 
may be continued until all the elements are included and 
with this we come to the following: 

Theorem II. A transitive group only when it is 
imprimitive, has an intransitive normal divisor which is 
different from the identical group. The systems of in- 

transitivity of the normal divisor are systems of imprimi- 
tivity of the given group. 

A third theorem relative to equations is as follows, 
when application is made of Theorems I and II above: 

Theorem III. An irreducible equation F(x) =0 in 9?, 
if it becomes reducible through the adjunction to dl of all the 
roots of a resolvent , may be decomposed into several irre¬ 
ducible factors of equal degree and of equal group. 

It follows that if an irreducible primitive equation is 
reduced through the adjunction of the roots of a re¬ 
solvent, it is decomposed into linear factors and that is it 
is completely solved. ’ 


This is always the case if the degree of the equation 

l . . . a . pnme number > since such an equation cannot 

be imprimitive. 


A list of further results with numerous references may 

be found m Dickson’s Modern Algebraic Theories , pp. 176 
(it seej. 


tivt*™ 226 ; , Abelian Equati0ns - 1 The degree of a transi¬ 
ts permutation group of to ciphers is always divisible 

by to and therefore is never less than to. For if P j s 

of P whfehT and /n Q °. iS k the C ° mplex of the Permutations 
of P which leave the cipher 0 unchanged, then is Q a also a 

mToSSSSTi ifSSS /T' 185 * Feb - 187 * Mar.. 

abelschen Zahlkorper,” Acta Math Voh s and Q kV Tf b ® r ’ “ Theorie der 
55 532. 5331 Jordan, » 400. 
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group. On account of the assumed transitivity of P 
there is a permutation 7n which changes 0 to 1, similarly, 
a permutation 7r 2 through which 0 becomes 2, • • •, and a 
permutation Tr m -i which changes 0 to m — 1. 

Observe that Qott,- is the system of all the permutations 
of P which change 0 to i and accordingly 

(1) -f > = Qo + Qo7Tl+ • • • -f-QoTTm-l. 

From this it is seen that the degree of P is equal to the 
product of m by the degree of Q 0 . 

It follows that the Galois group of an irreducible equation 
is never of lower degree than the degree of the equation. 

We have defined (Art. 210) a normal Galois equation by 
requiring that it be irreducible and that each of its roots 
may be rationally expressed in terms of any other root. 
From this it is seen that the group of a normal equation 
must reduce to the identical group if one of its roots is 
adjoined to the given stock-realm; and reciprocally, an 
equation which has this property, if it is irreducible, is 
always a normal equation. 

Further, since the root a 0 belongs to the group Q 0 , it 
follows from Theorem III, Art. 221, that if a 0 is adjoined 
to the stock-realm, that the group P reduces to the 
group Q 0 ; and if <*i is adjoined to the stock-realm, P 
reduces to the group which group leaves undis¬ 

turbed the cipher 1, etc. Hence, if P is to be the group 
of a normal equation, it is necessary and sufficient that Qo 
be the unit group, and consequently that 7r = l, tti, 7t 2 , 

• • •, Km-i constitute the group P. 

With this is proved the following: 

Theorem. In order that an irreducible equation be a 
normal equation, it is necessary and sufficient that the 
degree of the group be the sa?ne as that of the equation. 
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We may next consider the general type of equation 

which was solved by Abel 1 and which are called the 
Abelian equations. 

An equation of the mth degree F(x) =0 with roots a, a h 

■ ■ ■, <x m _i is said to be an Abelian equation, if each root may 

be rationally expressed through one of them, say a in the 
form 

(2) ai = 0,(a), a, = 0j(a), ■ • •, *=.©*_,(<*), 

and if further the condition ^ 

( 3 ) ©A0*(a) = 0*0 A (a) ^ ' 

is satisfied for every two of these functions. 

In the above formula the expression 0 A 0*(c*) means 
that the function 0 a (.t) is to be formed for the argument 

x , = 0 *W- If ^ is the stock-realm, it is seen that among 

the Abelian equations are to be found those through 

which the roots of unity are determined. For, if p is a 

primitive root of the equation a;"*-1=0, for example 

then every mth root is of the form p*-©»(,) and con.se- 
quently 

0*0 A (p) = ®k(p h ) =p hk = 0 A 0ifc(p). 

Similarly, if p is added to the stock realm % the equation 

x m — a = 0 

is an Abelian equation. For, if « is a root of this 
equation, then all the roots are of the form 

XT = p h a. 

Hence, 

®h(x)=p h X. 

and consequently 

0*0*(x) = 0*Q*(x)=p»+ k X ' 

Returning to the general theory, if the function F(x) is 
not irreducible, it has a definite irreducible factor p( t ) 

5? « 'S7Zr PlUa ' 1881 ’ V01 ' '■ P - 418: II 529et soq.; Jordan! 
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which has the root a and among the roots of (p(x)= 0, 
there exist also the relations that are expressed through 
(2) and (3) above. Hence, <p(x) = 0 is the Galois 
resolvent of F(x) as set forth in Art. 210; and if <p(x) =0 is 
solved, then the roots of F(x)= 0 are known. It is 
therefore sufficient, if we limit the discussion to irre¬ 
ducible Abelian equations. 

The Galois group of an Abelian equation, whether it be 
reducible or irreducible, provided its roots are different 
from one another, has the property that the commutative 
law holds in the case of the composition of its permuta¬ 
tions, and that is, the group is a commutative group. 
For, let 

(4) a, ai = 0i(a), •• •, a m -i = 0m-i(a) 

be the roots of F(x) = 0, and let 

( 5 ) a, «' = 0 '(«), a" = ©"(«), ••• 

be the roots of the irreducible factor <p(x) of F(x). As 
seen above v(x) being a Galois resolvent, the group of the 
equation consists of the substitutions of the realm 9? (ct), 
and that is, of the substitutions 

(6) <r = (a,a), <r' = (o:, a'), a" = (or, a"), •••. 

This group however requires the commutative principle. 
For, let 

o-' = (a, a') = £a, ©'(«)], 

*" = (<*, «") = [>, 0"(«)J 

so that (Art. 212) 

(rV" = [a, 0'W][0'W, 0'0"W] = [«, 0'0"(«)], 

and 

cr"a' = [a, 0"(a)][0"(«), 0"0'(«)] = [«, 0"0'(a)]. 

Since 

0 , 0"(a) = 0 ,, 0'(a), 

it follows that 
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where <r' and <r" are any two of the substitutions a. It 
follows that the group of the substitutions of the realm 
9f(<x) and with it also the isomorphic group of permu¬ 
tations of F(x ) = 0 is commutative. 

The inverse of this statement is also true, if the 
irreducibility is presupposed, and that is: 

Theorem. An irreducible equation ip{x)=0 with com¬ 
mutative group is an Abelian equation. 

For, let or, ai, • • -, a m -i be the roots of (p(x) =0, and 
let P be the group of this equation, which on account of 
the irreducibility of (p(x) is transitive, and which by 
hypothesis is commutative. Let Q be the divisor of P 
which leaves undisturbed the cipher 0. If tt, is a permu¬ 
tation which changes 0 to i, then is the group of 

permutations in P which leave undisturbed the cipher i. 

Since, however, in every composition of permutations of 
P the permutations may be interchanged, it is seen that 

*T l Qr t = 7i T'lrtQ = Q, 

and that is, the group Q also leaves i unchanged. Due to 
the transitivity of P, it is seen that i may denote any of 
the ciphers 1, 2, •••, m-1, so that Q is the identical 
permutation. It follows also that excepting the identical 
permutation there is no permutation which leaves 
unchanged a cipher. If, however, we adjoin one of the 
roots a to the stock-realm, the group P reduces to the 
group which leaves a unchanged, and that is, to the 
identical group. In this case the equation is solved and 
that is, each root of <p(x) may be expressed rationally in 
terms of <*. When this is true, <p(x) = 0 is a normal 
equation and consequently its only Galois resolvent. 

If ak = ®k(a), then the Galois group of this equation 
consists of the substitutions 

<r* = [a, ©*(«)]; 
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and it follows that 

Wk = l<x, ©*©*(«)] and cr k a h = O, 0 i0s ( a )J 

Due t° the presupposed commutative property of the 
substitutions, namely 

<7h<Tk = (T k (r h , 

it follows that 

Oa ©*(<*) = 0*@>»(a:); 

and that is, <p(x) =0 is an Abelian equation. This is the 

reason that the commutative group is also called the 
Abelian group (Art. 213). 

It follows further due to the theorems that were proved 
at the beginning of this article relative to the group of a 
normal equation, that in the case of a transitive Abelian 
permutation group, the number of permutations is the 
same as the number of ciphers that are permuted. 
(Weber’s Algebra, Vol. I, p. 578.) 

We have assumed in the above discussion that the 
equation F(x) = 0 was irreducible. If we assume that 
any equation F(x) =0 has a commutative group P ; and 
if <p(x) is an irreducible factor of F(x), the group P' of the 
equation <p(x) = 0 is had, if the permutations of P are 
applied to the roots of (p(x ) =0. If P is commutative, P' 
is also commutative. 

From this follows the theorem: 

Theorem. If a reducible equation F(x)=0 has a 
commutative group, then every irreducible divisor v of F 
offers an Abelian equation <p = 0. 

However, it is not necessary that the roots of one 
divisor <p be rationally expressible through the roots of 
another divisor of F(x) = 0. Hence with reference to our 
definition, the equation F{x) = 0 cannot always be desig¬ 
nated as Abelian. 
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Finally, it is to be noted that in the case of a com¬ 
mutative group every divisor is normal since we always 
have 

7T -1 /C7r = k , 

where ir and k are arbitrary elements of a commutative 
group. In this connection read the chapter on Abelian 
groups by Jordan, Traite des substitutions, pp. 171-189. 

Art. 227. Reduction of Abelian Equations to Cyclic 
Equations. It has been seen in the case of a transitive 
Abelian group that besides the identical permutation 
there is no permutation that leaves one cipher unchanged. 
From this follows another theorem. Suppose that tt is a 
permutation of an Abelian group and let tt be distributed 
into its cycles. Suppose that the cycle which contains 
the smallest number of ciphers is one of r ciphers. Then 
7 r r leaves the ciphers in this cycle unchanged, and as the 
identical permutation is the only one that has this 
property, it follows that n r must be the identical permu¬ 
tation. It also follows that all the remaining cycles of tt, 
if such there are, must also consist of r elements with the 
result: 

Theorem I. A permutation of a transitive Abelian 

group contains only cycles of equal number of ciphers. 

The number r of the terms of the cycle must be a 

divisor of m, if m is the degree of the group; and if 

m = r-s, then is $ the number of the cycles which consti¬ 
tute 7T. 

If P is the group of an Abelian equation F(x) =0 and if 
tt is any permutation of P, that is not the identical 
permutation, then 7r may be distributed into its cycles 

( 1 ) 7r = yy l . . .y a _ h 

where each cycle y consists of r roots of the equation 
F(x ) =0. 
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These roots may be so arranged that 


( 2 ) 


7-(«, a i, • ■ a r _i), 

7i = (ft ft, •••, ft_0, 


w«-i —(o') o-i, •••, a r -i). 

If it is any permutation of P , then due to the commutative 
law for this group we have 

(3) 


7Ti Vti = 7r. 


It follows, due to the method by which the permutation 
Tl ^ is formed (Art. 218, Theorem IV) that it is not 
changed when m is applied to the cycles which constitute 
ir. Since, however, the cycles are completely determined, 
neglecting their sequence and the initial elements, it is 
seen that through application of any permutation m of P, 
the elements of any cycle y are not separated but are 
only changed cyclically among one another, and further 
the cycles may be interchanged. If then s > 1, the group 
is imprimitive. 

A rational function of the elements a, a h •••, a r ~i, 
which does not change its value when the a’s are subjected 
to the cyclic permutation 7 , and to powers of this 
permutation, is called a cyclic Junction of the a’s. 

Denote such a function by 


(4) u = \p{a, a u • • •, ar-i), 

and let its conjugate values be 


(5) 


OIj=^(/3, /?!, •••, /3 r _!), 


[o> 8 _i=^((7, <T 1 , •••, <7 r _i). 

These quantities (Art. 225) are the roots of an irreducible 
equation 


*( 0 =o, 
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whose group is had, when the permutations of P are 
applied to 

(6) CO, Wi, • ♦ 

Observe that the change that is brought about among 
the quantities (6) by the permutation Tmr 2 is the same as 
if it i and ^ r 2 separately had been applied to these quanti¬ 
ties. The group of the permutations of ( 6 ) is therefore 
also commutative, and that is, $(0-0 is an Abelian 
equation of degree s. 

If o) is adjoined to the stock-realm, then F(x) may be 
decomposed into s factors each of the rth degree; and 
since a>i is a rational function of a> as is also o> 2 , • • •, it 

follows that 

F(x) = F\{x, o))Fi(x, wi), • • 'F\(x, co a _i), 

where Ffx, co), say, has the roots or, <*,, .. a r _ x . The 

group of F\{x, oj) consists only of the period of the cyclic 
permutation y. 

An equation whose group consists of a single cycle 

with the powers of the same is called a cyclic equation. 

It follows that the cyclic equations are the simplest 

special case of the Abelian equations. Accordingly, it 

has been proved that the solution of every Abelian 

equation may be made to depend upon the solution of an 

Abelian equation of lower degree and upon the solution 

of a series of cyclic equations. The theorem may then 

again be applied to the auxiliary equation $(*) =0 of the 

sth degree and the process continued until we come to an 

auxiliary equation of the first degree. This gives rise to 
the result: 

The solution of an Abelian equation may be reduced to 
that of a series of cyclic equations whose degrees are divisors 
of the degree of the given equation . (Cf. Jordan, § 405 ) 
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In the definition of the cyclic equations it is not 
necessary to assume that they are irreducible. In 
general such equations may be defined as follows: 

An equation of the mth degree F(x) =0 with m different 
roots is called a cyclic equation in 9 i, if its roots a, ai, • • •, 
a„,_i are not rational and if they may he so arranged that the 
cyclic functions of the roots are rational in 9 L 
And that is, if 

7T= (a, O'!, • • •, CXm —l) 

is a cyclic permutation of the roots, then every function 

<p(a, oiiy • • *, a m _i) which permits the permutations of the 
cyclic group 

( 8 ) C = l, 7T, 7T 2 , • • •, 7T m—1 

must be rational in 9 L 

The Galois group of a cyclic equation is either the 
period C itself, in which case the equation is irreducible, 
or the Galois group is a divisor of C. In this case if e and 
/ are the two divisors of m and if 

m — ef, 

the group consists of the permutations 

(9) C e = 1, 7T‘, 7T 2 ‘, 

and the cyclic equation falls into e factors of the fth 
degree. For, if \p(a, a lf • • •, a m -i) is a function which 
belongs to the group C, then by hypothesis it is a quantity 
of 9?, say a, so that 

\p(a, a i, • • •, cx m _i) =a. 

No permutation that is not in C is applicable to and 
consequently the group of the equation F(x)= 0 can 
have no other substitutions than those that appear in C. 
If then 7 r appears in the group of the equation, then is ir 
identical with C; and, since C is transitive, the equation is 
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irreducible. But if n e is the lowest power of t that 
appears in the group of the equation, then C e is this 
group and since C e is intransitive, if e> 1 , the equation is 
reducible. 

The cyclic equations like all Abelian equations have the 
property that each root may be rationally expressed 
through any other. If a, an, • • •, a m _i are the roots of the 
cyclic equation F(x) =0, then is the function 



unchanged through the permutation tt and consequently 
V(x) is a function of 9?. 

Writing 

*(X) n / V 

it is seen that 


(10) (Xi = 0(af), <*2 = 0 ( 0 ;,), ..., 

<*rn-i = 0(ar m _ 2 ), o; = 0(a' m _ 1 ); 

and this is true whether F(x) is irreducible or not, 
provided F(x) and F'(x) have no root in common. 

If the degree of the cyclic equation is not a prime 
integer, it may be further reduced after the method 
given above for the Abelian equations. (See Serret, 
§§ 535 et seq.) For, if m = ef is any factorization of m 
into two factors, the permutation tt* may be distributed 
into e cycles 7 of / terms, namely, 



7 —(a, a e , a 2e , • • *, a (/ _ 1)e ), 
7l = («1» «e+l» * * *, a (/—l)«+i), 

Te— 1= («e-l, CX2e-l, * • *, Qf m _i). 


We may next determine a function ^ which belongs to 
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the first of these cycles, and write 

V = a e , • • •, 

(12) Vl = M<X 1, « e+1 , • • «(/_!) e+1 ), 

lVe-l=\l/(a e -l, Oi2e- 1, • • •, o; m ). 

1 hese functions are all different from one another. 
They remain unchanged if their arguments are permuted 
cyclically. Through application of the permutation ?r 
the quantities 77 , rj h 772 , • • •, ? 7 c _i are cyclically changed 
into one another, and by hypothesis the cyclic functions 

of these quantities and therefore also their symmetric 
functions are rational. 

They are therefore the roots of an equation of the eth 

degree, and F(x) may be decomposed into e factors of the 
/th degree 

F(x) =F(x, 7 i)F(x, 771 ), • • • F(x , Ve -i), 

each of which factors offers a cyclic equation of the /th 
degree for the roots of one of the cycles (11). For, write 

Fx = (x - a) (x - a e ) • • • (x - <*(/_!),). 

It is evident that F 1 permits the permutations of the 
period of 7 . Hence, F y permits also the same permu¬ 
tations as the function 77, and accordingly by the Lagrange 
Theorem F 1 is a rational function of 77, so that F x = F(x , 77). 
The equation F(x , 77) =0 is thus cyclic in since the 
cyclic function of the roots of F{x , 77) = 0 belong to this 
realm. 

Thus it has been shown that the solution of the cyclic 
equation of the mth degree is reduced to the solution of 
cyclic equations whose degrees are the prime factors of m. 
If for example m is a power of 2, then the solution is 
effected through the solution of a series of quadratics. 

In this way Gauss (Disquisitiones arithmeticae, § VII), 
treated the problem of the division of the circle. 
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The following remark is of importance for what 
follows: The conception of the normal equation and the 
cyclic equation is the same if the degree is a prime 
number. For, if a cyclic equation is of a degree that is a 
prime integer, since it is irreducible, it is a normal 
equation. Reciprocally, let n, the degree of a normal 
equation, be a prime integer and observe that n is also 
the degree of the group of this equation. 

If 7 r is any permutation of this group then the degree 
of 7 r, since it must be a divisor of n is equal to n and the 

group of the equation is 1, 7r, 7r 2 , • • •, 7r" _1 and therefore 
cyclic. 



CHAPTER XIV 

RELATIONS OF A REALM TO ITS DIVISORS 

Art. 228. Relative Norms. We may next consider 
the modifications which must be made in the definitions 
and theorems regarding algebraic numbers when, instead 
of the realm of rational numbers, any arbitrary algebraic 
realm is taken as the stock-realm. It is clear that 
certain important extensions must be made for the 
general theory of prime factors. 1 

Let a satisfy an irreducible algebraic equation of the 
rath degree 

x m -\-a l x m ~ l -\ - \-a m = 0, 

where the a’s are rational numbers, and that is numbers 
of the realm 9L Further let 0 satisfy an irreducible 
equation of the nth degree 

(1) /(©) = 0 n +ari@ n-1 + •••+<*„ = 0, 

where on, a 2 , •••,«„ are numbers of the realm f = 9?(<*). 
The realm 9?(a, 0) is an algebraic realm above 9?(a), 
which with respect to the realm 9?(a) is of the nth degree. 
(See Art. 189.) 

In the absolute realm R the realm 9? (a, 0) is of the 
degree ran, and if r is a primitive quantity in 9?(a), a 
basis of $ = 9? (a, 0) is 

(2) 0 V* (i = 0, 1, • • •, n—1; A=0, 1, • • •, m—1). 
For, due to the fact that (1) is irreducible, there can be no 

1 Dedekind, “Ueber die Discriminanten endlicher Korper,” Abh. der G6tt. 
Ges. der Wisaenscha/ten, 1882; “Zur Theorie der Ideale,” Gtitl. Nachrichlen, 
1894, Nr. 4. Hilbert, Grundzdge, etc.; GOU. Nach., 1894, Nr. 3. See also 
Weber, Algebra, Vol. II, pp. 643 flf. 
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linear relation with rational coefficients among the mn 
quantities ( 2 ). 

Every number 9 of the realm $ = 3l(a, 0) is an integral 
function of the n — 1 st degree in 0 , whose coefficients 
belong to 9t(a); and any such number 0 satisfies in 31(a) 
an irreducible algebraic equation of degree at most n. 9 
is an algebraic integer in 9?(a) if 1 is the coefficient of the 
highest power, while the other coefficients of this equation 
are integers in R(a). 

The complex of all integers in 3l(a, 0 ) may be denoted 
by 0 . 

If 0 i, 0 2 , •••, 0 n are the roots of ( 1 ), the realms 

(3) $?(<*> ©i)> © 2 ), • • •, 9 ?(<x, 0 „) 

are conjugate with respect to 31(a). 

If 9 is a number of $, it is a rational function of a and 

0 ; and if for 0 are written its conjugate values, we have n 

conjugate numbers 9i, 9 2 , in these n realms. 

Their product 

is called the relative norm with respect to f = $(<*) of the 
number 9. 

. Observe that if 77 is any number of $(«), its norm N t ( v ) 
is a rational number. 

The relative norm 3l t (9) is a number in 31(a) like ?y 

and, if we take its norm in 9t(a), we have the total norm 
01 9 , namely 

which is a rational number. 

In Art. 70 it was seen, if 

F = a\Ui-\-oi 2 U 2 -\- • • • 

where u h u 2 , - ■ ■, u„ are indeterminant quantities, that 

FF' • • = A T (a), 
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where a = («i, a 2 , • • •, a m ). Similarly, if 

3 = Wi> ^.2, • • *, A n ], 

where the A’s are capital alphas and are integers in it 
is seen that ’ 

*■«» =3-3'- • •3 ( "- 1) = (A 1 t/ 1 +A 2 C/ 2 +.. -+A n U n ) 
X(A'U H-. •(A < i n_,) I7i-|-f AS~ 1} U n ) 

is an ideal in F; that is, the partial norm of an ideal in $ is 
an ideal in f. 

Similarly if by 0 we denote the spur of a number in $ 
then 

(6) 0 f (12) = 12i-j-12 2 -f- * • • + 12„ 

is the partial spur (or relative spur) of 12 in F. This sum 

is an integer in F, if 12 is an integer in $; while the total spur 
is 

(7) &(0) = £,@,(12). 

If ^ is a prime ideal in $, there is one and only one 
natural prime integer p that is divisible by < iJ3. If p is 
decomposed into its prime factors in F, one of these prime 
factors which may be denoted by p is divisible by < *p. If a 
is any ideal in F, which is divisible by then the greatest 
common divisor of p and a, which is an ideal in F, is 
divisible by and is not a unit. Hence p and a are not 
relatively prime and hence a is divisible by p, as p has no 
other divisor save itself and units. If a is also a prime 
ideal, then a and p are identical. 

With this is proved the theorem: 

Theorem I. If is a prime ideal in $, there is one and 
only one prime ideal p in F which is divisible by and 
every ideal in F which is divisible by $ is at the same time 
divisible by p. (Weber, Algebra , Vol. II, p. 645.) 

If in $ we decompose p into factors, and write p = < iPa, 
and if we take the partial norm with respect to F, we have 

(8) p" = %(?)•%(«). 
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From this it is seen that 

where / is the relative degree of with respect to f. 

If further f is the degree of the prime ideal p in F with 
respect to the absolute realm R, so that 

(9) N l {x>)=-p / ' } 

it follows from (5) and (9) that 

(!0) NW) = p"'. 


Art. 229. Primitive Roots of the Prime Ideals. We 

may write as above 

(!) A r ,(p)=P 

where P = p r and 

( 2 ) A'iO’P) = P‘, 

where/is the relative grade of $ with respect to f. 

If « is any integer in f, it was seen in Art. 38 that 

u p = a> (mod. p); 

and therefore also 

® u p =co (mod. $). 

For every integer Q of 0 we have 

^ tt p/ =& (mod. <£). 

p h A n f U T Q b f 1r ° f * ncon S r uent, modulo p, integers in f is 

rL whlIe the number of ineongruent, modulo <R 
integers m $ is P / 


As in Art. 45, end, it may be proved that corresponding 
o e\ ery prime ideal there exist primitive roots r, that 
is, integers in Si which satisfy the congruence 

® r"-'Sl (mod.?), 


and which are such that no lower power of r with 
positive exponents is congruent to unity. It follows 
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that every integer 12 in which is not divisible by $ is 
congruent to one of the powers of r, 


( 6 ) 


i, r, r 2 , 




with respect to the modulus 

Next observe that every integer 12 satisfies in $ an 
irreducible equation of degree at most equal to n, whose 
coefficients are integers in f. This equation may also be 
regarded as a congruence, modulo and among such 
congruences there is one of the least degree, say 

F(&) =0 (mod. $). 


In this congruence we may take the term of the highest 
power of 12 equal to unity. For if the coefficient (which is 
not divisible by <P) is rj 0 we may always find an integer 77 
in f such that 


77077 = 1 (mod. $). 

And we have only to multiply F by 77 to have the required 
result. 


Hence if t is a variable, we may assume that the 
function F has the form 


F(t)—V-\-a\V 1 + a2 1* 2 + • • • + «„, 

where the coefficients <* 1 , are integers in f. Hence 

through division we may put any integral function 
Fiit) in the form 

(7) Fi(t) = Qit)F(t)+m, 

where 

(8) $(0 =Po+pi^“h • • • d-pr-i^ 1 , 

the p’s being integers in f, and where Q(t) is an integral 
function in t, whose coefficients are integers in f (includ¬ 
ing 0 ). 

As we may take equation (5) as the one which 0 ( = T) 
satisfies and for F(t) in (7) any power of t , it follows from 
( 6 ) that every integer 12 that is not divisible by $ satisfies 
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a congruence 

(9) n= Po + Pl T 4 -. .. +p„_ 1 r '" 1 (mod. <J3); 

and since the p’s may be zero, this is also true of an 
integer ft that is divisible by % (Art. 62.) 

Observe that it is possible for each p in (9) to have P 
incongruent, modulo p, values; and that the number of 
incongruent, modulo ^p, values which ft may have as 
expressed through (9) is P\ Since, as derived above, P f 
is also this number, it is seen that v=f. It has been 
proved (Art. 42) that if F(r)=0 (mod. <p), then also 

F(ry=F(m= O'(mod.?); 

and similarly 

W a 0 , ••*, F(r /,/_, )=0 (mod. $). 

With this is proved: 

Theorem I. A primitive root r of <|J satisfies with 

respect tofa congruence in f of the flh degree and the roots 
of this congruence are 

r, r p , r'*, • ■ •, r"-. 

And this gives expression to the theorem: 

Theorem II. The product 

( 10 ) (<-r)(t-r 2 )-■ •(<-r' v - 1 ) 

is {mod. T) congruent to an integral function F(t ) in f. 

A”; 23 °' Relative Discriminants. Observe (Art. 
that a basls of * consists of mn numbers. Let 0 be a 
basis-form of © and that is a linear form in ran ^de¬ 
terminates through which all the integers of © may be 

expressed by writing for the indeterminates rational 
integers. We have then, say 

(1) _ _ m=*r,(t-p), 

which is an irreducible integral function of t with integral 
coefficients. Observe that 1 = 0 is a root of this function. 
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Similarly let a be a basis form of the integers in f 

where nsa linear form in m indeterminates, which in 

turn is the root of an irreducible function of the mth 
degree, 

( 2 ) Ms)=N,(s-a), 

whose coefficients are rational integers. (See Art. 193.) 

. ^ ron ^ tlie function F(t) may be factored out an 
irreducible function of the nth degree 

( 3 ) /(<)=%(«-«, 
whose coefficients are integers in f. 

We may next prove the important theorem: 

Theorem. The algebraic number F'({3) is an associate 
of the product of the two numbers /'(/?) and \J/'(<r). 

And that is 

< 4 > 

where e is a unit in $. 

If next we form powers of the basis-form 

P h =Ui h tti-\-U 2 h&2 H-b Umn.httmn 

and observe 1 that the determinant of these linear forms 
is a unit, it is seen that every integer 9 in O may be 
expressed in the form 

= A. 0 -f-Ai/3-j-A.2^ 2 + • • • -\-A mn -i(3 mn ~ 1 , 

where the A’s are integral functions. 

If this expression is divided by /(/?), it follows (since 
m = 0) that 

(5) tt = ao-\-Q’it3-\ -ba„_i/3 n-1 , 

where the a’s are integral in f. In the theory of Partial 
Fractions, 2 if r h r 2) • • •, r* are the roots of a polynomial of 

1 Dedekind, "Ueber die Discriminanten endlicher Korpor,” Gbit. Abhand- 
lungen, 1882, Vol. 29; Weber, Algebra, Vol. II, pp. G48 ff. 

2 Burnside and Panton, Theory of Equations, 4th Edition, p. 172. 
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the It h degree, say g(x) =0, then is 




.m 


r ■ ** . 
I - / / \ I 


.m 


Q\r l yg\r 2 ) 


+ 7w =0> 


if 

7/i = l, 2, i-2; 

while this same summation is equal to 1, if m = l— 1. It 
follows that 

^ ^'fW) = CXn -1 , 

where a„_i is an integer in F. 

If this expression is multiplied by 1 : it is seen, 

when is expressed in terms of 1, <r, o' 1 , • • •, <r m -\ that 


(7) 


o 


= S 




rw(a) - °7'(w» - = a - 


where a is a rational integer. 

Similarly expressing f2 in integral powers of /?, it 
follows directly that 


(S) 


S 


* F'(/3) 


= b, 


where 6 is a rational integer. Next write 

m 


(9) 




where F,(t) is an integral function of the mn -1 degree in 

f, and express the coefficients of F.d) through powers of a 
It is seen that 

(10) s Fl ® 


v=3mn— 1 




rm'W) „ =0 

w r here the a s are rational integers. 

Write in this expression t = 0, and it follows that 

F’(i3) 


( 11 ) 


p=mn-l 


zww~ ajr; 


and from this it is seen that F'(0) is divisible by f'{0W { a ), 
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On the other hand again let s and t be two variables and 
write 


( 12 ) 

It is seen that 


c _/(0 Ms ) 

S — tr 


=MOMs). 


(13) 


c=n—i 


o /i(wiM v ^ , 

* F'W ~ t ? 0 b ^ st ’ 


where b hik are rational integers. Writing (3 and a for t 
and s in this expression, we have 


(14) 


F'(p) -T,T,Oh,kP k (r h ; 


and from this it is seen that f'({3)+'(a) is divisible by 
F'((3). Accordingly Theorem I is proved. 

The two quantities F'(ft and i f(a) (see Art. 106) are 
the fundamental ideals of the realms $ and f and may be 
denoted by G a and G t . It is also seen that 

(15) /'(ft = (/3-ft) (/?-&) • • -(/S-ft-j) 

is an ideal, which may be denoted by and is the 
relative fundamental ideal of $ with respect to f. From 
(4) it is seen that 

(16) G K = G t ® t . 

The partial discriminant £), of the realm $ may be defined 
as the partial norm of the relative fundamental ideal 
that is 


(17) $r 

Observe that £), is an ideal in f. 

If in (16) the partial norm is taken with respect to f, we 
have 


os) 

If by D* and D t we denote the discriminants (funda¬ 
mental invariants) of St and f we have 

(19) D, = D|W f ($ r ). 

We thus have (see Art. 186): 
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Theorem II. The fundamental invariant of a realm is 
divisible by the fundamental invariant of every divisor of 
the realm , and in the fundamental invariant of the divisor 
there can appear no prime integers that do not divide the 
fundamental invariant of the realm. 

It may happen as in the case of the complex multi¬ 
plication of the elliptic functions that the ideal /'(/3) is a 
unit. In this case the partial fundamental ideal may 
be replaced by a unit and from (17) it is seen that 
N f (T)f) = =Ll. In this case the fundamental invariant of 
^ is a power of the fundamental invariant of f, if the sign 
is neglected. 

There is another theorem which is in a sense the 
inverse of Theorem II: 

If $1 and $ 2 are two algebraic realms, we may form a 
third realm 

( 20 ) $ = 

in which the numbers of are adjoined to those of $ 2 . 
If D, D x and Z> 2 are the fundamental invariants of the 
three realms, there exists the theorem: 

Theorem III. D is divisible by all and only those prime 
integers which are divisors of either , or of both D x or D 2 . 

Proof. Since $i and $ 2 are divisors of it is seen 
from Theorem II that every prime integer that is a 
divisor of D x or £> 2 must also divide D. To prove the 
inverse, form the realm $ 0 consisting of all the numbers in 
and $ 2 together with their conjugates. Denote its 
fundamental invariant by D 0 . Let r and o- be the bases 
(fundamental forms) of all the integers in and $ 2 and 
observe that, if u and v are two indeterminates, 

( 21 ) rj = UT ^- Va 

is an integral form in 
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K t<‘\ r<>\ <7<«, <r«> are conjugate values of r and a 

respectively, the discriminant D( v ) consists of the 
product of factors 

( 22 ) w ( r ( 0 _ r ( i)) -J- v (o-(A) — 

Now observe that the prime ideals that may divide these 
factors in ft 0 are of three kinds 

(1) the prime factors of r«- r w, when 0 -w = <r (*) 

(2) the prime factors of <r^ — when 7 -(*) =7 .o') 

(3) the prime factors of — r U) )-\-v(a w — a^) 

when r ( * ) =t=r 0) and o- (A > =j=<r<*>. ' 

The first prime factors are divisors of D h the second 
of Z> 2 , while the third are factors of both D l and Z) 2 . 
Hence there may appear as factors in D( v ) no prime 
numbers that do not divide either D x or D 2 . And this is 
what was to be proved. 

If is a number of and if 

( 23 ) /(<)“%(<-* 2 ), 

is an integral function of the nth degree in t, then 

( 24 ) 

is the partial discriminant of the number 12 with respect to 
the realm F. It is a number of F; and if 12 is an integer in 
this discriminant is an integer in F. 

The integers 12 are had by writing definite rational 
integers for the indeterminates that appear in the 
fundamental form (3, and these same integers change 
/'(/?) into/'(12). And from this follows the theorem: 

Theorem IV. The partial discriminant of any integer 
12 in ft with respect to F is divisible by the partial discrimi¬ 
nant ( fundamental invariant) of ft with respect to F. 

This theorem may be proved directly by using Theorem 
3o in Hilbert’s Bericht. 
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Art. 231. Prime Ideals in Relative Normal Realms. 

If the realms [[see (3) of Art. 228] 

= 0), ® 1 = W(cc, 0,), •••, 0 n _O 

are identical with one another; that is, if they are all 
equal to ft, then $ = 9?(a:, 0, 0,, • • 0„_,) is a normal 

realm with respect to f (; relative normal). 

The substitutions ( 0 , 0 ), ( 0 , 0 ,), (©, 0 2 ) } ..., 

( 0 , 0 n—i) through which any number in $ is transformed 
into its conjugates form a group, the group of the realm 
ft with respect to F. This group may be denoted by $ 
and its substitutions by <p, <p u <p 2) ... f <p n _ lf so that 

<Ply • • *, < pn — 1 • 

When this group is commutative, that is, if = 

O', j denoting any of the numbers 0,1, • • •, n — 1 ), then ft 

is said to be commutative with respect to f (relative 

abelian); and if 0 is cyclic, relative cyclic. 

We shall assume that the realm $ is relative normal 
and denote by 

(!) Ujipi 

the number which results from through the substitution 

<Pi- It follows from the definition that both these 

numbers belong to ft. It is evident that any ideal 3 

through the substitution becomes another definite 

ideal 3/^, in ft; and if fl is any integer that is divisible by 
3, then is Q/(pi divisible by 3/<p im 

If S is any ideal in ft , there are certain substitutions 4 in 
$ which satisfy the condition 

(2) 3/*=3f. 

Among these is the identical substitution. The substi¬ 
tutions * form a group ¥ which is a divisor of 

J the group which Xiongs to or pennits the 

ideal 0 and we say also that 3 belongs to the group 
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Likewise there are substitutions of <t> which leave 

unaltered the quantities of f. Any relation or equation 

existing among the numbers and ideals in 8, when 

operated upon by such substitutions of <I>, offers a similar 

relation or equation among the conjugate numbers and 

ideals. It follows that units, integral ideals, the property 

of one being divisible by another, do not lose such 

characteristics when any of the substitutions of $ is 
made. 

This gives rise to the theorem: 

Theorem I. If $ is a prime ideal in St, then all ideals 
W (fi, that are conjugate to <p in St, remain prime ideals in 
. If S is divisible by any power of then 3/<Pi is 
divisible by the same power of ty/<pi. 

In Art. 228 it was seen that there is only one prime 
ideal p in f which is divisible by % If / is the relative 
degree of *p, we have 

(3) 

and since the norm of an ideal is equal to the product of 
all its conjugate ideals, it is seen that p is divisible only by 
the ideals ty/pi that are conjugate with in F. Further 
since (with respect to F) the ideals $/*>,■ all have the same 
norm, they also have the same relative degree /. 

If is the highest power of <P that divides p, it follows 
from Theorem I that p is also divisible by the ^th power of 
all the conjugate prime factors of ^J3 and by no higher 
power of these ideals. 

If then s Ti, $ 2f are the different prime ideals 

that are conjugate with *P, it is seen that 

(4) P-»ift •••?.)'. 

If the partial norm is taken of both sides of this expres¬ 
sion, and if n is the degree of the realm $ with respect to F 
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so that the partial norm of p is p n , it follows from (3) that 

(5) n = efg. 

From this it is seen that the integers e, /, g are divisors 
of n. • 

If ^ is transformed into tyi through the substitution 
<Pi, and that is, if = then is 

(«) ^=^p 1 /^r 1 . 

Further if >F is the group that belongs to s $, then for every 
substitution \p in >F, we have 

$i = Wv^i or from (a) = 

Inversely, if <£,/*? = $,, it follows that y/<pup<pT l = % so 
that <pi<p<pl l = \f/ or — and that is, <p x belongs to 

the group Further if 

it is seen that 

( 6 ) <£= 

And that is, 'F is a divisor of 4> of index e and of degree/^. 

= -- ILnfimn 

is a basis form of 0, there exist certain substitutions X in 3>, 
and always the identical substitution, which satisfy the 
congruence 

(8) (3/x = (3 (mod. <P). 

All these substitutions form a group X. This group is a 
divisor of >F, to which $ belongs. For observe that we 
may derive from 0 a basis form for s ]3 as follows : 

For the t’s in (7) we have to write certain linear 
functions of new variables and rational integral coeffi¬ 
cients, as in Vol. I, Art. 148. If then tt is a basis form of 

it follows from (8) that tt/x is divisible by tt and 
therefore also 


W*=$. 
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Next observe that (3 satisfies in f an equation/© = 0 of the 
nth degree. 


Denote its roots by ft, ft, ..., ft, which are in t 
conjugate forms of f3 with coefficients integral in t h t 2 , 
Accordingly we may write (if t is a new variable) 
f(t, t h t 2 , ••0=/(0 = (<-ft)(*-ft)...(*-ft). 

This expression raised to powers of p gives, modulo p, 
(10) f(t p , tf, t%, • • •) =(t p -(3[)(t p -(3 y • ..(t p -p' n ) } 

where the /3 ’s are derived from the fts by writing t p , t p , • • • 
in the place of t lf t 2 , • • •, and P = N f (p). 

If we put < = 0 in (10) it is seen that f(t) becomes 
zero and that one of the factors of the product is divisible 
by *; and that is, there exists a substitution, say of <£, 
which satisfies the condition 


(11) 0 p =ft/^ o (mod. *p). 

All the integers in $ are had, if for the indeterminates t\, 
t 2 • • • in |0 we write rational integers. Due to the Fermat 
Theorem for rational integers, it is seen that the formulas 
( 8 ) and ( 11 ) have the same meaning as the following 
formulas which are true of every integer 12 in $, namely, 

(12) Q/Xsfl, =12/^0 (mod. <p). 

From the second of these congruences it is seen that if the 
integer 12 is divisible by P then also 12/^ 0 is divisible by P 
and vice versa. It follows that p=p /^ 0 and therefore 
that t/'o is one of the substitutions of 'L. 

It was seen at the end of Art. 229 that 


(13) (t- y )(t-y p )- • -{t-y pf - l )=F(t) (mod.*), 

where 7 is a primitive root of P and F(t) is an integral 
function of t in f. It follows that 


F(y) = 0 (mod. P); 
and if \j/ is any substitution of >£, that 

F(y/^) = 0 (mod. P/^) or F(y/\p) = 0 (mod. P). 
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From this it results that y/xp must be congruent, modulo 
% t0 one of the powers of y that appears in (13), say 

(14) y pV =yH, (mod. ^P). 

We have seen that every integer of O, which is not 
divisible by <J3, is congruent (mod. $) to one of the 
powers of y that appears in (13). 

If Q = y ^ (mod. $), it follows from (14) that 

(y 1 *) 1 *^ (y/4') ph (mod. ^3), 

or 

(1^) Q^^Q/xp (mod. $). 

This congruence is also true, if SI is divisible by <p, and 
hence in general it is true for all integers of 5h If 

application is made v times of the second formula in (12), 
we have 

(15) (mod. ^). 

We therefore have 

(1^) (mod. $). 

If Jor SI we put SI/^" 1 and apply the substitution xp~ l to 

(17) , we have 

(18) SI^Q/^-'^o^fl/W 1 (mod. <$). 

It follows that both the substitutions xPMq and xp^xp- 1 are 
among those of the group X; and it is thus seen that every 
substitution ^ of * is found in one of the sub-groups 

X, X^o, Ml, • • •. 

If in (16) we write *=/, that congruence becomes 

SI=Sl/j/'o, 

so that xPo to the /th power, and to no lower power, is a 

substitution of X. With this it is seen that the sub¬ 
groups 

X, Xxp 0) Ml, • • •, Xxpo~ l 

are all different and are all substitutions of with the 
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result that 

(19) ¥ = X+XiM-hX^" 1 . 

It may be proved next that the complex of substitu¬ 
tions i/'oX is identical with the complex X^o for every v. 
For from (16) and (12) it is seen that 

= and n pV lrko v xy Q =n pV (mod. $). 

It follows that \po^X^o is a substitution in X. Accordingly 
we have 

(20) ^ 0 X = Xft, 

and that is, X is a normal divisor of We saw above 
that is of degree gf, so that from (19) X is of degree g. 
Hence the group 'k/X is cyclic and of degree /. 

Art. 232. Ideals in the Divisors of the Realm ft. 
If the group $ of the realm ft has a divisor then to <£' 
there belongs a realm which is a divisor of $ and which 
has f as a divisor. 

The numbers of ft' through the substitutions 
remain unchanged. Amd is the group of the realm ft 
with respect to St'; and that is, if a quantity \J/ that 
permits <£' is added to the stock-realm f, then the group $ 
in the extended stock-realm reduces to the group <£'. 
(Art. 221, Theorem III.) 

We may denote by n' the degree of the group <£', which 
being a divisor of the degree of 4> may be written 

(1) n = n'm'. 

From this it is seen that n' is the degree of ft with respect 
to ft' and m' is the degree of ft' with respect to f. 

It may be observed that $ is a normal realm with 
respect to but in general ft' is not a normal realm with 
respect to f. 

The prime ideals in may be derived from those of ft 
as follows: 
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If p is a prime ideal in there is one and only one 
prime ideal in say P', which is divisible by p. Further 
p in f is divisible by P and its conjugates in It 
follows that P' is divisible by P and its conjugates in 
If <p' runs through the substitutions of <f>', then p' re¬ 
mains unaltered. It follows that p' is also divisible by 

Observe next that if Pi, is divisible by p/vn then it is 
also divisible by P/^<pi^>', where yp is an arbitrary substi¬ 
tution of the group ^ of the preceding article. 

If then ip is an element of the system 


$1 = Vip^', 


then is Pi divisible by P/^>. 

If <p 2 is an element of $ which does not appear in $i, the 
system 

$2 = ^ 2 $' 

has no elements in common with (see Art. 224). If 
there is an element (p 3 which appears in neither nor 
$2 we form 


$3 = ^ 3 $' 

and continue until all the elements of 4> have been 
accounted for. We thus have 

(2) $ = ‘J’l+<f > 2 +••• +<$*/. 

And from Art. 224 it is seen that the degree of any one of 

these systems, $ r say, is found to be the product of the 

degrees of * and $' divided by the degree, h r say, of the 

intersection of $' and ¥ r =*>r 1 * r *>r. Accordingly the 
degree of $ r equals fgn' : h r . 

If <p r goes over all the elements of 4> r , the prime ideals 

P/^r are all transformed into the same prime ideal P' r 
in $. 

It must be proved that any two different systems, say 
and $ 2 lead to different ideals Pi and Note that if 
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W^i = W^ 2 i then is ?=?/#>„?r 1 , and that is, <p 2 <pT x is an 
element of T, or <p 2 is found in SF<pi, and that is in which 
is contrary to the hypothesis. 

We may accordingly determine an integer A in $, 
which is divisible by the ideal ty/tpi (where tp x goes 
through the elements of $ 1 ), but by none of the ideals 
Wv >2 when <p 2 goes through the elements of $ 2 . It is 
seen that none of the integers is divisible by $/<p 2 ; 
otherwise we should have ty/fpiv =< $l<p 2 contrary to the 
assumption that <p 2 was not contained in $ 1 . 

Hence the product A' of all the different integers A/<p' f 
as tp' goes through all the elements of is an integer in 
which is divisible by % but not by %. It follows 
that ^3! is different from <p 2 and that accordingly there are 
e' and no more different prime ideals ]3' in p. 

We may therefore put 

(3) p = < JM' ,,< *P2'* • • 

where the rational integers a h a 2 , • • •, a e > are yet to be 
determined. 

To factor the prime ideals in the realm 5?, we may 
simply let Si' take the place of f in the preceding article 
and use the results there given. Define X r by the 
relation 

X r = (f r X X<Pr 

and let X' denote the intersection of with X r ; that is, 
X; denotes the complex of substitutions of which 
satisfy the condition 

P/x' r = (3 (mod. ^r). 

If there are g r substitutions in the group X' n then [see (4) 
of the preceding article] % is divisible by but no 
higher power of ]3 r * Observe (at end of the last article) 
that g is the degree of X and gf that of 'F. 
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The intersection ^ of and <£', whose degree was 
denoted above by h r , is the complex of all substitutions 
in which satisfy the condition 


If then is decomposed into sub-groups 

(4) +^.,+ • • • 
we have 

( 5 ) n' = e r h r . 

If we put 

¥r.. 

it follows, see (4) and (6) of the preceding article, that 

( 6 ) 

Through the substitutions of (6) in (3) it follows from (4) 
of the preceding article that 


( 7 ) 9 a rQr f e — e\-\-e<i-)r • • • ~hc e ', 

through which the exponents a r are defined. 

The partial norm of ^ r , a with respect to is [see (3) 
and (5) of the preceding article]] 

( 8 ) . 

where f r is defined through the equation 


(9) n , = e r fr 9 r = e r h r [see (5)]. 

We shall next decompose the group 4> into sub-groups 
wrth respect to and write, if 
smtably chosen substitutions of <£, 

( 10 ) 4> = $'<ri+$'<r 2 4-f- $V m /, 

so that through the substitutions ^ <r 2} ... * , 

realm «' is transformed into the conjugate (equal or 
dmerent) realms 


*n % •••, Jfc,. 

Tf^v ,**}? bel °ngs to the group <rr*$V,. 

If then through <r, the ideals % and <J5 r ,. are transformed 
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into % it and r , 8 ,t, it follows from (4) of the preceding 
article that 


(ID 




and the product of these ideals for t = 1, 2, • • •, m! is the 
partial norm taken in of ty' r with respect to the realm 
f, and which we denote by 

This norm must be a power of p, say 

(12) 

To determine f' r we must decompose p in (12) into its 
prime factors as indicated in (4) of the preceding 
article, from which there are found to be egf' r prime factors 
Sp in p /; . On the other hand there are seen to be <7 r e r m' 
such factors in the product of the m' factors (11). 

It follows that 

Tl cfl 7 

(13) egf r = m g T e r = —,g r ^r = e r f r g i P rer 


or 

(14) f=frf'r. 

In this formula } r denotes the degree of the ideal with 
respect to while f' T denotes the degree of % with 
respect to f. Thus agreeing with the results of Art. 228, 
formula (14) gives the degree / of with respect to f. 

Art. 233. The Divisor Realms Which Belong to a 
Prime Ideal. An important application may be made of 
the preceding theorems. It has to do with the theory of 
the divisor realms which may be derived from the prime 
ideals of a realm $. 

As hitherto let St be a realm which with respect to f is a 
normal realm of relative degree n and let be a prime 
ideal in $ which divides a rational prime p in $ and which 
also divides p in f. If f = R is the absolute realm, then is 

p = p. If as above 

a) p-flwp* •••$e)*, 
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we have, as in (5) Art. 231, 

(2) n = efg; 

and in the realm $ the group ^ is of degree fg and the 
substitutions of V satisfy the relation 

( 3 ) W=% 

To the group * there belongs a realm in fl, say which 
Hilbert called the reduction {Zerlegungs) or separation 
realm of 

To apply the theorems of the preceding article to this 

realm and particularly to the prime ideal % we have to 
write 

(4) $' = 4', #>i = l, 4> r = <$! = vf',. = = \j>- 

(5) n'=fg, m' = e, h r = h 1 =fg. 

It follows from the preceding article [see (7)J that 

x r = X, g r =g, a r = ai = 1. 

If p' is the prime ideal in that is divisible by p, we 
may write 

(6) p'=pa, 

where 21 is not divisible by ty. 

It follows from (5) above and from (9) of the preceding 
article that 


( 7 ) .,-*- 1 , 

and consequently, see (11) of the same article, 

(8) p'=<p». 

From the formulas (6) and (8) it is seen that through the 
introduction of the realm the ideal % in is separated 
from all the other prime ideals that are divisors of p. 
-tience the name reduction (or separation) realm. 

/ 13) and ( 14 ) of the Preceding article it is also 
seen tns/t 


0) /;=/;=i; 

and accordingly we have the 


fr =/i =/; 

theorem: 
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Theorem I. In the separation realm is a prime 

ideal of the first degree with respect to F; and is with 
respect to of degree f, being of the same degree with 
respect to F. And further 

where 21 is relatively prime to 

As a second application of the results of the preceding 
article, we may take the group X instead of of Art. 232, 
where the substitutions of X are defined through 

(10) /3/x = /3 (mod. *}3). 

The realm which belongs to this group and which has 
as divisor is denoted by $ x . Instead of the realm F we 
may take the realm as the realm of rationality and we 
may let the realms $ x and take the place of the 
realms $ and in the theory of the preceding articles. 
Noting that here <p = 1, observe that to 

$, *, X, <k r , >k r , X r , p, 

correspond >k, X, 4% X, 4% 4% X, p'. 

Further observe that here the degree of 'k is n'm' =fg, the 
degree of X being g. It was seen that <k r is of degree 
fgn' : h r and here 4> r = 4> is of degree fg. It follows that 
n' = h r . Due to (8) above and (4) of Art. 231 and (11) of 
Art. 232, it is seen that 

e = l, n' = g, m'=f, h r = hi = g, g r = g, 
a r = ai = l, e T — C\ = 1 , e' = l. 

Accordingly, if we denote by p" the prime ideal of the 
realm $ x which is divisible by we have 

(11) p" = p '=<$*. 

From this it is seen that the prime ideal p' of the reduction 
realm is no further factored in the realm and due to 
this property the realm $ x was called by Hilbert the 

inertia realm. 
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From Art. 232, (13) and (14), it is seen that 

/;=/;=/,* fr~fi = i* 

Accordingly we have the theorem: 

Theorem II. In the inertia realm $ x we have p = p"2l, 
where p" is a prime ideal of the inertia realm and SI is not 
divisible by p". The prime ideal p' = ty° of the reduction 
realm is no further factorable in the inertia realm. Its 
degree is } with respect to the reduction realm , while ^ with 
regard to the inertia realm is of the first degree. 

Further, due to the theorem regarding the relative 
degree of prime ideals (Art. 229), there may be added: 

Theorem III. The ideal p" = <p* in $ is of the fth 
degree with respect to f. 

From this an important property of the inertia realm 
may be deduced. We saw (Art. 229) that the number of 
incongruent integers, modulo of $ is 

N»(f) = Pf. 

From Theorem III it is seen that the number of in¬ 
congruent integers, modulo p', of the inertia realm is 
equally large. From this follows the theorem: 

Theorem IV. Every integer of the realm $ is congruent 
(mod. $) to an integer of the inertia realm X. 

From (19) of Art. 231, we have further 

Theorem V. The inertia realm is relatively cyclic of 
degree f with respect to the separation realm , and its group is 


The group 4' is also called the reduction group and X the 
inertia group of the ideal 

Art. 234. The Branch-Group. In the inertia group 
X there exist m general other groups, which are of 
significance for the prime ideal ? and which Hilbert 1 has 
investigated. One of these is the branch-group. 

^l^Tvoi. iTJ'Zi. d " al0cbraMm ZMkerper , i 43. And Weber, 
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To define this group, take a primitive integer & of $ 
which is divisible by <p but not by $ 2 (see Art. 63). 

If X is a substitution of X, then is s>/x divisible by T 
but not by *p 2 , and the congruence 

d>/x = w£ (mod. <p 2 ) 

admits a solution £, modulo <p, which is not divisible by <p. 
If 7 is a primitive root of we may determine for every x 
of X an exponent X such that 

(1) w/X = 7 x w (mod. ^P 2 ). 

Besides the identical substitution, there may be other 
substitutions X, of X, which satisfy the congruence 

o)/Xi = ib (mod. < J$ 2 ). 

The substitutions Xi form a group. Amd this gives rise to 
the definition: The group X x of all the substitutions of X, 
which satisfy the condition 

(2) d>/Xi = w (mod. < P 2 ) 

is called the branch-group of the prime ideal 
We shall next prove the theorem: 

Theorem. The degree gi of the branch-group Xi is a 
power of p. 

From the congruence (2) we may derive the equation 

(3) CO / X i = W-f-Qfd) 2 , 

where a , which is not necessarily integral, is such that its 
numerator is not divisible by <p. It follows that, if we 
raise (3) to the ^th power and apply the Binomial 
Theorem, we have for every exponent v 

(4) &VXi = ^(mod. ^P^ 1 ). 

Note that any substitution X of X applied to any integer 
0 of $ offers the congruence 

(5) 0/x = /3 (mod. *$). 
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Further determine an integer 0 through the congruence 

w/Xi = d>+/3o> 2 (mod. ^$ 3 ). 

It follows that 

0)fX 1 = (w-f-/?co 2 )/X i = wd-/?w 2 4-/3(a>-f~/2co 2 ) 2 

= w+2/3w 2 (mod. $ 3 ). 

By a repetition of this process it is seen that 

w/xl=w+r/3w 2 (mod. < J3 3 ). 

If in this expression we put p=r } it follows that 

w/x?=w (mod. ‘p 3 ). 

Continuing, it is seen that 

o)/x^ l = 6)/Xi = u-\-^6) 2 (mod. < ip 3 ), 


w/xf=w (mod. $ 4 ); 
and in general 

(7) «/«”=* (mod. ?*+»). 

Since « is a primitive integer in $, every substitution p 
of $, excepting the identical substitution, causes the 
difference ti/cp — <o to be different from zero. Accordingly 
there exists a sufficiently high power such that all these 
differences are not divisible by and if in (7) we choose 
the exponent v+2^p, it follows that 

Xf = l. 

From this it is seen that the degree of every element X\ of 
Xi, and consequently the degree of X, itself is a power of p, 
as was to be proved. 

If X and X' are any two elements of X, two exponent 
X and X' [due to (1)] may be so chosen that 

(8) w/x= 7 x «, w/x' = 7 x 'co (mod. $); 
and from this it is seen that, due to (5), 

(9) w/xx'= 7 X + X '« (mod. $ 2 ). 
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Consequently there exist simultaneously the congruences 

«/x = 7 x i, w/x -1 = 7 ~ x tj (mod. ip 2 ). 

If xi is an element of X,, it is seen that 

(10) <o/X->XiX=<5 (mod. ip 2 ), 

and therefore X->X,X belongs to X,. With this it is seen 

that 

(H) X“ 1 X 1 X = X 1 . 

Suppose next that X 0 is a substitution of X, such that 

(12) d>/x 0 = 7 x °d) (mod. ^)3 2 ), 


where the exponent X 0 has the least possible positive 
value that is not zero. 

Then for every exponent a it follows from (8) and (9) 
that 


<b/xXo a = 7 x ~ aX °£ (mod. <P 2 ). 

Then, by a well known method, it may be shown that X 
is divisible by X 0 and is equal to aX 0 ; and that is XXo a 
belongs to Xi. It follows that, if x x is a substitution of X b 





for every X of X. Accordingly, if h is the least positive 
exponent for which xj is an element of Xi, we have 

(13) X = Xi + XiX 0 +XiXo+ • • • +XiXj -1 . 


Due to (11) we may write also 

(14) X = Xi + X 0 X 1 + XjXj+ • • • + x!r l Xi. 


The degree of X is 

(15) g = hgi. 

From the meaning of h it is seen, if xj is an element 
in Xi for any positive exponent k , that k must be divisible 
by h. It follows from (9) and the Fermat Theorem that 
for every element X of X 

fi /X^ S7 w-n 5sa ( mod> ^2). 
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With this it is seen that h is a divisor of P f — 1, and 
therefore h is not divisible by p. 

With this is proved the following: The branch-group Xi 
is a normal divisor of the inertia group X. Its degree g i is 
the highest power of p, see (16), that divides g and the group 
X/Xi is cyclic of degree h, where h is a divisor of P f — 1. 

It has been seen in Art. 233, that every integer ft of $ 
is congruent, modulo to an integer fto of the inertia 
realm. Accordingly we may determine an integer r, 
such that 

(lb) ft — Qq = tw (mod. ‘if 2 ); 

and as fto/x = fto (since ft 0 belongs to the inertia realm), it 
follows for every substitution Xi of Xi due to (5), that 

(17) Q/Xj-Oo = r<o (mod. < p 2 ), 

and consequently due to (16) for every ft in O, we have 

(18) ft/x^ft (mod. $ 2 ). 

Reciprocally, any substitution x,, which satisfies the 
condition (18) for every ft, fulfills the requirement (2) and 
consequently belongs to the branch-group; and if appli¬ 
cation of this is made to the basis form 0 (Art. 230) of O, 

we may say: The branch-group Xi is also defined through 
the congruence 

(mod. <P 2 ). 

Since g and therefore also gi is always a divisor of n, the 

degree of the realm, it is seen that X x is a unit group, if n is 
not divisible by p. 

The realm $ X| , which belongs to the branch-group Xi, 
is a divisor of $ above $ x , and from (14) the realm is 
relatively cyclic of degree h with respect to $ x . 

To apply the theorems of Art. 232, we must replace the 
realms 

«'» £ by t, $ Xi , 
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and consequently the groups $ and by X and Xi. We 
thus have n = g , n' = g x . The formula (1), Art. 232, 
namely n = n m , becomes here g = gim f , which compared 
with (15) of Art. 234 gives m' = h. From (5), Art. 231, 
namely n = efg, we have here g = efg, so that e = l =/. 
From (4), Art. 231 and (6), Art. 232 it is seen that 
Qr = g i, e r = 1; and from (5) and (7), Art. 232, h r = g h a r = h. 
Hence from (3) and (6) of Art. 232 it is seen that, p'" 
denoting a prime ideal in the realm $ Xi , we have 

(19) p'" = $% 
and in the realm $ x 

(20) p" = p"'\ 

With this is proved the theorem: 

Theorem. The branch realm is relatively cyclic and of 
degree h with respect to the inertia realm. In the branch 
realm ^ is a prime ideal , whose hth power is a prime ideal 
in the inertia realm. 

Art. 235. The Higher Branch Realms. Under cer¬ 
tain conditions there are still further groups contained in 
the branch-group Xi. These are called higher branch- 
groups , and they give rise to the higher branch realms. 

We may define the rth branch-group X r as the complex of 
all the substitutions X r , which satisfy the condition 

(1) = (mod. < J3 r+1 ), 

where /3 is the basis form of D. 

Each of the groups X r is contained in all the preceding 
groups Xi, X 2 , • • •, X r _i, whose degrees are powers of p. 

It may be that several of the groups Xi, X 2 , • • • are 
identical. However eventually the unit group must 
appear in the series. 

Instead of the integer w of the preceding article, we 
must now employ a form w, whose content is a prime 
ideal in $ and this form d> here takes the place of the 
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integer « which was divisible by the prime ideal 
From (1) it follows that for every integer and for every 
integral ideal 3 of $ that 

(2) 3/*r=3 (mod. <P' +1 ), 

and also that 

w/x r = co (mod. $ r+1 ). 

The latter congruence in the form of an equation is 

(4) 6>/X r = w + 3a) r+1 . 

This expression raised to any power v, is 

(5) c V/X r =<h’ (mod. ^ 2 ). 

Due to (1) we may write, if 21 is an integral ideal, 

(6) /3/x r = /3-f 2Iw r+ i (mod. ^ 2 ). 

If x' is a second substitution of the group X r and if 

/Vx; = i S+2Tto r+1 (mod. < $ r+2 ) f 
it follows from (6) that 

(7) p/xX^P+W+K')^ (mod. r+ 2 ), 
and in general if a is a positive integer, 

(8) ( mod . ^H-2). 

Writing a = p in this congruence, it is seen that X v r is a 
substitution of X r+1 . Writing a = -1, which is of the 
same significance as a=g r — 1, it is seen that 

(9) p/x-'=p- 21<y +1 (mod. ^ 2 ). 

If x r = x r +i is a substitution of the group X r+ i, we must 
Put 51 = 0 in (6), and then from (7) and (9) it follows that 

P/X7 l X r+1 x r =i 3 (mod. 

and therefore 

(1 °) xr‘x, +1 x r =x; + i, 

where xf +1 is a substitution of X r+ i. 
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From (7) it is further seen for any two substitutions X, 
and x' r that 

( 11 ) 0lx r x’,=f3/x' r x r (mod. $■+*); 

and accordingly, if Xr+1 is a substitution of X r+1 , 

(12) x r x;=x(x r x r+1 . 

It is seen from formulas (10) and (12) that the group X r+I 
is a normal divisor of X r , and that the group X r /X r+1 is 
commutative. 

If we form the branch realms it follows 

from induction (see Art. 232) by putting X r and X r+1 in 

the place of $ and that in the rth branch realm ip'- is a 
prime ideal. 

In the following series of realms it is seen that each one 
contains the preceding together with their respective 
prime ideals which are divisible by $: 

(13) f, $X> $X,> * * *> 

P, W, •••,?. 

This series is to be continued until the degree g r of X r is 
equal to 1; and then $ Xr = 

If g is not divisible by p , we have at once $ Xl = We 
thus have the following noteworthy result: 

Every realm $ is relatively metacyclic with respect to the 
reduction ( separation) realm of any prime ideal that is 
contained in it. 

Note. A realm, like a group, which has a series of indices that 
are prime integers, or powers of a prime, was called by Kronecker 
metacyclic . 1 

Art. 236. Factorization of the Fundamental Ideal. 
We may next determine the exponent of the highest 

1 They were called solvable groups by Frobenius and Holder. See Vol. I, 
Art. 84 of the present treatise. See C. Jordan, Traitt dcs substitutions, Livre 
IV. 
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power, to which a prime ideal ^ appears as a divisor of the 
fundamental ideal ©, of the realm £ with respect to f. 

As seen in Art. 230 this fundamental ideal is had from 
the form 

(1) /'(ft = (/?-; 

where /3 (1) , /3 (2) , • • •, /3 (n-1) are the conjugates of 0. One of 
the factors of this product 0 — /?/#> is divisible by when 
and only when <p belongs to the inertia group, see Art. 
231, (8). Since the identical substitution is excluded 
from this discussion, it follows that ©, contains the 
factor $ at least g — 1 times. Further 0—/3/x, is divisible 
by when and only when X is an element of the branch- 
group Xi, and consequently is divisible by sp'-H-fi- 1 
where is only counted to the g i — 1 power for the branch- 
group, it having been already counted £ — 1 times for the 
inertia group. Continuing we may determine the exact 
power of ^ that divides © f . It has the exponent 

<7~ 1 +<7i — 1 -f<72 —1-f • • •. 

The g’s are powers of p, whose exponents are not in¬ 
creasing and whose last exponent is 1. 

It is thus seen that the composition of the fundamental 
ideal ©, is completely determined through the separation 
of the group X. 

The integers g, g lf g 2) • • • are the same for all the 
conjugate ideals $i, $ 2 , • • $ e ; and, if we write, Art. 231, 

it is seen that 

(2) ©, = nCP$ 2 . • 

where the product n is to be taken over all the prime 

ideal factors of all the prime integers p in Observe 

that there are only a finite number of these prime integers 

V for which £>1. Note also that g is the number of 
elements X in X and that $/x=$. 
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For the partial discriminant of the realm $ with 
respect to f it results that [see (5), Art. 231] 

(3) £) f = • • . 

and if R is the realm of rational numbers, so that p 
becomes p, then £>„ neglecting sign, becomes the basal 
invariant (discriminant) D of the realm t, having the 
value 

(4) ±D=np ef( °- 1+ ‘ , i- 1+o *- l +‘--\ 
where e is the number of ideal factors $ of p, 

/ is the degree of $ in f, 
g is the degree of the inertia group, 
g i that of the branch-group, etc. 

Remark. The results here, due for the most part to Weber, 
Algebra , Yol. II, p. 671, are to be compared with those of Hensel 
given in Art. 256, end. And the two methods of derivation are 
to be studied in juxtaposition. 



CHAPTER XV 

THE GALOIS REALMS OF RATIONALITY 


Art. 237. The Galois realms have the remarkable 
property that on the one hand the theory of ideals, 
which is associated with such realms, may be regarded as 
a special case of the general theory of ideals as treated in 
the previous chapters; and on the other hand the general 
treatment of ideals may be developed from the arithmetic 
of the Galois realms. For let f be an arbitrary realm of 
rationality and form the Galois realm, which is the 
product of f and its conjugate realms (Vol. I, Art. 53). 
Then necessarily the properties of f have their source 
in the Galois realm and f is a sub-realm of the Galois 

realm. (See Hensel, Theorie der algebraischen Zahlen 
Chapt. XII.) 


The peculiar property of the Galois realm, in that it is 
identical with its own conjugate realms, has as a conse¬ 
quence that the fundamental properties of the ideal 
theory may be proved much more simply; and its 
arithmetic may be much more easily developed than in 
the case of the general realms of rationality. It may 
therefore be taken—as Kronecker has in part done in his 
exposition of the theoryas the foundation of the 
general arithmetic of the algebraic realms of rationality. 
At the same time 2 the knowledge of the arithmetical 
laws of the Galois realm, although not essential, is 

-*■255 SZtS& £■£££!' VoK “• 256 * 

a: 

’ aenc/lt < PP. 247 ff., who originated much of this theory. 
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nevertheless useful for the full understanding of those of 
other special realms, for example the cyclotomic realms. 

To develop the fundamental algebraic properties of 
the Galois realms, let $ = ffi(A) denote such a realm, and 
let A be an algebraic integer through which this realm is 
determined. Further let 

(1) F(x) = 0 

be an irreducible equation of the Nth degree, of which A 
is a root. 

In Vol. I, Art. 44 it was seen that every number of ft 
was an integral function of A of degree at most equal to 
N— 1 with rational coefficients that belonged to the 
stock-realm. We have the realms conjugate to $, if in 
these functions of A we replace A by its conjugate values. 
Since the conjugate realms of the Galois realm are in 
their totality identical with it, each realm having the 
same complex of numbers, it follows that each root of (1) 
is a rational function of any arbitrary root of this 
equation. (Arts. 210, 213.) 

Any equation (1), whose roots may be expressed 
rationally through any one of them, is called a Galois 
equation and on this account the corresponding realm $ 
is called a Galois realm. Dedekind used the terminology 
normal realm (Dirichlet-Dedekind, Zahlentheorie, 4 th 
Edition, p. 485). 

The N roots of equation (1) may be denoted by 

(2) A, A (l) , A (2) , A (3) , •••, A W ~ D . 

It follows that for i = 1, 2, 3, • •, N—1, we have 

(3) A il1 =fi(A), 

where /,- is an integral function of A of degree at most 
equal to N—l, and with rational coefficients. 

The substitutions through which the realm $ is 
transformed into its conjugate realms, that is, into the 
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realms which in the complex of numbers is identical with 
may be denoted by (Art. 211) 

(4) So, Si, S 2 , * • *, Sy-1 ( = (r), 

where s 0 is the identical substitution which leaves $ 

unchanged. Denote these N substitutions, taken col¬ 
lectively, by G. 

If s ,7 is the number which y becomes, when operated 

upon by the substitution s,-, then S{A=A ,• and conse¬ 
quently 

( 5 ) Si A =fi(A) (t=i, 2, N- 1). 

If by the substitution Si, the realm $ becomes another 
realm, and if this realm by the substitution s 2 becomes a 
third realm, then this third realm determines a substi¬ 
tution of the first realm, which substitution is said to be 
compounded out of $i and s 2 , and is sometimes called the 

product s r s 2 of these substitutions. It does not follow 
that $2 ■ Si — Si • 52. 

The N substitutions (4) form a group (Art. 212); that 
is, the product of any two of them s, • s k (including the 
case i = k) is one of the substitutions of (4). For the 
substitution s ; transforms the realm 1? into another 
realm which consists of the same numbers as are in $ 
and the numbers of the second realm are rational 
functions of A. Hence the substitution s k of the realm ® 
also denotes a substitution of the transformed realm. It 
is seen that the product s t s< of the two substitutions of 
is a substitution of ff. Therefore, if we write 

® s*s ,-= Sh , 

it follows, due to (5), since 

s t s,A =s*/,-(A) =/,s*(A) =fif k (A), 


that 

( 7 ) 


38 


fifk(A) =f h (A). 
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In other words: s { operating on $R(A) produces 
= 9?(A); and that is 

It follows that 

s k sMA) =s k M(A) = X(AW) = M(A), 

and consequently s*s,9?(.4.) is one of the N conjugate 
values, 

SoMiA), Si^(A), sh-WA), 
say 

s,s,^(A)=s^(A), 

or 

SkSi = Sfr. 

From the composition of any two of the substitutions (4) 
arises the concept of the power sT, as the mth repetition of 
the substitution s { . (Art. 212.) 

The Galois equation (1) is, in particular, an Abelian 
equation, if the relationship expressed through (7) is 
independent of the sequence of the operations/,• and/*; 
that is, if (Art. 226) 

(8) Mf k (A))=MMA)). 

And this implies also that 

(9) s k Si = SiS k . 

This further implies the commutative -principle for the 
substitutions of the group (4). Accordingly the Galois 
realms of rationality are the Abelian realms , if the 
substitutions of its group are commutative. 

For the Abelian groups there exist the important 
theorem of Kronecker (Art. 159) namely: all the substi¬ 
tutions of the group may be expressed through products 
of powers of certain fundamental substitutions, Si, s 2 , • • 
s a in the form 

( 10 ) &&•••&, 

where in general Xi takes on the values 0, 1, • • •> hi — 1 
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(i- 1, 2, • • •, <r), subject to the condition that 

N = hili2 • • • h a . 

The substitutions 


5?(=5 0 = 1), s}, si • • •, sf*- 1 

form a sub-group of (7, which on account of its peculiar 
character in that Si i = St is called a cyclic group. It 
follows that an Abelian realm may be composed of a 
number of cyclic groups, whose degree—that is, the 
number of substitutions in such groups—may be assumed 
to be a prime number. (Art. 227.) 

If the group of the Abelian realm is itself cyclic, the 

Abelian realm is in particular a cyclic realm. (See Art 
227.) 


All these concepts, which hitherto in absolute sense 
have been defined for the realm St, whose stock-realm has 
been R, the realm of rational numbers, may be extended 
also to the more general case where the stock-realm is an 
arbitrary sub-realm f of St, this latter realm being 
therefore a relative realm with regard to F. 

Accordingly, a realm St is called a relative Galois realm 

with respect to one of its sub-realms f, if the irreducible 
equation that is satisfied by A, 

(11) ^ r +^i(a)x r_1 4-A;2(Q:)a: r ~ 2 -l-f-& r (<*) =0, 

where the coefficients are quantities of F, is a Galois 

equation. Here the number A is the algebraic quantity 

Which determines if. This Galois equation is such that 

all the roots may be expressed as rational functions of one 

of them with coefficients that belong to f. (Art. 210 ) 
Denote by ' 


^ s 0> S l| ®2> • ■ Si —i 

the substitutions through which the realm if is trans- 

-i ° rektive con iugate realms and observe 
that these substitutions are the ones that leave the 
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coefficients in (11) unchanged. They have no effect on 
the numbers of f. These substitutions form a group 
which is called the relative group. If this relative group 
is commutative or cyclic the realm $ is said to be a 
relative Abelian or a relative cyclic realm. 

Art. 238. To establish in a simple manner the ideal 
theory of the Galois realms, it is proved below, as has 
already been done in the general case (Art. 14), that 
corresponding to every ideal of the Galois realm another 
ideal of this realm may be definitely determined, such 
that the product of the two ideals is a principal ideal. 1 

Let 3 = (Gi, ft 2> • • •, ft.v) be an ideal of the realm $, 
whose degree is N. The ideal 3' is said to be divisible by 
the ideal 3, and is written 3' = 0 (mod. 3), if 3 , = #i^i 

+B 2 R 2 H-b B N Sl s , where the B’s are quantities of $. 

Denote by G the substitution group of the realm St. 
(Art. 214.) An ideal 3 is said to be invariantive , 2 if it 
remains unchanged, when subjected to the substitutions 
of the group G ; that is, if the conjugate values of 3 are 
all equal. Such an ideal has the following property. 3 

The N! power of an invariantive ideal is always equal to 
a rational integer; that is 

(13) 3^=0 1, 

where t is a rational integer and D denotes the complex of 
integers of 

To prove this, observe that every integer a of the 
ideal 3 satisfies an equation of the Nth degree 

(14) a Ar +aia Ar-1 + a2Q: iV_2 + • • • +aAr = 0, 

where the a’s are rational integers. Hence also 

Nl AM AM 

(15) a‘i l , a }, a 3 3 , • • •, a$ 

1 See Hilbert, Math. Ann., Vol. 44, p. 1. 

2 Hilbert, Bericht, § 57, uses the word "ambiguous.'' 

* Hilbert, Bericht, p. 248. 
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are rational integers. Denote their greatest, common 
divisor by a. In like manner for all the integers-/?, y, 
8 • • • of the ideal determine the greatest common divisors 
b,c,d, • • •, which are associated with them as above, and 
let t be the greatest common divisor of a, b, c, • • •. Next 
note that, on the one hand, the numbers conjugate to a 
are again numbers of the ideal 3, which is supposed 
invariantive; and on the other hand the coefficients of 

(14) are homogeneous integral functions of the quantities 
that are the conjugates of a p.e., the other roots of the 
equation (14)]. In fact aj is of the first dimension in 
these quantities, while a 2 is of the second and a N is of the 
A r th dimension. It follows that 

fl! = 0 (mod. 3), Q 2 = 0 (mod. 3 2 ), •.a* = 0 (mod. 3"). 

It is evident that all the numbers of (15) are contained in 
the ideal 3*'- 

Since a, the greatest common divisor of the quantities 

(15) is a linear function of these quantities with integral 
coefficients, it follows that a is divisible by 3*', as are 
also b, c, • • •, so that tO is divisible by 3* 1 . 

On the other hand since each of the integers (15) is 
divisible by their greatest common divisor a, and there- 

fore also by t, we may write af=tb it where b, is a 

rational integer. It follows that = = where 

T * is an algebraic integer satisfying the equation ” 

x"' - b\ = 0. 

Accordingly, equation (14) takes the form 
Writing a = tK h this equation becomes 

a *'+ 7 ~ l +***?'“ 2 4-h r N = 0. 
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It follows that (Vol. I, Art. 87) a, is an algebraic integer. 
{Similarly it is seen that the other quantities /?, 7 ,5, • • •, of 
the ideal may be written 

f3 = t"'(3 l ,y = t"'y lf .... 

Hence every integer f of the ideal is of the form tr 0 , 
where r 0 is an algebraic integer. Since r 0 is equal to an 
integer l of $ divided by t , it follows that tq is a quantity 
of $ and being integral, is an integer of $. 

Hence 3"' is divisible by Ot and, as shown above, Ot 
is divisible by 3 Nl . It follows that 

3"' = Ot. 

Due to this theorem, it follows that: 

Associated with every ideal 3 of the Galois realm there 
exists a second ideal 3' such that 33' is a principal ideal 
For if 3 is an ideal of a Galois realm, then are also 
Si3> S 2 S, s 3 3, * * *, s, V -i 3 ideals of this realm, and their 
product 

(16) So3-Sl3-S 2 3. Sat- i3 

is an invariantive ideal of this Galois realm. For observe 
that, if any substitution s, of the group G is applied to this 
product, the N substitutions 

5,So, S.Si, s,s 2 , • • *, S,S.v_i 

form again the substitutions of the group G. Hence the 
factors of (16) are changed only as to their sequence; 
and due to the preceding remarks the N! power of this 
product is a principal ideal, that is, 

3-Sl3-S23. Sat-i3[So3'Si 3- • •S A r-i3] iV,_I 

is a principal ideal. 

It follows that 

3 , = si3- • -sa'-i3I>o 3'S]3- * •s.v-i3] AI 

is an ideal as required in the theorem. 
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Art. 239. The arithmetic of the Galois realm may, 
due to this theorem, be developed as it was in the general 
case of Arts. 79 ff. 

In connection with the Hilbert work ( loc . cit.) the 
following may be remarked: 

Any given realm F may be regarded as a sub-realm of a 
Galois realm, for example, the realm which is compounded 
of F and its conjugate realms. 

Let $ be a Galois realm of the Nth degree and let F be a 
sub-realm of $, then with respect to f, $ is a relative 

N 

realm of degree r= —, where n is the degree of F. 

The realm $ is produced by a quantity A which 
satisfies an equation of the form (11) so that $ = 9?(i4). 

The substitutions of the relative realm, namely, those 
which change A into its relative conjugates, that is, into 
the other roots of (11), are the substitutions of the 
original group G which leaves unchanged the numbers a 
of the sub-group F; and as F = $?(«), all the numbers of F 
remain unchanged by such substitutions. These substi¬ 
tutions may be denoted by 

(17) s 0 , Si, • • •, s r _i 

They form a group which due to the fact that they are to 
be found among the substitutions of the group G, is 
called a sub-group of G. It is clear that the equation (11) 
is a Galois equation, since its roots are certain of the 
roots of equation (1). They may be expressed, therefore, 
through one another, so that the relative conjugate 
realms of the relative realm $ are identical with it. 

Let i be an ideal of F, say 

t= (ai, a2, • • •, a M ) 

or 

i = <*i7i“b<*272"{- • • • -boyy M , 
where 7,(1 = 1, 2 , • • •, p) are integers of F. 
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Since the numbers au, <* 2 , • • •, are also quantities of 
it is clear that numbers of the form 

aiTi-h o^I^H-bo^ft, where r»(t = l, • • M ) 

are quantities of form an ideal of fl, which may be 
denoted by 

S' — (a 1 , 0(2, a 3y • • •, a M ). 

Accordingly, there corresponds to every ideal i of the sub¬ 
realm an ideal 3 of the super-realm, where the two ideals 
may be regarded as of the same significance; that is, if 0 
denotes the complex of all integers of $, then is 

3 = Oh 

Suppose next that 58 is an ideal of the Galois realm such 
that 

(18) 358 = 012 

is a principal ideal, and that is, 12 is an algebraic integer of 
It follows that 

So!2 = 12 = ai(3i -ba^ft ~b • * • ~bQfjxft, 

where 0 1 , ft- • -ft are integers belonging to the ideal 58. 

Since the substitutions of (17) leave the a’s unchanged, 
it is seen that 

Sil2 = anSift + o^Sift-b * • • -ba: M Sift, 

= o!iS2/3i-f <*2S202+ * * * -ba M S2ft> 


S r _ll2 — Of]5r-l/?l -h<22$ r _l/32“b ’ * * “b^Sr-ift. 

If we multiply these expressions together and put 

s 0 12sil2- • • s r _i!2 = 12, 

it is clear that 

(19) 12 = ot\B\-\-a\~'a2B2-\- • • • +<vS„, 

where v denotes the number of all possible products of the 
rth dimension that can be made from <*i, a 2 - • •<*„, while 
the quantities are symmetric functions of ft, ft, • • •, ft. 
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Since these symmetric functions remain unchanged when 
subjected to the substitutions (17), it is seen that B,(i = 1, 
• • •, v) are integers of F. The same is therefore true of ft; 
and consequently, due to (19), it is seen that ft is contained 
in the ideal 

(20) i'(B u B 2 , - ..,£„) 

of the realm F. On the other hand it follows from (18) 
that each of the numbers when multiplied by every 
number of 58 is divisible by ft, and in particular a ,/?,• is 
divisible by ft. Therefore every product of r numbers a,- 
by one of the numbers of due to the manner in which 
Bi informed, is an algebraic integer of F, which is divisible 
by ft. Hence the ideal (20) is contained in oft, where o 
denotes the complex of the integers of F. This, in 
connection with the results previously obtained, proves 
the relation 

oft= i r (R 1 , B 2y ••.,£,); 

and that is: 

Associated with any arbitrary ideal t of F there is another 
ideal i r ~ 1 (2?i, B 2y • • *, Bf) of F which , when multiplied by i, 
is a principal ideal of F. 

Thus by a simple consideration of the theory of the 

Galois realms the primary theorem has been proved, from 

which the entire arithmetic of an arbitrarily given realm 

F may be developed, and in a manner similar to that 

previously done for the case of the general theory of 
ideals. 

Art. 240. The principal properties of the Galois realm 

may be developed through proofs of the following 
theorem: 

The different © of the Galois realm t is an invariantive 

ideal and its discriminant D (or more exactly the principal 
ideal £)D) is equal to £) iV . 
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Proof . Denote by £2,, Q 2| • • ■ £2„ any basis of the Galois 
realm. Its elements are (see Art. 77) the ideals 


( 21 ) 


@ (2) = (fli-s 2 Q 1 , 


&2 SiQ‘2) 
^2 $2^2, 


i) _ (Qj ^2 — Sat— lfloj * 


, —Si^Af), 

, ^AT — S2&n), 


, ^AT - Sat— iQat) . 


We saw (Art. 77) in the case of the general realm that 
these elements are not quantities of the realm, although 
their product is an ideal of such a realm. In the case of 
the Galois realm, however, the differences in (21) are all 
quantities of such a realm, the product of the (S’s being 
the different (principal ideal) of the realm. It was 
proved (see Art. 106) that the norm of the different is 
equal to the discriminant of the realm. 

Observe that if any substitution s k of the group G 
is applied to (S (,) , this ideal becomes 


(22) (sfcfti — • • •, Sk&N — SkS&.v), 

which also belongs to the Galois realm. Since, however, 

(23) s k s i sT 1 = s , t) 

where s[ is a definite substitution of the group G, it is 
seen that 

SkSi — Sj Sk* 


It follows that the expression (22) becomes 

(24) (SiSli — s[s k Sl h • * *, SiSIn — Si'Sjfeftjv), 

in which the numbers 


(25) siSl i, S]Sl 2 , • • S/t^Ar 

form a basis of a realm that is conjugate to $, and that is 

to the Galois realm itself. 

If Si goes through all the substitutions of G, then will s' t 
go through those substitutions. Consequently the prod- 
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uct of the elements (21) when i goes over the values 0, 1, 
• ••, N — 1, remains invariantive, and consequently we 
have = T>(k = 0, 1, •••, N-l). It follows that 

D = N(®) = T) N . 

Art. 241. The arithmetical as well as the algebraic 
properties of the Galois realm depend upon the relation 
in which this realm stands to the different sub-realms 
that are contained in it, as well as upon the manner in 
which these sub-realms stand to one another. It was 
remarked above that the substitutions of the group G of 
the Galois realm .ft, which do not change the numbers of 
one of its sub-realms f, themselves form a realm. Thus 
corresponding to every sub-realm f of ft' there is a definite 
sub-group g of G. It is clear that the inverse is also 
true; that is, to every sub-group g there belongs a definite 
sub-realm f of the Galois realm; and in fact the complex 
of all the numbers of the Galois realm, which remain 
unchanged when subjected to the substitutions of g, 
constitute this sub-realm f. In this manner the sub¬ 
realms of the Galois realm and the sub-groups of the Galois 
group are uniquely associated with one another . 

To develop the ideal theory of the Galois realm and 
its sub-realms, it is above all necessary to consider its 
prime ideals. 

Let be any prime ideal of the realm ft. Then 
among the substitutions of the group G there are always 
some, which when applied to leave unchanged the 
complex of numbers that are contained in when the 
sequence is neglected. For at all events the identical 
substitution s 0 , which leaves unchanged all the numbers 
of ft, is a substitution just described. 

Denote the substitutions in question by 

2o( = 5o), Z\y Z 2} • • • 



574 THE THEORY OF ALGEBRAIC NUMBERS 

and let the number of them be r,. It is evident that 
these substitutions form a group which may be denoted 
by Qz, and which Hilbert 1 has called the separation 
{Zerlegungsgruppe) group of the prime ideal % The 
sub-realm that is associated with the group g z , that is the 
complex of numbers in $ which remain unchanged when 
subjected to these substitutions is called the separation 
realm of the prime ideal ‘ip, and may be denoted by f.. 

Its degree is n 2 = —. Hence with respect to the separa¬ 
tion realm, $ is a relative realm of degree r z , there being, 
with respect to f z , an integer A which generates $ and 
satisfies an irreducible equation of degree r z in which the 
first coefficient is 1 and the other numbers are integral 
numbers of the realm t z . (See Art. 233.) 

The separation realm contains another realm which is 
of peculiar importance (see Hilbert, Nach. der Gott. Ges., 
1894-95, p. 224; and Dedekind, p. 272 of the same 
journal 1894-95). Hilbert called this sub-realm of $ the 
inertia realm of the prime ideal ‘p and its associated 
group the inertia group. This group and realm are 
defined below. (Also see Art. 233.) 

The inertia group may be denoted by g i} the number of 
its substitutions being indicated by r, while the inertia 

N 

realm may be denoted by f, being of degree — =n,-. 

' i 

Hence with respect to the inertia realm, the Galois 
realm $ is a relative realm of degree r { . 

The substitutions of the inertia realm may he defined as 
those substitutions of the Galois group G, say 

to( = So), t\, tz, 

which have the property that, when applied to every integer 


1 Hilbert, Bericht, p. 251. 
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S3 of the congruence 

(27) (mod. $) 
exists. 

It may be proved as follows that the substitutions t ,• 
form a group. For from (27) it follows at once that, if S3 
is divisible by ty, then £,S3 is also, and consequently the 
ideal Uty is contained in the ideal ^3. On the other hand 
since t, belongs to the group G , it follows that if 1 is a 
substitution of this group. Hence = where S3' is a 
number of It follows that /,S3' = S3. Since ZS3 , = S3' 
(mod. <p), by definition of t iy it follows that S3 = S3' 
(mod. <P); and consequently S3' at the same time with S3 
is contained in It is seen that every number of the 
ideal $ is contained in t^. This with the preceding 
results shows that L s ]3 = ^3, and consequently the substi¬ 
tutions U are to be counted with those that leave the 
prime ideal unchanged. It follows at once that 

WiS3 = ^S3 = S3 (mod. <|3), 

or the product of the two substitutions tkU belongs to the 
group g { . From above it follows that this group is a 
sub-group of the separation group; and hence the sepa¬ 
ration realm is contained in the inertia realm. 

Art. 242. To make clear the relations that exist 
between the separation group and the inertia group, let p 
be a rational prime integer which is divisible by so 
that (Art. 29) 

(28) norm (^3) (in $), 
where / is the degree of $. 

We may prove first that, if f 7*1, there is a substitution z of 
the separation group which is not found in the inertia group, 
such that z f is a substitution of the inertia group, and that is 

(29) z f Q.=Q. (mod. < J3) 
for every integer 13 of <p. 



576 THE THEORY OF ALGEBRAIC NUMBERS 

To prove this let p be a primitive number (mod. $), 
which may be subjected to the condition that it is 
divisible by all the ideals that are conjugate to ‘p but not 
by T itself. For we may always determine a number, 
which satisfies the congruences 

fl = 0 (mod. P (1) ), 12 = 0 (mod. P< 2 >), 

and then choose a primitive number p = 12 (mod. P). 
Further observe that p, like any other integer of the 
realm satisfies an equation 

(30) \p(x) = (x — S 0 p)(x — Sip) •••(£ — Sat- ip) . 

Consider this equation as a congruence (mod. P). Since 
bP ( x )] p = ^(s) (mod. ^)=\J/(x p ) (Art. 30), it is evident 
that one of the quantities s 0 p, Sip, • • •, Sn-ip is congruent 
(mod. P) to p p , say 

(31) Sip=p p (mod. P). 

This substitution belongs to the reduction group; for 
if s,P were not equal to P, and consequently if s, -1 P 
were not equal to P, then sr*P would be identical with 
one of the ideals that is conjugate to P but different from 
P; and since, by hypothesis, p is divisible by this conju¬ 
gate ideal, it would follow that s.p was divisible by P, 
which the congruence (31) does not permit. 

Accordingly we may write for s* the substitution z, so 
that 

(32) zp=p p (mod. P). 

From this congruence follow at once 

z 2 p=p p \ z 3 p=p p \ • • •, z f p=p p (mod. P). 

But since p is a primitive number, it is seen that p p =p 
(mod. P); and accordingly 

(33) z f p=p (mod. P). 

From (32) and (33) it follows that the substitution 2 , if 
/> 1, is not a substitution of the inertia group, although 
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z ! is. Observe that every integer ft of $ is either 
divisible by or it is congruent to a power of p (mod. $). 
In the first case, since ft is a number of <13, it follows from 
the definition of the separation group that 2 ft = ft (mod. 
<13), and therefore also z'ft^ft (mod. <)3); in the other case 
it follows from ft=p { (mod. <£) and (33) that 

2 / ft=2 / p*'=(z / p) < =p‘ = ft (mod. <J3). 

Hence in all cases 

z 7 ft = ft (mod. <]3). 

It follows by definition of the group of substitutions t 
that z { is one of these substitutions. 

It may be proved secondly that all the substitutions of 
the separation group may be expressed through the 
following / complexes of substitutions, in each of which t 
goes through all of the substitutions of the inertia group; 
namely, through the complexes 

(34) t,zt, zH, • • • , zf~% 

or using the Galois notation of Art. 220, 

(35) Qz = Qt-\-zg t -\- • • • -\-z f ~ l g t . 

Proof. The primitive number p satisfies (Arts. 60, 
72, 103) an irreducible integral congruence (mod. <)3) of 
the fth degree, say 

F(x) = 0 (mod. <J3), 
the other roots being 

P> P p y P p \ • • *, p^" 1 . 

Further observe that the integer F(p) , which satisfies the 
congruence 

P(p) = 0 (mod. <(3), 

is a number of the ideal <P, and hence remains unchanged 
when operated upon by one of the substitutions of g t) so 

lllfiit 

F(zip) = 0 (mod. $). 
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Hence z,p is congruent to one of the roots p, p p , • • - , p p , ~ 1 ) 
say 

Zip = p pk =z k p (mod. ^(3); 

that is 

z~ k z,p = p (mod. ty). 

It follows at once as above that 

z~ k z$l = Sl (mod. *J3). 

Hence z~ k z { is one of the substitutions t of the inertia 
group, and we may write Zi = z k t, a substitution, which is 
therefore to be found in one of the complexes (34). In 
this form all the substitutions z 0) z h z 2 , • • • of the sep¬ 
aration group may be expressed. On the other hand 
the substitutions z k t, for k = 0,1, 2, •••,/— 1, are different 
from one another. It follows that the complexes (34) 
constitute all the substitutions of the separation group. 
From (32) it is seen that 

t\Zp = t,p p (mod. $), 

where z is a definite substitution of the separation 
group, and £,• is any substitution of the inertia group. 
Due to the nature of the substitutions and since 

t t p p = p p (mod. ^3), 
it follows that, if use is made of (32), 

t{Zp = zp, or z~H{Zp = p (mod. ( p). 

The more general congruence 

z~ l tiZ^l=9, (mod. *J3) 

is had for every integer ft of if we observe that 

ft = p A (mod. $), 

where h is a definite one of the integers 1, 2, • • •, p / —1. 
Hence z~H { z belongs to the inertia group. 

Accordingly this group has the property, which may he 
expressed through the relation 

(36) z~ 1 g t z = gt, 
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a property which may be characterized 1 as the “ invariance ” 
of the inertia group. 

We may next give the rule by which the prime integer p 
may be distributed (decomposed) into its prime ideal 
factors in the Galois realm. Since g z is a sub-group of the 
Galois group and as r z is the degree of g z , there exist in G 
(Arts. 214, 220) certain substitutions s 0 , s u • • lf such 
that the group G may be distributed into the complexes 

s o g z , Sig Z) 

and that is 


(38) = -b$„-i0 2 . 

To obtain all the prime ideals that are conjugate to 

observe that g z when applied to $ leaves the ideal 

unchanged, so that each of the complexes (37) offers one 
ideal and only one, namely 

(39) s 0 'P( = 'P), s.'P, s^,^. 

These are all different; for were s,<p = s 2 <p, it would 
follow that s, s 2 ip = T, and consequently sr's 2 would be 
one of the substitutions, say z< of the group g„ In that 
event, ,t would follow that s 2 = SlZ , and that is s 2 is one 
of the substitutions of the complex s ig „ which is in 
contradiction with the method by which these complexes 
were formed. Hence each of the prime ideals (39) 
exists through the application of the substitutions of G 
upon an equal number of times, that is r. times, where 
r, is the number of substitutions in each of the complexes 

The formula (28) accordingly offers the relation 

P /= 0P-SiiP. 

Due to formula (35) it is seen that 

(40 \ 

1 Hilbert, Bericht, p. 252. 

39 
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and consequently, 

(41) P = . 8 nr .iW, 

which is the theorem 1 required for the distribution of a 
rational prime integer into its prime ideal factors in St. 

Art. 243. The next problem is to derive the prime 
ideal factors into which the rational prime integer p may 
be resolved in a sub-realm f of St. 

If n is the degree of f, then f belongs to a sub-realm g of 

N 

G, which contains r = — substitutions, namely those which 

(Art. 239) do not change the numbers of f. To solve 
this problem we must determine the relations which 
exist among the sub-group g , the separation and inertia 
groups. The groups G and g will be distributed into 
certain complexes in the present article and we shall 
return to the further factorization of p in the following 
article. 

Let s be a definite substitution of G , while z' denotes 
any substitution of g z and s' any substitution of g. It 
follows that all substitutions of the form s'sz' form a 
complex, which may be denoted by 

(42) gsg z 

and which contains rr z substitutions. These substi¬ 
tutions are not all different. To prove this write 

(43) s'sz' = s"sz", 

where s" and z" are substitutions of g and g z respectively. 
It follows that 

s' rl ’ s' = s(z"z'~')s~ 1 f 

where s //_1 s' is a substitution, s° say, of g , while z"z' 1 is a 
substitution, z°, of g z . Accordingly, the two substitu- 

i See Hilbert, “Theorie der algebraischen Zahlkorper,” Encyclopaedic dcr 
mathematischen Wissenschaflen, §§ 14, 15, pp. 688-690. 
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tions (43) of the complex (42) are equal, when and onlv 
when 

(44) s° = sz °s -1 ; 

and that is, when this substitution, expressed in the two 

ways, is contained in the two groups g and s-g z -s~ l . 

The substitutions which are common to the two groups 

form (Art. 220) a group which may be denoted by g of 

degree h. If s'sz' is a substitution of the complex (42), 

there corresponds to each of the h substitutions of (44) 

another definite substitution s"sz" of the same complex, 

where s", z" are determined through s""V = s°, z"z'~ l = z Q 

and where s sz =s"sz". Accordingly there are always , 

corresponding to any substitutions of the complex ( 42 ), 

h—1 substitutions of this complex which are equal to the 

first one; and consequently rr z is a multiple of h. 

Observe that the substitutions of G may be distributed 

into a number of complexes of the form (42), if different 

substitutions are written for s. And [see (38)] these 

different substitutions need only be selected from the 
series 

s 0 , *i, • • •, S„_i. 

For, if we write S\g z for $ in gsg Z) we have 

gs i g z g z = gs l g z . 

Next Oban™., if Sf , Sk are any two of these substitutions, 
that the substitutions of g Si g, are either identical with 
hose of gs k g , or they are all different, according as s k is 
or is not a substitution of g Si g„ For, if is a substi- 
tution of we would have where s' is a 

substitution of g, and z' is a substitution of g,. And in 
this case gs k g, = gs' Si z'g„ where gs’ is a substitution of q 

eouahtv 1S f a t u Ub f itUti ? Q 0f 9 " In the sec °hd case an 
equahty of the form s's.s'=s"s t s» cannot exist; for it 

would follow that s*=(s")-Vs i2 ' 2 "-\ making s*, con- 
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trary to the assumption, a substitution of the first 
complex. Accordingly we have all the substitutions of 
the group G if for a certain number, say e, of the substi¬ 
tutions of the series (45)—we may name them s 0 , Si, • • •, 
s e ~ i—, we make the complexes 

(46) gs 0 g z , gs x g z , • • •, gs e - X g z . 

Further observe that the substitutions of the group G, 
according as they are found in the first, second, • • •, or 
eth complex, enter respectively h 0 , h x , •••, h e ~ i times, 
where hi(i = 0,1, • • •, e — 1) denotes the degree of the group 
gi, this being the group that contains the substitutions 
that are common to the two groups g and 

SigzST 1= g? (»=o, l, 

Finally note, since gi is a sub-group of g , that g may be 
distributed into a certain number e ,• of complexes of the 
form 

(48) s'g if ••*, s^g,, 

where s', s", • • •, s (ei) are defined as substitutions of g ; 
or, using the Galois notation, 

(49) g = s f g i +s"g i -f-b s 1 ^ 1 ei) g ». 

Finally observe that r, the degree of g, is the product of e,- 
and hi, or 

(50) r = eihi. 

Art. 244. The results that have been established in 
the preceding article are sufficient for the derivation of 
everything that is essential to the factorization of the 
prime integer p into its prime ideal factors in the sub¬ 
realm f. To this end again let ^ be a prime ideal factor 
of p in the realm $. This ideal has certain integers in 
common with the sub-realm f, and in particular it 
contains p, since every rational integer is contained in any 
realm above R. The collectivity of all these integers is 



THE GALOIS REALMS OF RATIONALITY 583 


an ideal p which in fact is a prime ideal factor of p in F. 
For observe that p is an ideal in F and that Op is a 
complex of integers that are all found in ty, so that Op is 
divisible by ^ or p is divisible by ^3. Further p is a 
prime ideal of F. For were this not the case, then we 
would have p = q • r, where q and r are ideals in F. Hence 
also Oq and Or are ideals in and since p is divisible 
by % it follows that either Oq or Or is divisible by this 
prime ideal, say Oq. Thus q is contained in and 
since all the numbers common to and F are contained 
in p it is seen that q is divisible by p; on the other hand, 
since p is divisible by q, it is seen that p = q. It follows 
that to every prime ideal factor of pin $ there corresponds 
a prime ideal factor p of p in F, and p is divisible by 

Reciprocally, there corresponds to every prime ideal 
factor of p in F an ideal factor Op in which is not 
necessarily a prime ideal in However, since p contains 
the rational prime integer p, it is an ideal divisor of p and 

therefore Op is divisible by at least one prime ideal factor 
$ of p in 

Observe that $ and might both be divisors of Op, 
and while different they might, nevertheless, contain all 
integers of F that are found in p. Now p is the complex 
of integers that are common to F and for were p 
different from this complex, which we call p', then p 
would be contained in p' and therefore divisible by p\ 
By hypothesis p is a prime ideal in F, so that, if it is 
divisible by p', it must be identical with it. The follow¬ 
ing has thus been proved: 

Associated with every prime ideal factor p of p in F there 

is at least one prime ideal factor ^ of p in St, in which p is 

contained as the collectivity of integers that are common to F 
and 
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We therefore may find all prime ideal factors p of p in f 

and only such, if for all prime ideal factors $ of p in $ we 

choose those which have in common the greatest number 
of integers of f. 

Next we observe that, if ty is an ideal divisor of p in St, 
then are s 0 ty, s ity, • • •, all prime factors of p in 

Of these substitutions consider those which correspond 
to the substitutions of the complexes 

gsi9z=gs i g z sr 1 s i (t=o, 1 , e -i >. 
Note that the group g z leaves unchanged the ideal 
tyo = s 0 ty = ty, while the group leaves unchanged 

= '}$,■ (i = 1 , 2, • • - ,e — 1), and the substitutions g of the 
realm f leave unchanged the numbers of this realm and 

therefore the ideal p. It is then clear that ~ different 

hi 

substitutions of the complex gsg, offer only one and the 
same prime ideal factor p, of p in f, and therefore it 
follows that there are only e different prime ideal factors 

(51) po, Pi, • • •, Pe—l 

of p in f. 

Conforming to the above results, it is seen that p,- is 
divisible by each of the prime ideal factors $$ of p, which 
correspond to the substitutions s of the complex gsfl, 
(i = 0, 1, • • •, e — 1), and we may add that pi is divisible 
only by those ideals. 

To prove this, let *i]3' be a prime ideal divisor of p in $ 
different from the ideal divisor of p just mentioned, and 
let S be a number of $ which is divisible by the product of 
the prime ideals sty but otherwise is prime to p, so that 

S = ns^O, 

where the multiplication is to be taken over all the 
substitutions of the complex gs,g g , and where O is an 
ideal in ^ that is relatively prime to p. That there exist 
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such numbers is seen in Arts. 20 and 87. Next let <r 
denote any substitution in g. It is seen that the appli¬ 
cation of a to E leaves the product n$P unchanged, while 
the conjugate ideal aO remains prime to p. The 
product of the quantities o-E, that is the relative norm of E 
with respect to the realm f, is a quantity of t which is 
divisible by the product IIo-p, and therefore it is divisible 
by the ideal p,-, and consequently also by pi. On the 
other hand it is not contained in P'; accordingly p, is not 
divisible by P'. 

To determine the different prime ideal factors of p,-, we 
must return to formula (49), in which gi denotes the 
group of substitutions which are common to g and 
g? = Sig t sT l and which therefore cause a change in neither 
pi nor ‘pi. We may write from (47) 




gs i g, = gs i g t s i 'si = rf«i= I s (t) ?/s, = I 

*= 1 Jtral 


and from this it is clear that there appear only e, different 
prime ideals, namely the ideals 

p iiJfc = s<*>Pi (*=1,2,...,*), 

which correspond to the prime ideal factor p f in f, these • 

ideals being prime ideal factors of pi in $. We thus have 
the 


^0"j"Cl+ • • • +c e -i 
prime ideal factors, namely 

f Po. 1 , Po. 2) • • Po, e 0 

prime ideal factors of p 0 , 

lj Pi. 2, * * *, Pi. e t 

prime ideal factors of pi, 


( 52 ) 


Pc-l. 1, P*_J, 2, • • Pe—1, 

prime ideal factors of p*^; 
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and all the different prime ideal factors 
found in the above scheme. 


of V in $ must be 


Next observe that each complex gs { g z contains^ =r 2 c 4 - 

different substitutions, while group G contains r z n z 
different substitutions. It follows that 

r *(^o+ei4-be e -i )=r z n z , 

^o+«i+ • • • +e c _] — n z . 

In other words, the prime ideals {52) are the totality of all 

the different prime ideal factors of p in and consequently 

the e prime ideals p 0 , pi, • • •, p e -i are in fact different from 
one another. 

To find the composition of these ideals out of those of 

(52) , let be the highest power of ]$ tl that enters as a 

factor of p,-, so that we may write p,-, or more exactly 
£)p» = where Q is an ideal in $ that is not divisible 
by Through application of the substitutions s ', s", 

• • •, s (e,) it is clear that Op,- is also divisible by each of the 
ideals ^3,* (k = 2, • • •, e t ), and consequently 

(53) = *•••?<.,)% 

where only the value of remains to be determined. 
To determine this number observe that p, or more 
exactly Dp, contains as a factor = to the power 
r t fsee formula (41)]; and this power of may be 
denoted by ns^,- where the product is to be taken over 
all those substitutions which do not change ^J3, and that is 
over the group of substitutions sds r 1 , in which t goes over 
all the substitutions of the group g t . Observe, however, 
that only those factors s^3 t - of this product are divisors of 
p„ where s is at the same time a substitution of SitsT 1 and 
g. Those substitutions that are common to the groups 
SigtST 1 =g ( t ) and g form a group which we call g?. De- 
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note the degree of this group by to Since g S° is a sub¬ 
group of g , U is a divisor of r t/ say 

(54) r t = tidi. 

which determines do Hence p< is divisible by U of the 
factors that constitute the product n$$, the rest of these 
factors being divisors of ideals that are conjugates of p,*. 
Hence p is divisible by <p f exactly U times. Accordingly 
it is seen that Xi = to It follows that 

(55) Opi=(?fl*?,r 

Further since p, or more exactly Op, contains the ideal 
factor <P,i exactly r t times, it follows that 

(56) Op = p j° • pj 1 • • • pjrj. 

It remains to determine the degrees of the ideal factors 
Po, Pj, • • -pe-j. If /,• is the degree of p,-, we write 

(57) p /< =7i(p t ), 

where n denotes the norm of p,- taken in the realm F, and 
that is, the product of the ideals conjugate to p t . These 
are obtained, when one applies to p,- the substitutions s 
of the group G which changes F into its conjugate realms. 
Instead of these substitutions we apply all the substi¬ 
tutions of G. Then observe that each realm that is 

conjugate to p, appears r times, there being — = r substi- 

7X 

tutions which do not change the numbers in F. Ac¬ 
cordingly, we may write 

(58) p r/ * = n$p,-, 

the product being taken over all the substitutions s of G. 
These substitutions, however, are also had through the 
complexes of substitutions (46), where in the complex 
9 s i9z each substitution of the complex, as already shown, 
must be counted hi times. Further observe that the 
substitutions s of this complex, and only these substi- 
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tutions, are the ones which determine the prime ideal 

7*7" 

so that there are in consequence — = e l r 2 substitutions of 

the complex ggf, which are the substitutions of G for 
which sp, = p,-. Hence among the factors sp t - of the 
product (58) the prime ideal p» appears exactly e,r 3 
times. Since however, as seen from (56), the factor p t - is 
found in the power p rfi exactly r/.d, times, it is clear that 

( 59 ) rf idi = e{T t . 

Since the group gf (= s ,< 7 t sr 1 ) is a divisor of the group 
g? ) = s t g g sr 1 , observe that the group gf of substitutions 
that are common to g and Sig t sr l is a divisor of g i} where 
gi is constituted of the substitutions that are common to g 
and Sjg z sr l . Hence U, the number of substitutions of 
is a divisor of h if the number of substitutions of 
g$iQt, so that we may write 

(60) hi = tiUi, 

where u, is a rational integer and thus determined. It 
was seen further that there was a group g of degree h, 
whose substitutions were common to the two groups g and 

gsg z and that was equal to an integer. Similarly it is 


seen that in the complex = 1 the number of 

substitutions that there are in common with g form a 

t th\ 

group g ( ? of degree t,. Hence there are —r^ = r t Ui 


different substitutions, all of which are contained in the 
group g?. For if s is a substitution of the group gi 
belonging therefore to gf and consequently being of the 
form 

s = SiasT l 


where a is a substitution of g z , it follows that 
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We thus have 

sgPs- 1 = ssi-g t sT l s~ l = s&g t a~ l sT l ; 
or from formula (36) 

sg?s- 1 = s i g t sT l = gT. 

Hence for every substitution $ of (ji and every substi¬ 
tution t in g? we can find a second substitution h in gf 
such that st-hs. If then s, s' are two substitutions of 
g i} while t, t' are two substitutions of g? } then is 

st ■s't ' = $ • ts't' = s -s'tit' = s"t", 

where s" belongs to and t" to g?. Accordingly, the 
complex g^? is in fact a group, and its degree r t Ui is a 
divisor of the degree of group g?; that is 

(61) r t = r t UiV i} 

where t\- is a rational integer and thus determined. 

From (59) it was seen that /,d,A = e,r 2 ; and from (50) 
and (61) this equality becomes fid i ti = r l v i , or due to (54) 

(62) Ji-Vi) 

and this is the degree of the prime ideal p,-. 

Finally denote by ,($.*•), the relative norm of the 
prime ideal ‘p,* with respect to the realm f, and that is 
the product of the factors styik in which $ goes over all 
substitutions of the group g. The formula (49) was 

(49) g = 8'g i +s”g i -\ - \-s (ei) g if 

where s' , s", • • - , s (ei) are substitutions of g that do not 
belong to g { . 

Again observe that the substitutions s of g fall into 
these e { different complexes and that the substitutions 
of g i} being of the group g?, leave unchanged the prime 
ideal ik . Consequently the operations of the substi¬ 
tutions 5 above bring into existence only the prime 
ideals ^* 2 , • • and, since r = h l * i) each of these 
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ideals is repeated h { = tiU { times. Finally, due to formula 
(55), it is seen that 

( 63 ) 

The value of the exponent x t in formula (53), namely in 

Op, = (^0^*2 * * •?<«.)** 

may also be determined in the following manner. Put 
for the prime ideal $ in Art. 242 the prime ideal 
= and let <p be the lowest power of z, such that 

zH = s, 

where s is a substitution of the group g and t is a substi¬ 
tution of the inertia group. 

From formula (32) it follows in general that 

z k p=p pk (mod. tyi); 

and since tp = p (mod. $,•), by definition of t, it is seen that 

s P = z^tp = z v p = p plfi (mod. <P<), 

and therefore, and more generally, for every integer 12 of 
the realm $ there exists the congruence 

sl2=12 p¥? (mod. $,). 

Hence if co is an integer of $, that is also an integer of F, it 
satisfies the congruence 

oj=cx) pV> (mod. ^3,). 

However, since p contains all integers of that are 
common to ^3, and F, it follows that 

co = co pV> (mod. p.) 

for every integer co of F. Hence <p is not less than /,. 

Since p,- is divisible by '}$,•, and as co is also an integer 
of $, it follows also that 

co = co p/< (mod. %■)• 

Further with respect to the realm F of the rth degree, the 
integer p satisfies an equation of the rth degree, say 

p r +co'p r-1 -}-a/ / p r-2 -t- • • • = 0, (i) 
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where the coefficients w', <o" • • • are integers of f. Hence 
by raising (i) to the j/* power, it is seen that p also 
satisfies the congruence 

p"' i +a/p <r - ,,,, ' i +</y r - a ’ / ‘+ ■ • ■ =0 (mod. sp,). 

Accordingly, it follows that p p/ * is congruent (mod. $<) to 
one of the roots of (t); and that is 

P p/ ‘ = sp (mod. <p ,), 

where s is a substitution of g. Due to the formula (32) 
it is seen that 

^P=sp (mod. ‘ip,), 
and therefore more generally 

z ,i Q=sil (mod. <P.) 
for every integer 12 in $. 

This congruence may be written in the form 

z~ /{ sp =p (mod. $,). 

From this it is seen that z~ fi s belongs to the group 
g t ; and we may therefore write 

z~ fi s = t or z fi t = s; 

and hence v is not greater than /,-. It follows that 

*P = f »• 

Since p,- is divisible by we may write p, = <p,0; and 
taking the relative norm with respect to f, it is seen that 

« = %(%<)•%( Q). 

It follows that 9M$*) is some power of p,-; say 

On the other hand (see Art. 242) 

P f =NWi) =n%m =%n(%)=p'<+ 

so that 


We saw that the degree of the group g , of substitutions 
that are common to g and g? was divisible by the degree 



592 THE THEORY OF ALGEBRAIC NUMBERS 

of the group of substitutions that are common to g and 
g?, this group being g?. From (34) it was seen that the 
substitutions of g z could be distributed among the 
complexes t, zt, z 2 t, • • •, z / ~ 1 t, in which t was a substitution 
of Qty where z f = t and where t in the different complexes 
went over the substitutions of g t . Similarly g { may be 
distributed into the sum of the complexes 

&=$?+*%?+•••+zP- w $p, 

where 2 is a substitution of g z and satisfies, as proved 
above, the condition z*'t = s, where s belongs to g { of 
degree h f but not to $°, while t is a substitution of gf. 
It follows that hi = tup. On the other hand from (60) 

h{ = tiUi. 

Hence it is seen that \p = Ui. 

In-the derivation of formula (63), namely, 9t,(? f *) =p?*' 
it was seen that occurs on the left hand member 

hi times, whereas on the right hand side it occurs [see 
formula (53)] z,w,- times. Since hi = tiU if it follows that 

ti = Xi. 

Art. 245. The above results may be applied to certain 
special realms. For let f be identical with the reduction 
realm, so that g = g z and sg z s~ l become the groups of 
Art. 243. Since g = g z , it follows [see (43) and (44)] that 
r = r z and therefore the group common to g z and 
sg 2 s~ 1 = g z is of degree h = h 0 = r z . 

From (61) 

r z = r t UiVi = toUoVi 

(from above) 

= r z Vi) 

And consequently 

Vi = V 0 = 1 . 

Since [see formula (54)] r t = doto and rt = t 0 (above), it 
follows that d 0 = 1. 
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Formula (55) takes the form 

(550 £>Po=$?„ 

while (56) becomes 

(560 V ~ PoQ, 

where q is an ideal in f that is not divisible by p 0 . Since 
from (62) /< = v { = 1, it is seen from (57) that n(p 0 ) = p and 
from (63) %,($)= pj. 

Hence in the separation realm p 0 is a prime ideal factor of 
p of the first degree which may be denoted by p 2 and in the 
Galois realm p 2 becomes the product of r t equal factors 
$oi=$, each of degree f. (See Hilbert, Bericht, p. 253.) 

Next let f be the inertia realm L, so that g = g t and 
r = r t . The group g 0 that contains the substitutions that 
are common to g and So^So 1 =g z is identical with g t . Its 
degree is h 0 (=r t ), so that e 0 = l. Further since the 
greatest common divisor of g and g t is here g t , its degree 
to = r l} Uq — 1 and v 0 =f] and as r t = doto , we have finally 
d 0 =l. Hence the general formula in this case becomes 

P = Poq; Po=$ r ‘, 

n (p 0 ) —p { \ ^($)=Po. 

And this shows, when we pass from the separation realm 
to the inertia realm, that the prime ideal p 2 , which may 
be denoted by p< in the inertia realm, does not experience 
a separation into factors but is raised to a power, since 
the prime ideal which is of the first degree in the separa¬ 
tion realm, is of the /th degree in the inertia realm. 

Due to this fact, and observing that 

, . (Oi, Po)=n(p 0 )=p / , 

and since 

Uo = $ r ‘, 

it is seen that the integers of the inertia realm, and that is 
of £)(, are distributed (mod. $ r< ) into p f classes of congruent 
integers. (See Theorem III, Art. 233.) 
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Observe that two numbers of a class (mod. $ r ‘) belong 
to the same class (mod. $). Reciprocally, if two integers 
of the inertia realm are congruent (mod. <p), their 
difference is an integer of the inertia realm as well as of the 
ideal Hence by the definition at the beginning of 
Art. 244, this difference is a number of the ideal *)< = p 0 , 
and therefore is divisible by Hence the distribution 
of the integers of the inertia realm into classes (mod. $ r ‘) 

is the same as it is, modulo % so that the number of these 
classes is p f (mod. <P). 

The numbers of the inertia realm all belong to the 
realm & and the integers of f [see formula (28)] may be 
distributed (mod. ty) into p f different classes. 

Accordingly, every integer of the Galois realm is congruent 
{mod. ]3) to an integer of the inertia realm. (Hilbert, 
Bericht, p. 255.) 

The inertia realm f< of degree —■ is, with respect to the 

N 

separation realm, of degree — and hence it is a relative 

T z 

realm of degree 

N^_N_r z _ 
r t ' r z r t ~ 

[See formula (35).] If then 6 is an integer that generates 
the inertia realm, it must satisfy an irreducible equation 
in f z of the fth degree, say 

(64) d f + 7i0 /- H-1-7/= 0, 

in which the coefficients are integers of t z . Observe 
further that the substitutions 

(65) s 0 ( = 1), 2 , 2 2 , *, 2 /_1 

[see (34)] are substitutions of the reduction realm but 
not of the inertia realm, so that they change 6 but not 
the 7 ’s in (64). 
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The other roots of (64) are therefore had by applying 
these substitutions to 0. 

If however, 0 is a number of f,, then zd is also a 
number of the same realm. For as was seen above, 
corresponding to every substitution t of g t there is another 
substitution t! of the same realm such that tz = zt'. 
Further for every number 0 of f the equation *'0 = 0 
exists. Hence for every substitution t of g t there exists 
the other relation 

tzd - zt'Q = zd, 

so that zd is a number of t t and as such is a rational 
function of 0. 

Accordingly the equation (64) of the fth degree is, in the 
realm of rationality f 2 , a Galois equation with the group of 
substitutions (65) of degree f. 

Art. 246. The inertia realm in its turn is contained in 
a series of other sub-realms of of which each comprises 
the preceding. These sub-realms are such that upon tran¬ 
sition of one to another the prime ideal p 0 = ? r ‘ is con¬ 
tinually reduced, until when the realm $ is reached this 
prime ideal becomes This was proved by Hilbert (see 
tables, Bericht, p. 258), the proof being as follows: 

It has been seen that there exist in $ integers which are 
divisible by $ but riot by $ 2 . 

Among all the congruent (mod. $) integers of this 
land there exists one (Art. 105), say tt, that generates the 
realm $ so that $ = $(x). Further let p be a primitive 
number of $ (mod. $). Consequently all the integers 
ot are congruent (mod. ?) to one of the integers 

0, 1, p, p 2 , p p '-2 

(Aol. I, Art. 224), and it is further seen that 

0, x, xp, xp 2 , • • •, xp p/—2 (i) 

constitute a system of v < integers of <p, which are 
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incongruent (mod. T)- Also observe that 

(D, T) = (C, T(T ‘Th¬ 
or 

P 2f = P f <% T), so that (T T)=p'. 

Thus there are p f integers which present a complete 
system of residues of with respect to T, and every 
integer in ^ is congruent (mod. T) to one of the integers 
in the series (i) above. 

If ti is a substitution of the inertia group, then by 
definition 

tiU=Q (mod. T 

for every integer ft of and in particular 


Since 

it follows that 


tiTr=T (mod. *13). 
7r = 0 (mod. T, 
t ,7r = 0 (mod. < p). 


In general, however, 

Utj£0 (mod. T). 

On the other hand for every substitution ti of the inertia 
group, there is one of the residues of (i) such that 

(66) tiTT = p ai Tr (mod. TV 

As there is an a, corresponding to every t i} let a be the 
smallest of these a,- and let t be the corresponding 
substitution so that 


(67) tTr = p a Tr (mod. T)- 

If then in the sequel we denote by (T) an integer that is 

contained in T, it is seen that (67) may be written in the 


form of an equation 


^7T = p a 7r4-(T)* 


It follows that 


t 2 TT = (£p) a ^r + (T)> 


^=[p“+('p)jpv+(r)]+(F), 
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which, when written as a congruence, is 

i 2 7r = p 2f, 7r (mod. P 2 ). 

And in general 

(68) t m T=p ma Tr (mod. P 2 ). 

If k is the smallest positive integer for which t k = 1, then 
t k 7r = 7r; and p ka tt = tt (mod. P 2 ) or p ka = 1 (mod. P). 
It follows that 

(69) t~ m TT = t k ~ m ir = p (k ~ m)a 7T = p~ ma TT (mod. P 2 ). 

Hence from (66) it is seen that 

t- m tnr = p +ai p- ma Tr = p a '~ ma 7r (mod. P 2 ), 

where t~ m U is a substitution of the inertia group. From 
this formula it is clear that, if a, were not a multiple of a, 
we could so choose m that a. -ma is a positive integer less 
than a, and this is a contradiction to the definition of a. 

From (68) it is seen that every multiple of a is found 
among the numbers a,- or is congruent to one of them 
(mod. p f — 1). Hence, if h is the number of these 
different a.’s, they may all be denoted through 

(70) 0, a, 2a, • • •, (h— l)a; 

and it is further seen that ha must be equal to p f — 1. 

Accordingly h is a divisor of p f — 1 and hence also h is 
relatively prime to p. 

Next let Vi be those substitutions of the inertia group 

for which the exponent a, in (66) is equal to zero, and that 
is, 

(71) V{ir = 7r (mod. P 2 ). 

It is clear that these substitutions also have the 
character of a group and therefore form a sub-group of the 
inertia group, which Hilbert has called the branch-group 
( Verzweigungsgruppe) g v of the prime ideal P. Its degree 
is a divisor of r<, the degree of the inertia group, and may 
be denoted by r V) while the corresponding realm, the 
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branch realm of is denoted by of degree n v >n t . 
(See Art. 234.) 

Were the congruence (71) satisfied for all the substitu¬ 
tions of the inertia realm, that is if h = 1, then would the 
branch-group g v be identical with the inertia group. In 
this case f„ and f< would be identical. 

From (71) it follows that 

(72) Viir — ir = ‘JFQ, 

where O is an ideal of $. Since 7r 2 = < ’P 2 2I, where 21 is an 
ideal of $ which is not divisible by < p, it is seen that 

2I(V,-7T —7r) =71^0, 

and that is, for every integer a in 21 there is an integer r 
in Q such that 

Qf(y,-7T —7r) =7T 2 7\ 

Hence if a is not divisible by and if ay = 1 (mod. ty) or 
q :7 = 1 + (^3), it follows, if we put X = r 7 , that 

(i) ViTr = Tr+T 2 \ (mod. < p 3 ), 
which in the form of an equation is 

ViT = IT + Tl^X + ('if 3 ) . 

Operating on this equation with the substitution v if it is 
seen that 

ViTT = ViTT + Vi'J^Vi'X + ( 23 3 ). 

Observe that 

ViTT 2 = (Viir) 2 = 7!^+ ( < }3 3 ), 

and by definition of v if that 

w»X = X + ( < !P). 

It follows that 

(ii) v 2 tt = 7r+27r 2 X (mod. $*)• 

Similarly it is seen that 

(iii) t;?7r = 7r+37r 2 X (mod. < iP 3 ), 
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and finally 

v^tt = 7r (mod. < i]3 3 ). 
In a similar manner 



v?i r=7r (mod. $ 4 ), 


=ir (mod. <]3 m ). 


Observe that vT - * is a certain substitution of the branch- 
group. Since tt is a quantity that determines the realm 
$ = $ft(7r), it is clear that vir — ir is different from zero for 
all substitutions v except v 0 = 1. Suppose then that is 
the highest power of $ that is a divisor of vtt — tt so that 
the congruence 

Vtt = IT (mod. $ M+1 ) 

does not exist. 


Writing m = f i- |-1 in (73), it follows that tf~ l =s Q) the 
identical substitution. Hence the smallest exponent k 
for which t/f = s 0 must be a divisor of p"" 1 , that is, k must 
be a power of p. The same is true of r v , the degree of the 
group, so that r v = p l , say, where l is a rational integer. 

Due to formula (66) and what was proved in that 
connection, it is seen that for every substitution t { there 
exists the congruence 


tnr=p ma TT (mod. ^P 2 ), 

where m is one of the integers 0, 1, 2, .. h-1. 

If t is the substitution that was used above, it is seen 
that 

t~ m tiTr = Tr (mod. <p 2 ), 

or t m ti is a substitution of the branch group, say v 
It follows that 

(74) <-% = !), or 

Since all the substitutions of this form belong to the 
inertia group and are clearly different from one another. 
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we may write in the Galois sense 

(75) g t = g v -^-tg v -^-t 2 g v -\- • • • -\-t h ~ l g v . 

And that is: the group g t is composed of the complexes 

(76) g v , tg V) t 2 g V} • • •, t h ~ l g u . 

Accordingly, it is seen that 

(77) r t = hr v = hp l . 

Give to m the value found in formula (74) and observe by 
using (69) that 

tit~ m Tr = Tr (mod. < J3 2 ). 

From this it follows that tit~ m = v', where v' is a substi¬ 
tution of the branch-group; that is, t> = v't m . From (74) 
it is seen that 

(78) v't m = t m v or v' = 

a formula which offers the invariance of the branch-group. 

Finally we may define the branch-group as the col¬ 
lectivity of those substitutions v { of the group G which 
satisfy the congruence 

(79) v& = n (mod. ^ 2 ) 

for every integer 12 of $. (Hilbert, Bericht , p. 255.) 
For it was seen in the preceding article that 12 of the 
realm $ is always congruent (mod. <J3) to some integer a> 

of ft, or , . 

ft — a> = 0 (mod. ^3). 

It was also proved above that one or the other of the 
following congruences exists: 

i°, ft —co = 0 (mod. < 3$ 2 ) or 2°, 12-o>=p a 7r (mod. <J3 2 ), 

where a is one of the integers 0, 1, 2, • • •, p f -2. If v { is a 
substitution of the branch-group, it belongs to the inertia 
group. When applied to w, it leaves w unchanged. 

Hence in case 2°, it is seen that 

y,12— o) = Vip a ’ViTT (mod. I $ 2 ). 
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Since v,-p“ = p a +flP) and vnr = tt- f (<P 2 ) [see formula (71)], 
it follows that 

Vip a -ViTr = p a Tr-\-(ty 2 ). 

We therefore have 

v.ft — o)=p a Tr = Q- a) (mod. ? 2 ), 
a congruence which is also true in case 1°; that is 

t\ft=ft (mod. <P 2 ) 
for every integer ft of $. 

As 7r is an integer of $, it is seen that the congruence 
just written exists also for t and that is, v { satisfies the 
congruence (71), through which the branch-group was 
defined. Since a fortiori the congruence 

v$l = ft (mod. < ’P) 

exists for every integer ft of $, it is clear that is a 
substitution of the inertia group, being in particular a 
substitution of the branch-group. 

If next we let t v denote the realm f of Art. 243, so that 

f=fv, 9 = 9v, r = r v = p l , 

then g 0 , the group common to g v and g z , is here g V) so that 
ho = r v and e 0 = 1. 

Further the substitutions common to g and g t form here 
the group g V) so that to = r„, w 0 = 1, v 0 =f [see formulas 
(50), (62) and (40)]. Due to formula (77), since r t = doto 
[formula (54)], it is seen that do = h. 

It follows that the general formulas of Art. 244 take 
here the form 

£>Po = n()po)=p f ; 

and it is seen that p„ = $ r * is a prime ideal factor of p of 
degree f in the branch realm, and consequently the prime 
ideal p 2 = p< = p r ‘ by transition to the branch realm, which 
contains the inertia realm (due to the relation p, = p, = pj) is 
factorable into h equal prime ideal factors of the fth degree. 
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(Hilbert, p. 256.) 


The branch realm of degree — = n p is, with regard to 

' v 


the inertia realm, 
realm of degree 


which is of 


degree n t = 


N 

rt 


a relative 


— = ~ = h 

n t r v 

Hence an integer v which produces the realm f v satisfies in 
ft an irreducible equation of the hth. degree: 

(80) V h + 8 lV h -' + 8 2 r 1 h - 2 + • • • +$a = 0, 

where the 8’s are integers in f t . 

And the other roots are had through application of the 

substitutions of the inertia group which do not belong 

to the branch-group, and that is through the substi¬ 
tutions 

(81) to = s 0 ( = 1 ), t, P, t h ~\ 

where t is the substitution employed in (76). If, 
however, rj is any number of f v , then also are t m ri (m = 1 , 2 , 
•••, h— 1) numbers of f„. For, due to formula (78), 
corresponding to every substitution v' of the branch- 
group there exists a substitution of the same group, for 
which t m v = v't m . Further since vy = tj for every integer ti 
of t v , it follows that 


V 't m 7] = t m vn = t m Tj, 

so that the number t m 77 is a number of F„; and since rj may 
be taken as an integer which produces t v , it follows also 
that t m 7) is a rational function of 77 and accordingly the 
equation (80) is, with respect to f v , a relative Galois 
equation with the cyclic group of substitutions (81) of 
degree h. 

Art. 247. Since the congruence (71) exists for every 
substitution of the branch-group g v , it may be possible 
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that this congruence exists for a power of $ higher than 2 
as the modulus. 

Suppose then that the congruence 

(82) Viir= 7r (mod. $ x ) (x^ 2 ) 

exists for every substitution t\- of g v , it being presupposed, 
however, that the congruence 

Viir = 7r (mod. < J$ X+1 ) 

does not exist for every such substitution. 

It is clear that those substitutions Vi of g v , for which 

Viir = 7r (mod. <)3 X+1 ), 

form a new group, a sub-group of g v . This group may be 
called a one-stroked branch-group g- e of the prime ideal 
The associated realm is called the one-stroked branch 
realm of the prime ideal % Its degree may be denoted 
by n- 0 while r- c denotes the degree of g- v . Since the latter 
is a divisor of r v = p l , it must be a power of p say p l . 
Writing l — l = e, it is seen that 

(84) r v = rip*. 

Accordingly, the group g v consists of p e complexes of the 
form 

(85) Vog- v =g-„ v# h v 2 g,, • ••, v p ^g- e ; 
and it shall be proved that the substitutions 

(86) v 0 = s 0 , »i, v 2 , • • •, 

which, excepting Vo, do not belong to g^, have the property 
that for any arbitrary two, say v { and v k) the relation 

( 87 ) ViV k ~v k ViV 

exists, where v is a substitution of g 5 . 

It was proved (see Art. 64) that every integer ft of $ 
was congruent (mod. $ x+1 ) to an expression 

Oo-f a]7T-{- a s v*4-baxir x , 
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where the coefficients <*, are integers in St. More particu¬ 
larly, we may assume that these coefficients are integers 
of the inertia realm. For it was proved in Art. 245 that 
any integer of $ was congruent (mod. 23) to an integer <x 0 
of ft ; and that is ft = a 0 +23O, where O is an ideal of 
Since tt = 232I, 21 being an ideal in $, it follows that 

2l(ft — or 0 ) =7rO or a(Sl — a 0 ) = ttt , 

where a and r are integers of $1 and O respectively and a 
is not divisible by <J3. Hence if ay = l (mod. $), or 
<*7 = l + (23)> it is seen that SI — a 0 = Tr<r (mod. 23 2 )> where 
a = yr is an integer in $, which may be taken (mod. 23) 
congruent to a ]f ai being an integer in h. It follows that 

Sl = a 0 -\-aiT (mod. 23 2 ); 

and by repetition of this process, it is seen that 

Si = <*o+ oi\TT -f- a 2 7T 2 + • • • +a\7T x (mod. < 53 x+1 ), 

where the a s are integers of f<. 

From formula (82) it is seen that v$c = 7r+23 x Q> where 
O is an ideal in St. 

If 

tt x = n 

then is 

— 7r) =7r x O; 

and as above 

(88) v ,7T = 7T + 7T X <T ; 

and similarly, 

VkW = T r -\- 7r x (Tk (mod. 23 x+1 )> 


where <n and are integers in 
Accordingly, it is seen that 

lVT X = 7T X +(r +1 ), 

while 

t>*0'» = o't+(23)> 

and consequently 

Vk(?iTr X ) =0’i7r x +( < !p x+1 ). 
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Hence from ( 88 ) it is seen that 

VkViTr = VkTr-\-Vk(Tr x <7i) (mod. *ip x+1 ) 

= 7T + 7rV* + 71^<T; (mod. ^$ X+ *) ) 

and similarly 

Vti;fc 7 r = 7 r+ 7 rV»+ 7 r X (r* (mod. < ?$ X+I ), 
so that finally 

VkViTr=ViVkTr (mod. ^P x+1 ). 

If then, as above, any integer ft of $ is expressed 
through a congruence (mod. $ x+1 ) in a power series of tt, 
and if we observe that the coefficients a of this power 
series (being integers of f) remain unchanged when 
operated upon by the substitutions Vi, Vk of the group g l} 
it is clear that 

v k Vi^=ViV k i 2 (mod. $ x+l ), 
or 

(mod. < >|3 X+I ). 

It follows that the substitution Vt 1 vT 1 VkVi is a substitution, 
v say, of the one-stroked branch-group g 5 . And from 
this it is seen that 

VkVi = ViV k V, 

where Vk, Vi are arbitrary substitutions of g v . If in 
particular Vk is a substitution v of g 9 , then is v'vi = Viv", 
where v" is a substitution of g- 9 . 

Next take the one-stroked branch realm fc in place of 
the sub-realm f of Art. 243. If f=f*, it follows that 

g = g-„ r = r- c = p l , 

while g 0f the group common to g and g t , becomes identical 
with g 9 , so that h 0 = r 9t e 0 = l, and U = r 9) u 0 = 1 , v 0 =/. 

Further, since r ( = doto = d^r 9 and r t = hr V) while r v = p l , 
it follows that do = hp l ~ r , or do = hp ‘ e . Accordingly, observe 
that in Art. 244 the prime ideal p 0 becomes here the ideal 
Pf of the realm f- e , the general formulas being 

pi = $ ri =<j$ pI , while n(ps)=p / . 
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Note that the prime ideal p v = ^ is of the /th degree in 
the branch realm f„, and that when a transition is made to 
the one-stroked realm f h which contains it is seen, due 
to formula 

(Pi) p7 =^ p7 - p " ; =$ p< , 

that pt, becomes factorable into p e prime factors, each of 
degree /. The realm f- 0 is, with respect to f„, a realm of 
degree 



And if 7) is an integer which produces this realm, then ij 
satisfies in the realm f„ an irreducible equation of the p e 
degree of the form 

(90) -+5 P ; = 0, 

where the 5’s are integers in This equation, relative 
to f„, is an Abelian equation. For the other roots of (90) 
that are conjugate to ^ are had, if rj is subjected to the 
substitutions g v which do not belong to g- ot and that is, to 
the substitutions (86). If y, is any of these substitutions, 
then due to formula (89) corresponding to every substi¬ 
tution v' of g v another substitution v" of g v may always be 
determined, such that 

v'Vilj = Viv'rj = ViJj. 

And that is, the integer remains unaltered, when 
subjected to the substitutions of g- 0 , and consequently vifj 
belongs to the realm This proves that every root of 
(90) may be expressed rationally through rj and the 
numbers of the realm t v . 

Accordingly, write 

ViV ) 

and similarly, if Vk is any of the other substitutions (86), 
put 


VkV^fkiy)- 
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It follows that 

VkViTj =fif k (v) and v i v k Tj=f k f i (rj). 

Further if v is a substitution determined as in (87) , so that 
ViV k = v k ViV, then is ViV k rj = v k VivJj = v k Vifj. 

And that is 

This proves that the equation (90), relative to is an 
Abelian equation. 

Art. 248. We may continue in a similar manner. 
Let X denote the highest exponent such that for all 
substitutions v of g-„ the congruence 

V7r = ir (mod. p x ) 

is satisfied, while the congruence 

vir — 7r (mod. p x+1 ) 

is not satisfied for all the substitutions v of g- B . Then 
those substitutions of g t which do satisfy the latter 
congruence, constitute a new group, a two-stroked branch- 
group, gi of and this group is contained in g- v . Its 
associated realm may be called the two-stroked branch 
realm. 

It is clear that this new group g 9 is related to g- v in 
precisely the same way that g- v is to g v . The analogous 
results may be worded as follows :The degree of g t is a 
power of p , say p\ and if we put 1-1 = 1, the prime ideal 
upon transition from the one-stroked to the two-stroked 
branch-group, due to the formula 

Pi=(pii) pJ 

is factorable into p l equal prime ideal factors of the fth 
degree that belong to the realm fp; and, moreover, the integer 
\ which produces U, satisfies an irreducible equation of the 
r degree, which with respect to % is an Abelian equation. 
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In the same way if we proceed to a three- or more- 
stroked branch realm, it is clear that there is further 
factorization of the prime ideal factors of p. Since each 
of these successive realms is a super-realm of the one 
immediately preceding, its degree is also a multiple of the 
degree of the preceding one; and finally one of these 
realms must be identical with $ itself. With this the 
process is closed and the ideal ^ itself appears as the ideal 
factor of p. The results that have been derived are found 
in the following table, in which the realm $ is assumed 
to be a three-stroked realm. (Hilbert, Bericht, p. 258.) 


f* 

ft 

fr 

u 

ti 


T t 

Tt 

Tv 

Tv 

n 

l 

N 

N 

n,= T t 

3 

II 

N 

ni = - 

Tv 

N 

n e = — 
n 

N 

A 


h = r - 

Tv 

e r • 

P=~ 

T o 

i ri 

p e = — 

y n 

V l = T % 

P = P* 


m 

Pr = P f 

Pi=r’ 

= y r i 



In the first row are found the realms that have been 
considered; in the second row are given the degrees of 
the corresponding groups; in the third row we have the 
degrees of the realms; in the fourth are the relative 
degrees with respect to the next lowest realm; and 
finally in the last row appear the prime ideals of the 
realms and their values in terms of powers of 

The fact that the degree N of the group G is a multiple 
of the degree of each of its sub-groups, while the degrees 
of the branch-groups are powers of p, shows that, if N is 
not divisible by p, there can be no stroked branch-groups 
or realms present, and that a branch-group f v can only 
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exist if r v = p l = 1, and that is, only if the group g v 
consists of the identical substitution. In this case the 
branch realm f v is identical with $. 

More generally, this identity will exist also in the case 
where N is divisible by p, while the degree r, of the 
inertia group is not divisible by p. For due to the fact 
that r t = hr v = hp l , it follows that p l = 1. 

If, however, r t is divisible by p , this same relation 
shows, since h is not divisible by p , that r v = p l > 1; and in 
this case f„ is a sub-realm different from $, so that there 
is at least a one-stroked branch realm present. 

It is further seen from the theorems relative to the 
equations through which are determined the integers 
that produce the series of realms, that the integer A, 
which generates the Galois realm $, satisfies, with 
respect to the nearest sub-realm of the series, an Abelian 
equation; or, if $ is identical with the branch realm or the 
inertia realm, then the integer A satisfies a cyclic 
equation with respect to f,, or with respect to f 2 re¬ 
spectively. In other words: The inertia realm f, is 
relative-cyclic with the relative-degree / with respect to 
the separation realm f z ; the branch realm f„ is relative- 
cyclic of degree h with respect to the inertia realm f t . 
The one-stroked branch realm U is a relative Abelian 
realm of relative degree p' e with respect to f p ; the realm h 
is a relative Abelian realm of relative degree p° e w r ith 
respect to f*. Observe that the degree of each Abelian 
equation is a power of p and that A is expressed through 
the integer that produces the first preceding sub-realm by 
the extraction of roots. The integer, however, that 
produces this sub-realm in turn is expressed through 
those which generate the next sub-realm, so that finally 
the integer A that generates $ = 9?(A), that is the Galois 
realm, is determined through the integer that produces 
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the separation realm by means of extraction of roots. 
And this result of Hilbert may be expressed as follows: 

The separation realm of every prime ideal in the Galois 
realm is a realm of rationality , in which the numbers of the 
Galois realm are to be had through expressions which involve 
only the extraction of roots. (Hilbert, Bericht , p. 263.) 

This theorem offers, besides its importance relative to 
the algebraic solution of equations, another highly 
interesting feature in that the intimate relation between 
the theory of numbers and algebra is brought to light in a 
pleasing manner. 

The theorem shows that it is just those realms which 
are used in the gradual factorization of p into its prime 
ideal factors that are also adapted to offering the alge¬ 
braic solution of the equation through which the Galois 
realm is determined. 

The Hilbert theorem puts in a clear light the signifi¬ 
cance of the theory of those algebraic equations that 
admit solution through the extraction of roots. 

Art. 249. We are now in a position, through the 
consideration of the above series of sub-realms of the 
Galois realm, to determine the exact power of as well 
as of p, which is a divisor of the different or of the 
discriminant of the Galois realm. To this end the 
following theorems must be proved: 

Theorem I. The different of the inertia realm is not 

divisible by the prime ideal 

If coi, co 2 , • • form a basis of all integers in L, the 
elements of are ideals in $, namely, 

e' = {coi — swj, uz — sui, co 3 —sco 3 , •••), etc., 

where s is a substitution of $, that does not belong to the 
inertia group. Observe that the different (Art. 77) is 
the product of these elements. Now one of these 
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elements can be divisible by P only if each of the differ¬ 
ences o)i-so)i is divisible by p and therefore also if for 
every integer a> of f t the difference a; —sw is divisible by p. 

If then o) is any integer of the prime ideal p<( = p r <) of 
ft, then is divisible by P, and as w — su is divisible by p, 
it follows also that sco is divisible by p, and therefore also 

sp< = (sP) r ‘ is divisible by the prime ideal P and conse¬ 
quently sP = p. 

In Art. 245 it was seen that every integer Q in $ was 
congruent (mod. P) to some integer w in f t ; and that is 

Q = co (mod. P). 

It also follows that 

stt=so) (mod. $P), 
or 

stt = soo (mod. p). 

It follows, if sco — cu, that 


sQ = Q (mod. P). 

Accordingly, s belongs to the substitutions of the inertia 

group, contrary to the hypothesis made regarding this 
substitution. 


Theorem II. The relative different of the branch realm 
f„ relative to the inertia realm f, is divisible by Spv-n = p»-i 

but by no higher power of ip. (Hilbert, Bericht, p. 259.) 

For this case let an, an, an, • • • be a basis of all integers 
of f„. Then is every element of f„ that enters as a factor of 
the relative different an ideal of the Galois realm, namely 

(91) (ai — TUi, 0)2 — 70)2, 0)3 — 70)3, • • •), 

where 7 goes over each of the substitutions t" (m= 1,2 

'y ,h ~rJ ° f , the grou P So Which is not a a substitution 
of g v . [See formula (76).] 

Observe that for every integer fi of .SI', therefore a 
fortiori for every integer o> of f„, the difference 0 ,- 70 , is 
divisible by This difference is also a number of f 
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owing to the fact that for every substitution v of the 
branch-group there exists another substitution v' of the 
same group, such that 

t m v r = vt m , 

and therefore 

v(u — t m <o) = vw — t m v f 0 ) = (co — t m Co). 

From this it is seen that co —2 m co is unchanged by every 
substitution of g v . 

Accordingly, u-t m co is a number of the ideal p v ( = p r -), 
which, by definition, consists of all numbers common to 
P and f v . It follows that co — t m a> is divisible by p rp . 

It is thus seen that each of the elements (91) is divisible 
by P r ’, and these elements are all ideals of p. It will be 
proved next that none of these ideals (91) is divisible by a 
higher power of p. For were there a higher power of $ 
as factor, it would follow that each of the differences 
Ui — t m Ui, and therefore also for every integer co of t v the 
difference <a — t m co would be divisible by P rp+1 . It may 
be proved, however, that there is a number of l v for which 
this is not true. 

For (Art. 63) let co be a number in f„ that is divisible by 
P»( = < ? r '’) but which is not divisible by and let tt be an 
integer of $ (Art. 245) that is divisible by ^ but not by 
sp 2 . Let 7r be a primitive integer of $ (mod. P). We 
may then write 

C0=p r ’O, T=W, 

where D and 21 are ideals of which are not divisible by 
p. It follows that 

2T b C 0 = 7T r,, 0. 

Accordingly, there is an integer a of 2T P that is not 
divisible by P and a corresponding integer r of O, such 
that 
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If further 
it is seen that 


ay = l (mod. $), 


w = ttV (mod. <P r « +1 ), where ry = a. 

It also follows that 

(92) w = 7r r 'p /1 (mod. ]T’ +1 ), 

where p is [see formula (66)] one of the numbers 0, 1, 
2 > •**> V, V f ~ 2. 

For each of the substitutions t m which belong to g t 
but not to g v we may write [see formula (67)] 

t m 7r=p a Tr (mod. ]3 2 ), 
where a is one of the numbers 

(93) a, 2a, 3a, • • •, (h — l)a. 

From (92) it is seen that 


t^ = t m TrH m p^ (mod. <p r * +1 ) 

=P ttr '7rV i (mod. ^P r « +1 ) 

(mod. <P r ’ +I ), 
or 

t m (j) = o)p aT v (mod. $ r » +1 ). 
It follows at once that 


w-£ m co = co(l-p°V) (mod. ^vf 1 ). 

Due to this congruence it is seen that is not 

divisible by For in that case it would follow that 

1 p"’ is divisible by which would require that cer. be a 

multiple of p' -1. And this is not possible; for r, = p‘ is 

relative prime to p'-1, and a, one of the numbers of (93) 
is less than p / ~l = ha. 

From this discussion it follows that each of the 
elements (91), whose product is equal to the relative 
different of f. with respect to f„ is divisible exactly by 
$so that the relative different is divisible by 
- ?'• as is required by Theorem II. 
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Theorem III. In a similar manner: The relative 
different of f 5 relative to F„ is divisible by 
exactly , while the relative different of t- 0 relative to F 0 is 

etc# 

For, if wi, co 2 , • • • form a basis of all integers of F„, then 
the elements of the realm relative to f v are ideals 

{k>l Cd 2 Vttify CO3 — VU)^, • • • }, 

where v goes through the substitutions of g v that do not 
occur in g B . But for a number w of F a the difference 
co vco is divisible by <P X , with the result that <P X takes the 
place of < ’J$ in the previous discussion. 

It has been shown (Art. 187, end), if $ and F are any 
two realms where F is a sub-realm of St, that the different 
of St is equal to the product of the different of F by the 
relative different of St with respect to F. It follows that 
the different of the Galois realm contains ^3 exactly to the 
mth power, where 

m = r t - r v +X (r„ - r 5 ) + X (r 6 - r£) H-. 

In Art. 240 it was seen that the discriminant D of the 
Galois realm was equal to the ATh power of the different, 
so that D contains the prime ideal $ as a factor exactly 
to the Nm power. 

On the other hand due to formula (41), which is 
(41) p = (T^s-2^* • • •s nr i?) r ', 

it is seen that every prime factor p, as often as it is 
contained in D, introduces to the r t power in D, so 
that, if we put 

r t fj. = Nm, 

then is p the power to which p enters D as a factor. 
Accordingly, from the relation just written we have 


p = n t m. 
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It is thus seen that the discriminant of the Galois realm 
contains pas a factor to the /xth power, where 

(95) \i = n t [r t -r v +\(r v - r 5 ) +X(n -r 6 )4-]. 

Due to the general theorem proved in articles 75, 77 and 
92, it is seen that 

(96) j/i («i-d+/«<v- 1 >+— 

enters as a factor in D, if the decomposition of p into its 
prime ideal factors is 

where is of degree/,- (i = l, 2, • • •); and it was proved 
that the power (96) was the highest power of p that 
enters D if none of the exponents e, is divisible by p. 
Due to formula (41) it is seen that e { (i = 1,2, 3, ■••) is 
equal to r, and the number of the prime ideals $ is n Z} 
each ideal being of the /th degree. Accordingly, if r t is 
not divisible by p, then n must be identical with the 
power of p in (96). In fact under this condition there 
exist no-stroked branch realms and F„ is identical with $, 
so that r„ = 1 and n = n t (r t — 1), which value is identical 
with the exponent in (96), and that is with f(r t -l)n g . 
Since fr t — r 2 (^formula (40)] and r z n z = N, this number is 

r « r t [ r,J 

This case occurs necessarily if N, the degree of is not 
divisible by p. 

A still more general formula for the factorization of p 
is given in Art. 256. 

Art. 250. There is an interesting theorem due to 
Minkowski 1 which may be introduced here, a theorem 
which has to do with the units of the Galois realm. 

1 Mink0Wski * Gm - Nac ^ 1900. p. 90; Collected Works, Vol. I. pp. 316-319. 
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Since the conjugate of a number of the Galois realm is a 
number of this realm, it is clear that the conjugates of 
every unit of the Galois realm are units in this realm. 
Accordingly the question was raised and proved to be 
true by Minkowski, that the s-1 independent units, 
which occur in the general theorem of Dirichlet (Arts! 
Ill ff., where the $ here is the v of that article) and 
through the composition of which all other units of a 
realm may be expressed, may, in the case of the Galois 
realm, be chosen as units conjugate among themselves. 
If among the n conjugate realms $ (1) , $ (2) , • . -, $(»> 

there are r x real realms and r 2 = —~ pairs of conjugate 

imaginary realms, and if s = ri+r 2 , it was proved that 
there are $ — 1 independent units, through the product of 
powers of which all other units may be expressed. 

If 

F(x)=0 (i) 

is the equation which produces the Galois realm, then 
each of its roots is a rational function of an arbitrary one 
of the roots with rational coefficients. It follows that 
all the roots are either real or they are all in pairs conju¬ 
gate imaginary. Hence the number s in the first case 
equals N; and in the second case this number is N/2. In 
the first case let 

(97) A h A 2 , - A a 

be the roots of (i); and in the second case let one root of 
each pair of conjugate imaginary roots be denoted by 
Ai (i= 1, 2, • • *, s). 

The number A which produces the Galois realm is 
found in the first case among the roots (97); in the second 
case choice is so made of the roots that A is one of them. 
It is seen that the following equations are true: 

A h =f h (A), A = <p h (A h ) (A-1.2, • ••.«). 



THE GALOIS REALMS OF RATIONALITY 617 


where f h and (p h denote rational functions. From these 
equations it follows that A = <p h \Jh{A)~\\ and due to the 
irreducibility of equation (i), it follows also in general that 

(98) <p h [f h (A k )]=A k (h t k=l,2, •••,*). 

Further, since f k (A) is a root of the irreducible equation 
(i), it follows that fh(A k ) is also a root of that same equa¬ 
tion and accordingly 

(99) MAO, f h (A*), MA.) 


are s roots conjugate to A. Moreover, no two of these 
roots are equal or conjugate imaginary; for, were fh(A k ) 
and//,(A,-) two such roots, then also must this be true of 
<Ph(fh(A k )) and <ph(fh(Ai)) and that is of A k and A { which 
is contrary to the choice of values (97). Accordingly the 
absolute values of the quantities (99) must be equal to 
those of (97). 

Next let« be a unit of the Galois realm, which being a 
number of this realm is equal to a rational function of A, 


say 

Accordingly 


e = \p{A). 


ei — \p(Ai), e 2 — \J/(A 2 ), • • *, e, = i p(A t ) 

are the conjugates of which correspond to (97). 
On the other hand 


**=WA0=*Di(A)] 

is also a unit of the Galois realm and 

(100) fDMAOl *[ MA 2 n *0«A.)] 

are the conjugate units that correspond to the values 
(97). In view of what was said regarding (97) and (99) 
the absolute values of the quantities in (100) must be 
equal to those of the conjugate quantities €j, c 2 , • • *, e a . 

Now we may so choose the unit c, which due to the 
Dirichlet theory (Art. 121) is always possible, that the 
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conjugate value, which is taken as t(A), is in absolute 
value greater than unity, while the remaining conjugate 
values are in absolute value less than unity. Then for 
the unit e h there will correspond a single one of the 
conjugates, namely that number of the series (100) in 
which fh(Ai) is the equal of, or the conjugate imaginary 
°f A f when A, = <p h (A). The absolute value of this unit is 
greater than unity, while the absolute values of all its 
conjugates are less than unity; and further these conju¬ 
gate values, due to (97), for /i = l, 2, s must be 
different from one another, since the same A> cannot be 
equal to, or be the conjugate imaginary of two of the 
quantities 

VziA), •••, ps(A). 

Also observe, as h goes through the series 1, 2, • • •, n, 
that the first of the conjugate values chosen above cor¬ 
responds to another of the values (97). 

From this it is evident that any 5 — 1 of the conjugate 
units 

* 2 , '' •> e * 

are just such s —1 units of the Galois realm as are 
required (Art. Ill) to constitute a system of independent 
units. 

Accordingly, we have proved the theorem: In the Galois 
realm there is always a unit such that every unit of the 
realm may he expressed as a product of this unit and its 
conjugates , with rational integral exponents. 

EXAMPLES 

1. In the Kronecker Theory, Grundziige, p. 33, every algebraic 
realm may be made a sub-realm of a Galois realm. Find the 
modification that must be made in the units as determined above 
in the Galois realm to obtain a fundamental set of units for the 
algebraic realm in question. 
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2. Using Hilbert’s Theorem 39, prove that the Galois realm 
that is compounded of any algebraic realm f and its conjugates, 
has as divisors of its discriminant only the rational prime integers 
which divide the discriminant of f. 

3. Two realms of degrees ni and r? 2 whose discriminants are 
relative prime, when compounded, produce a realm of degree njn^. 

4. Two realms of degrees r?i and n 2 with discriminants di and (k 
that are relative prime, when compounded, offer a discriminant 
whose value is d^dlK (See Hensel, Crelle, Vol. 105, pp. 329 ff.) 


i 



CHAPTER XVI 


DEVELOPMENT OF ALGEBRAIC NUMBERS IN 
SERIES. THE p-ADIC NUMBERS 

Art. 251. We shall give here a cursory discussion of 
Hensel’s method 1 of treating algebraic numbers by 
means of series (p-adic numbers) and in particular the 
factorization of the discriminant of a given realm $(<o). 

Let ffi(co) be a given realm of the nth degree which is 
produced by the integer co and let a>j, w 2 , • • •, o> n denote 
the integers conjugate with and including o>. In this 
realm let 

(1) p = pj 1 •p2 2 'p3*‘ * * * 

be the factorization of the rational prime integer p into its 
prime ideal factors pi, p 2 , ••• of degrees /,, / 2 , ••• 
respectively. Denote by p c the power of any one of these 
prime ideal factors of p and let / denote the degree of p. 

Then (see Art. 64, or Hilbert, Theorem 29) note that 
every integer of $R(w) is congruent (mod. p m ) to a definitely 
determined expression of the form 

(2) Ao + Ai 7T+A 2 7T 2 + • • • +A m _i7r m “ 1 , 

where the primitive number tt is divisible by p but not 
by p 2 . The quantities A,- may be written in the form 

(3) Ai = a t0 +a,ip+ai 2 p 2 -f“ • • (i=o, l, •••, m—i), 

1 This chapter is taken for the most part from Hensel, “Ueber die Entwick- 
lung der algebraischen Zahlen in Potenzreihen,” Math. Annalen, Vol. 55, 
pp. 30 ff. See Hensel, “Neue Grundlagen der Arithmetik,” Crclle, Vol. 127, 
p. 50; and Hensel, “ Ueber eine neue Begrundung der Theorie der algebraischen 
Zahlen,” Crelle, Vol. 128, p. 1. See also Bauer, Math. Zeitsch., Vol. 16, pp. 1 ff. 

This theory was worked over by Bachmann, AUg. Arithmetik, pp. 521 ff. 
An excellent account of p-adic numbers with numerous references by Wahlinis 
found in the Report on Algebra ic Numbers, §§ 21-38. 
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where the a’s can take all values from 0 to p — 1. Further 
p is a root of an irreducible (mod. p) congruence 

(4) P(x)= 0 (mod. p) 

of degree /, whose coefficients are rational integers, 
reduced (mod. p) . If y — r/a is fractional, determine k, so 
that T7r k = crX = p, or yn k = \, where r, cr, p, X are integral 
(Yol. I, p. 380). It follows that y is of the form (2), al¬ 
though the expression may begin with negative powers 
of 7 r. It is seen that for any number £ of 9?(u) and for 
an integral value of m, arbitrarily large, the following 
congruence exists: 

(2a) r^TT'-Mr-HTT^d- • • • +A m - l TT"- 1 (mod. p"), 

where the exponent r is called the order of T (mod. p) and 
is a rational integer, positive, negative, or zero. 

It is clear (Art. 63) that the number p may be replaced 
by any congruent (mod. p) integral expression 

(5) p = pd-ai7rd-a 2 7r 2 +• • 

and the number tt through any integral expression 

( 6 ) 7f= b 17T —{-&27T 2 —1“ 2>37T 3 •• *. 

Here bi is relative prime to p, since w must not be 
divisible by p 2 . 

By making use of such substitutions it is possible to 
determine a new integer p which satisfies the congruence 
(4) not only (mod. p) but also for any arbitrarily large 
power of p as modulus. Observe first that the number p 
which satisfies the congruence (4) cannot also satisfy 

P'(p) = 0 (mod. p). 

For since the irreducible (mod. p) function P(x) is 
relative prime to P'(x ), we may always determine a 
congruence 


P(x)<p(x) +P'(x)\/,(x) = 1 (mod. p), 
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which shows that P(x) and P'(x) are not simultaneously 
divisible by p. 

Suppose next that p has been so chosen that P(p) 
is exactly divisible by p* where 1^1, and consequently 
P(p) has the form 

C/7r z + Ci + i7r z+1 + • • •. 

If then p is replaced by p+Aw l it is seen that 

P(p+Air l ) =P(p)+A 7 r i P , (p)+ . . . 

= 7r i [C / +AP'(p)]+.... 

Since P'(p) is not divisible by p, we may so choose A that 
C/+AP'(p) is divisible by p. Hence writing p+A. 7 r* = p*, 
it is clear that P(p*) is divisible by p m ; and continuing 
this process it is seen that an integer may be determined, 
say x, such that P(x) is divisible by an arbitrarily high 
power of p. 

Further, the number tt may be replaced, as follows, by a 
value 7 f which is more suitable for our purposes. Since 

7 r is exactly divisible by p and p by p e , it is seen that — 
is (mod. p) of the order zero, and we may put 

— = — [BQ + BiTT Bilt 2 + * * * B e —i7T e 

+P e 7 r e +P e+ i 7 r e+1 H-(mod. p m ), 

where the quantities P, belong to the realm 3?(p) and 
B o^O. Hence, writing 

~ I" Bq~\~ B \TT “|-bPe-l7r e_1 = P', 

we observe that (mod. p) B' is at least of the order e. 
Further and in a similar manner, writing 

~ + Bq-\- B[ir + B'zn 2 -{-••• B'e-\TT e ~ l = B", 
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it is seen that B" is at least of the order e; and continuing 

j+B" 0 +BW+ ■ ■ ■+BUr~' = B'" 

is at least of the order e; etc. 

Observe that 

pB' = ir c +pBo+pB l 7r-l - \pB<-nr e ~\ 

p 2 B" = pB' +p 2 B' 0 +p 2 B[Tr + - • • +p 2 B' e - i ir'-\ 

p*B /, ' = p 2 B''+p 3 B , Z+p>BU+ • • • +p 3 B'L^-\ 


Writing 

(7) pc, = p5 1 +7^:+p 2 b; , + ... 

and adding the above expressions, it is clear that 

(8) $(7r) = TT* + pC e-iTT*-' 

-{-pC e -oTT e ~ 2 -j- • • • -fpC o =0 (mod. p” 1 ). 
It is thus proved that 7r is a root of a congruence 

(9) $(*) =0 (mod. p"), 

whose coefficients, except the first one (which is unity), 
are all divisible by p, while the last coefficient 

pCo = pBo-\-p 2 Bo-\-p 3 B'o-\- • • • 

is not divisible by powers of p higher than the first. 
Thus applying the theorem of Schonemann (Vol. I, Art. 
11 ), which is also applicable for algebraic integers, it is 
seen that the function $(.t) is irreducible in the realm 9 i(p), 
the realm to which the coefficients of <£(x) belong. Ob¬ 
serve that the greater the power of p and the farther the 
series (7) advances, the larger are the values of the 
coefficients C,-. It is possible, however, to replace the 
number 7 r, according to which the series is developed, by 
another number of the form ( 6 ) for which in contra¬ 
distinction the coefficients C t - remain below a finite limit, 
however high the power is chosen. (See Hensel, 
Tlieorie der algebraischen Zahlen , Chapt. II, § 5 .) 
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Observe that the single terms which constitute the 
function $(tt) in its development in formulas (8) and (7), 
that is, terms of the form 


p h B 

when present, are, with respect to p of the order he+i. 
All these individual terms are of different orders (mod. p) 
excepting the two terms ir e and pB 0 , which are of the 
same order. Observe that this is also true of the 
derivatives of $(tt), and that is, of 

$'(tt) $"(7r) $'"(71-) $ (e) (7r) 


( 10 ) 


2! 


3! 


e ! 


Next consider those terms in $(tt), whose orders are less 
than or equal to k , where A: is a number determined later. 
Let these terms constitute the function $(7r), so that 

$(7r) =$(7r)+X(7r), 

where the terms of X(7r) are of order higher than k. It 
follows that 


(11) $(7r) • • • (mod. p m ), 

where l>k. Next write 7f = 7r-fX7r r , where X is not 
divisible by p. It follows that 

(12) ¥(5r) = ¥(x) +X*-'¥'(ir) + (X^) 2 + • • • 

= D ITT 1 D t+iTT 1+1 ' • • H-X7T r $'(7r) + • • • . 

Suppose that the orders of $ (t) (7r) (t = l, 2, ••*, e) are 
respectively pi, p 2 , • • *, p e • Hence the terms to the 
right in (12) are respectively of orders 

l, Z+1, • • *, Pi-fr, p 2 + 2r, • • •, pc+^r. 

Suppose next that r 0 is the smallest integer for which 

Pi+**o<p»+w , o (t=2,3, •••,«), 

so that consequently r 0 is greater than all the numbers 



(i = 2, 3, •••,€). 


i -1 
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Hence for every number r which is >r 0 there exist the 
inequalities 

Pi+T<pi+ir (i=2, 3, •••, e); 

and consequently due to (12) we may put 
(13) *(tt) =^(7r) + CX7r r+p >+ • • • 

= (-D/7T 1 + - ' • ) “I - C , X7T r ”*” Pl —J- • • • , 

where C\iv T+l>x is the term of lowest order in X7r r> L'(7r), all 
the following terms being of higher order. 

The rational integer r 0 -{-?*! — 1 is fixed, dependent only 
upon the expressions (10), and is independent of the 
distribution of $(tt) into its two component sums of 

^(ir) and X(7r). 

We shall choose it for the number k introduced above. 
It follows that Z>r 0 +pi. Hence if we choose r-\-pi = l, 
it follows that r^r 0 , which condition must be satisfied. 
In this case the right hand side of (13) begins with a 
term of lowest order 

(D i + C\)tt 1 . 

Since C is not divisible by p, a suitable choice of X can be 

made within ffi( «), so that ZU+CX is divisible by tt. As 

the same process may be repeated without altering the 

value of h, it is evident that by the introduction of 

numbers f = 7f+X , 7r r ', etc., in the place of 7 f, etc., any 

number of further terms in (11) may be made to disap¬ 
pear. 

In other words, instead of tt another number w of the 
form (6) may be found such that the congruence 

is satisfied with respect to any arbitrarily high power p w 
as modulus. 

The left hand side of this expression consists of a finite 
number of terms that have been previously fixed and 
determined through k. It is thus proved 1 that every 

1 CI. Hensel, Math. Ann., 55, p. 306. 
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number t; of 9i(a>) with respect to an arbitrarily high power 
of p as modulus, may be uniquely expressed in the form of a 
series 

(14) ^ = A r 7r r +A r+ i7r r+1 +• • • (mod. p m ). 

The two numbers p and tv, the development numbers, which 
appear in this expansion, may be so chosen that p satisfies 
the congruence 

(15) P(x)=0 (mod. p m ), 
while 7 r satisfies the congruence 

(16) 4>(:c) =0 (mod. p m ). 

The function x) has the form 

(17) V(x) =x e +pC e -iX e ~ 1 -\ - \-pC 0 , 

where the coefficients pCi(i = 0,1, • • •, e — 1) are expressions 
of the form (7), with the restriction that, however great m may 
be taken, these coefficients do not exceed a fixed degree with 
respect to p. And therefore after a definitely determined 
value of m has been reached, the congruence (16), as also the 
congruence (15), remain unchanged. 

It is clear that the integer tv may be replaced by any 
other integer that is congruent to it (mod. p m ). We may 
assume that tv is divisible by none of the other prime 
ideal factors of p; for it is possible to form an integer 
which is divisible by p and which is congruent to 1 with 
respect to every other prime ideal factor of p as modulus 
(Vol. I, Art. 143). 

If e is not divisible by p, it may be shown as follows 
that 4'(a;) takes the simple form 

\k(a;) =x e -\-pBo, 

where B 0 , as indicated above, is not divisible by p and is 
an integer in 9?(o>). For under the given hypothesis it is 
seen that in 

^'(z) =eiv e ~ lJ rp(e — \)C e -\Tv e ~ 2 + • • * -\~pC i, 
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the term of lowest order is the first one; .and its order is 
e — 1, since the other terms all contain the factor p and 
are therefore at least divisible by p'. We therefore have 
P\=e — 1. In the same way it is seen, for i>l, that 


Accordingly, we have 


Pi ~P» = (g — 1) — (e — i) 
i-l < i -1 -1 


and, as r 0 is the smallest integer for which 


(i=2,3, 



Pi+r 0 <pi+ir 0 (i=2, 3, • • •, e), 

it is seen that we may take p 0 = 2. It follows that 
k = r 0 ~hpi — l =e, and then through the method as given 
in formula (13) all terms of order higher than e may be 
eliminated, thus leaving the terms tt* and pB 0 . 

Art. 252. Only exceptionally does the left hand side of 
(16) take the more general form (17), and this happens 
when e is divisible by p , which occurs in a finite number of 
cases, due to the fact that e = 1, unless p is a divisor of the 
discriminant of the realm (Arts. 30 and 102). And this 
is the kern of the entire investigation that is here con¬ 
sidered. Up to this time these singular cases offered an 
anomaly, which could not be overcome, while here there 
is no exception to the results that follow later. (See 
Hensel, Math. Ann., 55, p. 306.) 

The results of the preceding article have been derived 

by means of the ideal theory for an arbitrarily high 

power of a prime ideal factor p of a real prime integer p as 

modulus. (See Bachmann, Allgemeine Arithmetic etc., 
p. 521.) 

In an analogous manner, but independent of the ideal 
theory, the same results have been established by Hensel 
“ U f. ber eine neue Begrundung der Theorie der alge- 
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braischen Zahlen.” (J ahresberichte der deutschen math. 
Vereinigung, Vol. 6, p. 83.) 

< The foundations of this theory are laid upon the 
simple notion that just as every positive integer with 
respect to a prime number p may be expressed in the 
form of a finite power-series 

^0+ CL\P + a 2 p 2 + • • *, 

where the a’s are reduced (mod. p), being consequently 
found among the numbers 0, 1, 2, •••, p — 1, so also 
every negative or fractional number may be expressed as 
an infinite series similar to the above, where the question 
is not regarding the value of this negative or fractional 
number, but regarding its residue with respect to an 
arbitrarily high power of p. In this sense Hensel 
extended the realm of all rational numbers to the realm 
of infinite series 

a 0 +aip+a 2 p 2 H- 

with arbitrary, but definitely given coefficients, reduced 
(mod. p). He also developed the arithmetic theorems 
for number-quantities (Zahlengrossen ) of this sort as well 
as for integral algebraic functions of one variable, in 
which functions these number-quantities appear as co¬ 
efficients; and Hensel then showed that similar methods 
of presentation exist for the algebraic numbers as they do 
for the rational numbers. He further showed from these 
expansions in series, how it is possible to determine 
whether a number is divisible by an integral or fractional 
power of p or through the power of a prime ideal. 

It has been shown for every number of $tt(w), that 
there exists an expansion in series of the form 

(18) £ = A r 7r r +A r+ i7r r+ M-, 

where r is an integer, which may be positive, negative, or 
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zero, and where 

Ai = floi"{"0i. - p+ * • 

In this expression p is the root of an irreducible equation 
(mod. p) of the /th degree, say 

P(*)= 0, 

with coefficients that are reduced (mod. p). And finally 
7r is the root of an equation of the form (17) 


*(x)=0. 

For the usual prime integer p, by which we mean one 
that is not a divisor of the discriminant of 9i(w), we have 
T = p; and the development in series (18) is of the form 

(18a) = -(__i_}_^4 o _{_^ i p_|- # 

Such a series is called a regular p-adic one. For brevity, 
we shall define such a development series as “ belonging 
to the position (p, co) ” (see Hensel-Landsberg, Algebrai- 
schen Funktionen einer Variabelen, p. 29). 

Only for those prime integers which are divisors of 
the discriminant is tt a “ sort of root ” of p , or more 
piecisely an associate ” of such a root. For writing 

7r = pco e , it is seen from (17), -n- being a root of that ex¬ 
pression, that oj satisfies an equation 

(19) -}- p~C e - iw'-'F p~C e - 2 6> e ~ 2 H-b Co = 0, 

and therefore is an algebraic integer. In fact since C 0 is 

not di\ isible b}^ p, it, and with it w, may be regarded as 

umts (mod. p). It may be observed that by definition 

C 0 = B(,-\-pB 0 -{-p 2 Bo-\- • • *. Hence the series (18), or 
otherwise written, 


(i86) r= 


A-h . A- 


x ~ h , -fl-—A+i , , A-j , A , J 

tt* ' T h~i “i *••+ ^ +^4o _ b-d.i7rd- 
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may be developed for the prime integer in question p, in 
ascending powers of p e . 

Since p e has e conjugate values different through 
multiples of the eth roots of unity, the formula (18 b) 
presents collectively a complex of e different values of f, 
which are conjugate to one another. 

To the singular position ( p , w) there correspond e 
conjugate developments in series; and precisely as in 
the theory of algebraic functions there is in the neighbor¬ 
hood of a singular or branch-point a number of different 
branches that belong to the function. 

On this account the position (p, co) may be called a 
branch-position of the (e — l)st order, so that a regular 
position may be counted as of the zero order. 

On the other hand the number p which appears in the 
coefficients A i} being a root of an equation P(x) =0 of the 
fth degree, may have / different values; and it is seen 
that each of the equations (18a) or (186) may have 
exactly / different expansions. This, combined with the 
above, shows that there may be e development in series, 
through which every / of the conjugate values of may 
be given. 

A comparison of these theorems with the results of the 
previous article indicates the connection with the theory 
of ideals. For corresponding to every branch point of 
the e — 1st order, in which appear / connected complexes, 
where each complex may be expanded in e series, there 
exists a prime ideal factor p of p, whose degree is / and 
which appears as a factor to the eth power in p. Since 
e = 1 except for the prime numbers p which are divisors of 
the discriminant of the stock-realm, it is seen that for all 
the remaining prime numbers, the branch-points are 
regular and the developments are of the form (18a). 
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Observe that the order of the development (18) is the 
exponent r of the power 7r r and is a positive or negative 
integer (including zero). The order gives the exact 
power p r of the prime ideal p, through which f is divisible 
and for which f/7r r is integral. It is further evident that 
to every other prime ideal factor p 7 , which occurs to the e' 
power as a factor of p, and whose degree is /', there 
corresponds a branch-point of the e' — 1 order, at which 
there are united /' complexes, and where for each 
complex there appear e' different series of an analogous 
nature as are the series (186), so that to the previous ef 
conjugate values of f there must be added e'f additional 
values. By continuing this process it is clear that 

ef+e'f'-\ - =7i. 

Through these theorems Hensel established a complete 
analogy between the theory of ideals and the theory of 
algebraic functions. These results he extended in two 
papers published in the Gott. Nachr ., 1897. One has to 
do with the fundamental equation (Art. 71) and the 
other with the exact composition of the discriminant, and 
in particular with the singular divisors of the dis¬ 
criminant. This latter with the further investigation 
due to Hensel we shall consider in the sequel. HensePs 
paper “ Ueber die Entwicklung der algebraischen Zahlen 
in Potenzreihen ” (Math. A?inal., Vol. 55, p. 301) is par¬ 
ticularly of fundamental importance. (See also Hensel, 
Theorie der algebraischen Zahlen , Chapt. XII.) 

Art. 253. Consider the equation 
(20) P(x) = 0, 

which in Art. 251 was assumed to be irreducible (mod. p), 
and which for a greater reason is irreducible here. Let 


be its roots. 


Ph P2, 


•' •> Pi 
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Further let the irreducible function >F(», whose 
coefficients belong to the realm $R(p), be denoted by 
'lT(.r), when p is changed with p k ; and let 

Kklt 7T*2, * * *, TTke 

be the roots of the irreducible equation 

( 22 )- **0*0=0 (* = 1,2, ...,/) 

in the realm 9?(p*). 

The collectivity of all numbers constituted rationally 
out of pi and 7 r n form a realm of rationality ^( 7 r„, Pl ), 
which is of degree ef. Observe that the ef numbers 



PlTTll 



form a basis of this realm. The realms which are conju¬ 
gate with this realm are 


Pk) 


( 


* = 1 , 2 , 
* = 1 , 2 , 



Take any Galois realm @ g which contains all these ef 
conjugate realms and also the stock-realm <tt((o), and let 
denote any prime ideal factor in @ 0 through which the 
ideal p of Art. 251 is divisible. Hence the congruences 
(15) and (16) of Art. 251 also exist for < P m , and that is 


P(x)= 0 (mod. *iJ3 m ) and T(a:) =0 (mod. 'J3 m ); 

and proceeding with <J3 as modulus, instead of p, as in 
article 251, it is seen that 


(24) P=P 1, 7r = 7Tn (mod. ty m ), 

where p and ir are the development numbers in the extended 
realm and where m is arbitrarily large. 

Hence every number of the realm $(<*0 is congruent 
(mod. < $ m ) to a number of the form 

(25) -4 r 7Tn+.4.r+l7rit 1 + • • 

where the A ’s are integral functions of pi with rational 
integral coefficients; and in particular the number w, 
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which determines the initial stock-realm 9i(co), satisfies 
the congruence 

(26) co = to (0) (mod. <P W ), 

where co (0) is a definite number of the form (25). At the 
same time every integral number of 9t(co), as a rational 
function ^(a>) of a>, is congruent (mod. ^ m ) to the 
corresponding (also integral) number <p(<o (0) ) of the realm 
9?(7 Th, pi); and in this sense the entire realm 9?(to) is 
imaged ( abgcbildct ) on the realm 9U~n, Pi)- This 
relation is also reversible; 1 for simultaneously with the 
congruence of the numbers p\, 7r n with p, t it is clear that 
every integral number that is rationally formed of pi, 7r n 
is also congruent to the integral number that is formed of 

p, 7T. 

It may be proved next that a congruence of the form 

(27) E e jra ohP U },-() (mod. ?"), 

0 = 0 h = 0 

or more simply a congruence 

(28) Ao+Ai7rii-K4 2 7fn-l-b4 c _i7Tn' = 0 (mod. < ip m ), 

where the A’s are integral functions of pi with integral 
coefficients, can exist only identically, and that is, each 
term of the double summation is of itself divisible by the 
modulus. 

To prove this, determine the highest power of p which 
divides all the A's in (28). If it contains the prime factor 
to a power higher than m, the congruence (27) exists 
identically. In the other event through division by the 
highest power of ^ there exists a congruence 

(29) A q-\- A[irAA' c -iTr\i l = 0 (mod. S $ TO '), 
in which some of the A’s are not divisible by p. It 

1 Read pp. 236 et seq. of the Thcorie dcr aloebraischcn Funklionen eincr 
Variabdn, by Hensel and Landsberg. 
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follows from the equation 

(30) 7r 11 +p(Ce-i7Ti7 1 -l- • —f-C 0 ) =0 [see formula (8)], 

which equation is satisfied by 7r„, that the prime ideal 
di\ isor ^ of p is a divisor of t r n ; and, if it appears to the 8 
power in x n , it must enter to the e8 power in p, since C„ 
is relative prime to p. If then A', is the first of the series 
A' 0 , A[, • • • that is not divisible by p, and if m'^h8, then 
is every term in (29) of itself divisible by <JT', and the 
congruence (27) is identically satisfied. It may be 
proved that the assumption m'>hb is not permissible. 
For the congruence (29), when considered with respect 
to the modulus ^ h&+1 , reduces to the simpler form 

A fa *i = 0 (mod. < p /iM - 1 ), 

the terms preceding this term all being divisible by p 
and therefore by where e8 ^/i5 + l, while the following 
terms are all divisible by n# 1 , and that is by W h+1)S . In 
the term A fan, since ir h n is divisible by it is clear that 
A' h must be divisible by and on account of the irre- 
ducibility (mod. p) of equation (20), which p x satisfies, it 
follows that A' h must be divisible by p, which is contrary 
to the assumption previously made. 

From this it is seen in particular that the basal elements 
(23) of the “ image ” realm form a fundamental system 
(mod. p) for this realm, and that is that a congruence 

(31) Z Z a O hpUh = 0 (mod. p) 

g=0 h =0 

with rational or integral coefficients, or more simply a 
congruence 

(32) Ao+Ai7rn+A.27rii - l - • • • -\~A e -]7r e {i 1 = 0 (mod. p), 

in which the A’s are integral functions of pi with integral 
coefficients and of degree f—1, is only possible, if the 
coefficients a oh or A , are all divisible by p. 
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For the congruence (32) offers the following congruence 
(32a) Aq-\-A\it ii“ f - A-27Ti 1 -f' • • • +A f _]7Ti7 1 = 0 (mod. < J$ ea ), 


which requires that every single term be divisible by 
and that is, every coefficient A must be divisible by 
¥ and therefore also by p. 

Due to the two theorems above we may conclude that 
the number co (0) —at least for sufficiently large values of m—is 
of the same degree ef as the image realm to which it belongs. 

For let m^e5, and let 


(33) \j/(x)=0 (mod. ^)3 ea ) 

be the congruence with integral coefficients and of least 
degree which co (0) satisfies. Its degree v can not be 
greater than the degree of w (0) and that is of the degree of 
the irreducible equation 

(34) X(.t) =0, 

which w (0) satisfies. For if the equation X(w (0) ) exists, 
then for a greater reason we have X(u (0) )=0 (mod. ^ e£ ). 
And this degree is not greater than ef, as w (0) is a number 
belonging to a realm of this degree, namely, the image 
realm. It is proved below that v is not less than ef and 
consequently the degree of the equation (34) cannot be 
less than ef . It follows that v = ef. To prove that v is not 
less than ef, make the assumption that the contrary is 
the case, and that is, v<ef. Since each of the numbers 


PlTTll 


( 9 = 0 , 1 , 2 , 

yi = 0, 1, 2, • • •, e~ 1/ 


is congruent (mod. $") and therefore also (mod. ^ to 
an integer ^(w) of $(co), and therefore also to a corre¬ 
sponding integer *(«<«) of the image realm, it follows, 
due to the identity 


t/V 0) )^0 (mod. $*) 

of degree v, that for each of the above numbers there 
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exists a relation of the form 

Pi7r?i = r+rico (0) -{- ... +r v _ 1 co (0),,_1 (mod. < iJ3 <a ) 

with rational coefficients. Let n gh be the least common 
multiple of the denominators of the fractional coefficients. 
It follows that 

(35) w. ( ,APi7Ti 1 = a+aia) (0) 4-• • • d-a^_ 1 w (0)l " 1 (mod. < ip e5 ), 

where the a’s are integers which do not all have a common 
divisor with n oh . Observe that n gh cannot be divisible 
by p, otherwise the right-hand member of (35) would be a 
non-identical congruence (mod. <P <5 ) which is satisfied 
by o) (0) contrary to the assumption that v was the least 
degree of such a congruence that is satisfied by co (0) . If 
there existed a non-identical congruence of the form (27) 
or (28) derived through the elimination of a> (0) from the ef 
congruences (35), we would have proved the inadmissi¬ 
bility of the assumption v < ef , since we have proved that 
there was no non-identical congruence of such a form. 

We shall next prove that through such elimination 
there does exist such a congruence. 

Consider any v arbitrarily chosen of the congruences 
(35). Their determinant A cannot be divisible by $ or 
by p as A is a rational integer; otherwise, as in the case of 
linear equations, it would be possible to choose v integers 
Ci, c 2 , • • •, c„ which are not all divisible by p, such that 
when the right hand sides of the v congruences in question 
are multiplied by Ci, c 2 , • • •, c v respectively, the sum of the 
resulting expressions would be divisible by p, and this 
would be equally true of the left hand side of the v 
congruences, when multiplied by Ci, c 2 , • • •, c„ respectively 
and added. And that is, this sum would be divisible by 
thus offering a congruence of the form (32a), without 
all the coefficients being divisible by p. 
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Suppose next that A is prime to ^3. Then solving the 
v congruences in question, it is seen that Aw <0)A (h = 0, 1, 
•••, v — 1) may be expressed linearly in terms of the v 
quantities n^pUn (mod. T ea ) with integral coefficients; 
and when these quantities are substituted in another one 
of the ef congruences (35), after this congruence has been 
multiplied by A, it is seen that a congruence of the form 
(32a) is brought into existence, where again the single 
terms are not divisible by In either case therefore a 
non-identical congruence of the form (27) has been 
created and this under the assumption that v<ef. 

Art. 254. It has been proved that in any realm the 
discriminant of a fundamental system of basal elements is 
(mod. p), and in so far as the divisibility by p is con¬ 
sidered, equivalent to the discriminant (fundamental 
invariant = Grundzalil) of the realm. Hence the dis¬ 
criminant of the basal elements (23) is divisible by the 
same power of p as is the discriminant of the realm 
9f(7Tll, p). 

It has been proved also that if $ is a realm of degree A r , 
and if f is a sub-realm of degree a, and if 0 is a quantity 
that determines $, so that £ = 9?(0), and if further 

0 r + A'l0 r “ l + • • • +07 = 0, 

is the equation of lowest degree that 0 satisfies, where the 
as are quantities in f, then r is the relative degree of $ 
and A =rn. If Q 2j •••, o A , are a system of basal 
elements of SI, the square of the greatest common 
divisor of all the determinants of r-order in the matrix 


Qi, 


• • • , Six 

a!, 


• * • » &X 


ar*, 

ar", 

0< r -D 
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is the relative discriminant T) f of $ with respect to f. 
(See Art. 184.) This relative discriminant is clearly an 
ideal. If D is the discriminant of $ and if d is the 
discriminant of f, then is 

D = d r -n(T) t ) 

(Art. 186), where n denotes the norm taken in f. Observe 
that (Art. 229) 

Nm=p', 

where Nis the norm taken in $. Accordingly, it is seen 
that the discriminant of 9?( ir n , pi) is equal to the product 
of the eth power of the discriminant of the equation (20) 
namely P(x) = 0, which p x satisfies, multiplied by the 
norm of the relative discriminant of \fri(x)=0 f which is 
satisfied by w n . 

As the eth power of the first discriminant is not divisible 
(Art. 94) by p, since P(x) is irreducible (mod. p), it is 
seen that the relative discriminant of \p x (x) is, so far as 
divisibility by p is concerned, equivalent to the dis¬ 
criminant of 9?(ttii, Pi). 

The relative discriminant in question is 

n(7Ti a — TTifi) (a^0= 1,2, •••,«); 

while the norm of this expression is 

(*:l: i: 

and this is with respect to the image realm $R(irn, pi) the 
norm of ^5(^n)* 

Next observe that the complex of those numbers of the 
image realm OUtth, pi), which correspond to the numbers 
of an ideal in 9?(«), constitute an ideal in $R(irn, pi) and 
vice versa. For if a is a number of an ideal in $R(co) and 
if ai is the corresponding number in the image realm, 
and if is an integer of SROm, pi) that corresponds to 
in $H(w), then, as £a is a number of the ideal in 9?(a>), it 
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follows that s i«i is a number of the complex in 5 R(tth, pi), 
and this complex characterizes an ideal. It is clear that 
two corresponding ideals are simultaneously prime ideals 
and in particular they are simultaneously prime divisors 
of p; and it is also clear that when one ideal is a divisor of 
7 r, the other is a divisor of 7 m and vice versa. Ac¬ 
cordingly, it is seen that in the image realm there exists a 
single prime ideal factor p of p which is a divisor of irn 
and exactly to the first degree. 

We may say, after Kronecker, p is equivalent to 
pz+ 71-1171 where z and n are rational integers; and we may 
write 

p ~pz+7Tnn. 

From equation (30), which is satisfied by 7 Tn, it is seen 

1 

that p is equivalent to p c or p is equivalent to p‘; and 
consequently with respect to the image realm, which is of 
degree ef, the norm of p is equivalent to p f , and that is 

A r ® -P 

Further note in the expression 

+'(tt) = ctt ' -1 +pC c _i(e — 1) 7r e—2 ~\ -hpC 1 , 

that each term to the right is, with respect to p, of 
different order, the order of the entire expression being 
the order of its lowest term. Similarly the order of 
^5Orn) is, with respect to p, the order of its lowest term; 
and if it is denoted by p 1 ’ -1 , then the entire expression 

f— 1 

*I0rn) is equivalent to the fractional power p e . The 
same is true of the conjugate factors of the product (36). 
Accordingly, this product is equivalent to 

g— 1 

(p e ) e/ = p (r-1)/ . 

Having regard to the notation of Art. 252, the number v 
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may be called the branch-number, while the discriminant 
of the image realm may be called the branch-discriminant. 
In the regular case 

(37) * = 
for in this case 

(38) T ( x ) = x e + pB 0 , 
so that 

I^Orn) =e7Tn l , 

which expression, since e is not divisible by p, is of the 
order e — 1, and e is the branch-number. In the singular 
case, however, *(x) is of the more general form (17), and 
if we put e = pC e , it is seen that 

^50ni) =pCeTTn 1 + pCe-l(e— 1)tTu 2 

H— • ~\~pC itViY 1 -f - • • • +pCV 
If then pC x i is that coefficient, which firstly contains the 
lowest power p €i of p and in which secondly the exponent i 
is the smallest, then is ¥l0m) of the order ea+i— 1, that 
being the order of the term pCdir n 1 , and consequently 
the branch number is here 


(37a) v = e*i-\-i. 

The general result may be expressed as follows: If p is a 
prime ideal factor of the fth degree occurring to the eth 
power as a factor of p in the realm 9?(«), and if the image 
realm is 9?(7tu, pi), then the discriminant of the latter realm 
is exactly divisible by p (v ~ l)f , where v is the branch-number 
determined through the formulas (87) and (37a). 

The branch-number has its least value in the regular 
case, where v = e ; for in the singular case, even when 
\J/(x) has the simple form (38), it is seen that v is greater 
than e, since both e , and i are at least equal to unity. 
And in the singular case clearly v reaches its greatest 
value if eiriT 1 is the term of lowest order in ¥50rn)» and 
in this case v=(e~i~l)e, if e is exactly divisible by p*. 
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Dedekind expressed this result as a conjecture at the 
end of his paper “ Ueber die Discriminanten endlicher 
Korper.” (Gott. Abh ., Vol. 29, 1S82.) 

Art. 255. We may denote the integer co and its conju¬ 
gates by 

(39) O)], 0) 2 , * * ', 0) n 
and denote by 

(40) 9H«i), tt(co 2 ), $R( Wb ) 

the realm 3t(a)) and its conjugate realms. Let $ be a 
Galois realm that is constituted of the realms (40) and 
let ^ be an arbitrary prime ideal factor of p in 3?. Then 
among the prime ideal factors into which p is factored 
in each of the conjugate realms (40) there are in each 
realm prime ideal factors p (1) , p (2) , • • •, p (n) , each of which 
is divisible by <p. With respect to each of these prime 
ideals, let the results of Art. 251 be repeated, so that to 
the two numbers p, it of Art. 251 there correspond 
numbers p (,) , 7 r (,) (1 = 1, 2, •••, n), which satisfy con¬ 
gruences analogous to (15) and (16), namely 

P {i >(x) = 0, *<‘->(x)=0 (mod. p (<)TO ) (i=i, 2, •••,«). 

From the roots of the equations that are analogous to (20) 
and (21), namely 

(41) P (i) (x)= 0, *£°Or)=0, 

the realm 9 ?(tt$, pi 0 ) with its conjugates is determined. 

Suppose that this has been done for each of the prime 
ideal factors of p in 31, and let 31* be a Galois realm 
which includes the Galois realm 3?, of Art. 253 and 
besides all the realms 9?(7r ( n, pi°) with their conjugates. 
Let ^ be any prime ideal factor of p in 31^. It is clear that 
the results of the preceding article are true with respect 
to ^ for each of the conjugate realms (40). Thus for 
every realm 9i(co,) there may be determined another 
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definite realm 9t(7r‘,?, p (i) ) upon which 5R(w,-) may be 
imaged (mod. fp m ) and vice versa; and this is effected by 
determining a quantity <4°> of SRMJ, p<'>) of the form 

(42) cor = A<y,r i +^M ri+, + --- (i- 
for which 

(43) & =co< 0) (mod. < J$ m ). 

In this manner 1 we have for the n conjugate realms 

9?(^i), • • •> 9?(w n ) 

a like number of image realms 

(44) dl( Trff, p?>), Pi 2) ), • • •, ftM?, p?>) (mod. <P"). 

If as above 

(45) F(.t) = (.t coi) (x — C 02 ) • • • (a* — co n ) = 0 

is the equation with rational integral coefficients that is 
satisfied by the quantities (39), then, due to (43), it is 
seen that 

F(x) = (x- «?*>) (x- c4 0) ) • • • (x -»?>) (mod. $*); 

and that is, each of the numbers (42) is a root of the 
congruence 

(46) F(x) = 0 (mod. ^3 m ). 

Further any root of (46) must be congruent to one of 
the numbers (42) with respect to an arbitrarily high 
power of Moreover, these roots are incongruent 
(mod. < J$ m ); otherwise the discriminant would be divisible 
by an arbitrarily high power of p, since the discriminant 
is a rational integer. But this discriminant is not zero 
due to the fact that the equation F(x) =0 is irreducible. 

The n quantities are also characterized as the roots of 
the congruence 

(47) F(x) = 0, 

taken with respect to an arbitrarily high power of p as 


1 Hensel, Math. Ann., 55, p. 311. 
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modulus. For develop the expression F{ o>$ 0) ) with 
respect to the powers of pf and tt ( /]. Then observe that 
the congruence 

F (a4 0) ) = 0 (mod. ^3' n ), 

when reduced through equations (41) of degrees re¬ 
spectively/,- and e { in pj 0 and ttS, has the form 

/(*)-1 «(.->_i 

E E Qi/hpi )0 TT ( u =0 (mod. ^ m ). 

( 7=0 /> = 0 

It was proved in Art. 253 that this expression can only 
exist identically, and that is, each of the terms a oh p ( f° 7 r[f 
must of itself be divisible by Hence for a sufficiently 
large value of m each of the coefficients a oh is divisible by 
an arbitrarily large value of ^ and therefore by a corre¬ 
spondingly large value of p; and that is the congruence 
(47), with respect to this arbitrarily large value of p as a 
modulus, is satisfied by the number u>S 0) . 

If o>i 0) satisfies the congruence F(x)=0 (mod. S T"'), the 
same is true of all the e (,) / (,) numbers conjugate to a'i 0) 
taken in the image realm 9J(irfl, pi 0 ) of degree e (i) f {i) , 
to which a'i 0) belongs. Accordingly, these e (,) / (,) numbers 
are all roots of the congruence (46) with respect to the 
modulus ^P w . Further these roots are different; for were 
any two of them congruent (mod. $ w ), then the dis¬ 
criminant of these numbers, that is the discriminant of 
the irreducible equation of degree which (Art. 

253) the number o>i 0) of this degree satisfies, would be 
divisible by s ]$ m ; or since this discriminant is a rational 
integer, it would consequently be divisible by an arbi¬ 
trarily high power of p. And that is, the discriminant 
would be zero, which is not true. 

From this it is seen that the n numbers (42) (mod. ^3 m ) 
May be distributed into sets of e ( - l) f <i) numbers which are 
congruent to numbers in the image realms, these numbers 

43 
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being conjugate among themselves. This is true for 
every value of the index i. Observe that 

Accordingly we have the following theorem: The n 
image realms (44) may he distributed into a number of 
systems of realms, in each of which there is a number of 
realms less than n that are conjugates amongst themselves. 

For example, if the prime integer p in the realm <R( W ) 
is factorable as a product of three prime ideals, say 
Pi> P 2 , p 3 , of degrees/i,/ 2 ,/ 3 , so that 

V = P?p2*Pl‘, 

then there are three systems of respectively 

J/ l == Ci/i, ^2 = 62 / 2 , Vz = e$ fz (n = vi + vi+vi) 

realms that are conjugate among themselves, say 

9U72), • • •, $&(%*); mo, • • •, m,); 

upon which the n realms <R(«i), $(« 2 ), •••, <R(«„) are 
imaged (mod. ^)3 m ) uniquely. 

It may be proved without difficulty that the above are 
realms of the least degree, upon which the realms 
$R(««) (i = l, 2, •••, n) may be imaged (mod. < 5J3 m ) 
uniquely. 

Art. 256. Let ft be any integer of $R(«i) and denote 
by ft, • • *, ft its conjugates; then is ft congruent (mod. 
< $ m ) to a number of the image realm $( 71 ) = SROrJi, pi); 
and there exists [see formula (14)], a congruence of the 
form 

(F) ft = /} L ‘iDWV* (mod. y m ): 

(7 = 0 0 

or more simply, if the vi = e\f\ numbers pJVfi be arbi¬ 
trarily, but in definite order (Hensel, Math. Ann., Vol. 55, 
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p. 322), denoted by 

(48) 

then j takes the form 






y li y 


fi = fli7i ,) 4* 27 ?4-fa ri 7?' ,) (mod. < p m ). 

If 7< 1} > 7< 2) > • • •, 7< v,) denote the conjugates of the numbers 
(48) which belong to the realm 3t(n)(i = 1, 2, • • •, Vl ), it 
is seen that, for the numbers f ,• which are the conjugates 
of £i, there exist the congruences 

(48a) u=a l y? ) +a 2 y?>+ • • • (mod. ?») 

(t = l, 2, •••, pi); 

and we find, using an analogous meaning of symbols 
& ( i l \ 5i 2) , • • •, 6;*; €i 1> , ei 2) , • • •, ei p,) , the further congruences 

(486) r^s6itt 1) +6,ap+ • • • -{-6, i 5jT i) (A = i, 2, •••, p*); 

and 


(48c) f= c i«I 1) +c 2 €t 2) + • • • 4 -* (k = i, 2 , • •., p,). 
Next let 

(49) fp, tP, ■■■, rr> 

denote an independent system of n integers of the realm 
9i(“i)- Construct with these integers and their conju- 
gates the determinant 




For each of the numbers (49) write the corresponding 
congruences (48a, 6, c), so that in each column of the 
determinant the first v x elements (mod. are replaced 
by linear functions of the numbers y[ l \ yf\ ..., y p> and 
their conjugates; the v 2 following numbers in these 

columns by linear functions of 8p, 8?, • • •, 8ft and their 
conjugates, etc. 
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A consideration of the highest powers of which are 
common to all the elements of a column, permits 1 
through a series of simple transformations, the system (49 ) 
to he replaced by another system , say, 

( 51 ) {P, {P, • • •, {P 

o/ ft independent numbers, which have the property that the 
determinant corresponding to the one above is (mod. ^J3 m ) 
congruent to the following determinant: 


(52) 


yF, 

• • • • 

• • •, y'!'\ 

0, 

• • • • 

... o 

) Vy 

0, 

• • •, 0 

' V\ > 

. . . -/"l) 

> 1*1 ) 

0, 

•■•> o, 

0, 

• • •, 0 

0, 

• • • • 

• • •, 

Si 1 ', 

• t • • 

• • •, 

0, 

• • *, 0 

0, 

•••, 0, 

w ” * 

e 

• • •, W, 

0, 

• • •, 0 

0, 

• • • • 

0, 

0, 

• 

. 

. 

o 

• 

«F, 

• • •, w 

0, 

... o 

y 

0, 

... n 

y 


. . . A v i> 


It is clear that the system (51) must form a fundamental 
system (mod. p). (See Hensel, op. cit.) For were there 
to exist a congruence 

PP+u-iPP-i -|-Wn£ ( i n) = 0 (mod. p) 

with integral coefficients, then would this expression, as 
also the conjugate expressions, be divisible by the same 
power of the Galois prime ideal ‘J3, through which p is 
divisible; and consequently were ty* this power, it would 
follow from the congruence of the matrix of that system 
with the determinant (52) with respect to an arbitrarily 
high power of *}3, that 

WitS 1) +w 2 7! 2) + • • 


• • + = 0 

'w^+i5/, 1) d-w„ 1 + 2 5/j 2) + • • • + u^+yh^ = 0 

(h = l, 2 , 

u yi +y 2+ i€i 1} H-h u^+^+y/Z* = 0 

(* = 1. 2, 

1 See Hensel, Math. Ann., 55, p. 326, §§7 and 8. 


vi) 


Vi) 




(mod. $ M ). 
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It is seen from formula (F) at the beginning of this 
article that such congruences can only exist, if all the 
u’s are divisible by p. 

Returning to the discriminant of the system (51), it is 
clear that in so far as the question is regarding the 
divisibility by p , this discriminant is equivalent to the 
discriminant D of the realm 9U«i). On the other hand 
with respect to the modulus the discriminant of (51) 
is congruent to the square of the determinant (52), and 
that is to the product 

(53) r 2 -A 2 -£ 2 , 

in which T 2 , A 2 , E 2 are equivalent to the discriminants of 
the systems yi\ 5£°, e?, and that is to the different 
branch-discriminants with respect to p. 

Observe that is an arbitrary prime ideal factor of p 
in and therefore ^ as a factor of the discriminant D 
must appear exactly to the same degree, as it enters in the 
product (53). 

With this we have the following elegant theorem of 
Hensel’s: 

Every prime ideal factor ^ of p in and consequently 
the prime integer p itself is contained as a factor in the 
discriminant D of 9f(a>) exactly so often as it appears in the 
product of the branch-discriminants for this realm with 
respect to the integer p. 

Accordingly, the theorems found at the end of .Art. 254 
offer a means of determining the exact expression for the 
power of p , through which D is divisible. For if we 
again write, for example 

v =wm, 

where <p 3 are different prime ideal factors of p in 

$ft(o>) of degrees/ 1 ,/ 2,/3 respectively, and if v h v 2 , v 3 are the 
corresponding branch-numbers determined as in Art. 
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254, then is D exactly divisible by p d , where 

(54) d= (t>i —l)/i-f-(y 2 — l)/ 2 -F(y 3 —l)/ 3 . 

For the regular case where the e’s are not divisible by p, 

d = (e i -1)/, + (e 2 -1 )/ 2 +(e 3 -1 )/,. 

For the singular case where at least one of the e’s is 
divisible by p , the first value of d is greater than the value 
just written. We thus have a confirmation of the theorem 
of Arts. 75, 77, 92, 249 which theorem offered a minimum 
value of the power of p which enters as a factor of D, 
while the theorem of Hensel offers, through formula (54) a 
means of determining exactly and in what manner the 
determinant of a realm, that is, the fundamental in¬ 
variant ( Grundzahl ), may be decomposed into its prime 
ideal factors. 

For further developments of this theory see Hensel, 
Theorie der algebraischen Zahlen, Chapt. XII. For 
numerous other references see paper by 0. Ore, Math. 
Ann., Vol. 96, p. 312. 
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commutative or Abelian, 455, 
518 ff., 539. 
conjugate, 494, 502. 
cyclic, 565, 602. 

degree of, 451, 488, 490, 508, 544, 
552. 

divisors of. (See divisors.) 
finite, 451. 

Galois, defined, 458. 

Galois or normal, 455 ff., 520, 573. 
G. C. D., or intersection of, 499. 
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identical, 4S2. 
index of. (See index.) 
inertia, 551, 555, 574, 57S. 
one-stroked branch-, 603. 
permutation, 452 ff., 455 ff., 469 ff. 
primitive and imprimitive, 463 ff., 

484, 50S ff., 514, 522. 
reduction of, 504. 
relative cyclic, 609. 
separation, 551, 574. 
simple, 501. 

substitution, 451 ff., 563. 
sub-. (See divisor.) 
symmetric, 473, 4S4, 486. 
transitive and intransitive, 462 ff., 

485, 513 ff. 
two-stroked, 607. 

Height of algebraic integer, 77, S2, 
S5, 86, 87. 

Height unity, 80, 82. 

Henselian realms, 191 ff. 

Ideals and moduls, 2, 8, 16, 17, 18. 
ambiguous, 397, 402, 420. 
as G. C. D. of two principal ideals, 
43, 120, 157. 

associated with number, 160. 
as the content of a form. (See 
content.) 

characteristic of, 6. 

classes of, 96, 105, 293 ff., 313 ff. 

complementary, 57. 

conjugate. 

definition of, 5, 6, 7, 130, 335. 
degree of prime, 58, 82, 110, 111, 
112, 137, 177, 180, 196, 319, 
531, 540, 550, 560. 
equality of, 158 ff. 
equivalent, 96, 151, 343, 352. 
fractional, 35. 

fundamental (or basal), 56, 141, 
194 ff., 213, 216, 217, 330, 536, 
558. 

greatest common divisor of, S, 9, 
17,48,337,339. 

infinite number of first degree, 
321. 


Ideal, integral, 22. 
ideals of relative realm, 396. 
invariantive, 566 ff., 571. 
least common multiple of, 8, 9, 
17, 336, 337, 339. 
of the nth order, 101. 
with negative exponents, 16. 
norm of. (See norm.) 
primary prime, 414, 418. 
prime, 52 ff., 147 ff., 424, 530, 583. 
prime (defined), 53, 146, 319. 
prime, of relative realm, 400, 428. 
principal, 11, 12, 23, 31, 33, 38, 
43, 96, 105, 142, 152, 203, 264, 
297, 334, 350, 422, 428, 568, 
571. 

product of, 8, 9, 337, 368. 
as product of prime ideals, 54. 
realm, 240. 
quotient of, 8, 9, 17. 
relative conjugate, 380. 
relatively prime, 31, 33, 65. 
relatively prime to rational inte¬ 
ger, 39. 

reciprocal, 12, 13, 17, 58, 99, 103, 
313. 

ring-, 336. 

Ideal number. (See number.) 

Image of algebraic integer, 299. 

Image of a realm, 633 ff., 638 ff. 

Imprimitivitv, svstem of, 464 ff., 
508 ff. 

Incongruent integers, 203. 

Incongruent residues, complete set 
of, 64, 86, 111, 114, 531. 

Index, divisor of, 164, 170, 180, 1S4, 
214. 

of algebraic integer, 162 ff., 174, 
188. 

of divisor of group, 490, 503, 50S, 
541. 

Independent, linearly. (See inte¬ 
ger.) 

Integers, linearly independent, 116, 
199. 

relative conjugate, 380. 

Invariance of the inertia group, 579, 
600. 
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Invariant, basal or fundamental 
(see also Discriminant), 19, 59, 
60, 162 ff., 179, 187, 194, 202, 
212, 216, 217, 241, 256, 257, 
258, 290, 291, 293, 298, 328, 
357, 536, 537, 572, 615, 637, 
647, 648. 

Irreducible function. (See prime 
function.) 

Isomorphism, 457, 488, 494. 

Jacobian, 275, 354. 

Kummer Number. (See number.) 

Lagrange. (See theorem.) 

Lattice-points, 279, 298 ff., 301 ff. 

Law of reciprocity, cubic, 388, 408. 
quadratic, 388, 411. 

Line-distance, 280 ff. 

Linear functions. (See forms.) 


Mascheroni-Euler Constant, 317. 
Metacyclic, 558. 

Minkowski, theorems. (See theo¬ 
rem.) 

Mobius, coefficients of, 87, 95, 179. 
Modul, 359. 
and ideal, 5, 8. 

complementary, 211, 214, 217. 
composite, 137. 
definition of, 3. 
equivalent, 376. 
ring-. (See order-modul.) 
Modular system, 189 ff., 191. 
Multiple, least common of ideals, 8. 

Natural irrationalities, 507. 
Neighborhood of a point, 271. 

Norm of algebraic unit, 219, 246. 
of a form, 124, 127, 128, 149. 
of a product, 45, 316, 318. 
of a realm, 445. 
of different, 171, 572. 
of fundamental basal ideal, 58, 
218. 

of ideal, 19, 20, 197. 


of ideal expressed through *>- 
functions, 70. 

of integer, 229 ff., 234, 251, 322. 
of integral ideal, 31, 37, 38, 52, 
290. 


partial, 536. 

relative, 381 ff., 391, 397, 528 ff., 
589. 


total, 529. 

Number, associated with ideal, 160. 
equivalent, 161. 

ideal (Kummer), 106, 123, 156, 
165, 322. 


of classes of ideals. (See classes.) 
quantities, 628. 


reduced, 296 ff., 301 ff. 


Order of an ideal, 8, 101. 
of a modul, 4. 
of a number, 621. 
order-modul, 3, 7, 11, 106, 110, 
197, 202, 210, 218, 245, 250, 
334 ff., 353, 371, 376. 
order-modul, principal, 3. 


p-adic numbers, 620 ff. 
regular, 629. 

Partial discriminant. (See discrimi¬ 
nant.) 

Period of algebraic integer, 79. 
Permits a substitution, a quantity, 
449, 458 ff., 462, 496, 499, 505, 
509, 539. 

sc>-function for ideals, 65 ff. 

Plane in n dimensions, 272. 
Permutation, definition of, 452, 462 
ff. 

composition of, 453. 

cyclic or circular, 455, 475, 555. 

degree of, 487. 

group. (See group.) 

of the first and second kinds, 477. 

identical, 453, 471, 475. 

inverse, 453, 471. 

order of, 475. 

period of, 487. 

Primary Theorem, the. (See theo¬ 
rem.) 
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Prime function, 83, 85. 
mod. p, 114, 116, 136 ff., 171, 
173 ff., 209, 215. 
primary, 88 ff. 

Primitive form, 51, 127. 
function, 126. 

wth root of unity, 220, 244, 245. 
number, 114, 117, 442 ff., 576 ff. 
roots of ideals, 531, 533 ff. 

Principal class. {See class.) 
ideal. {Sec ideal.) 

Product of classes, 9S, 99. 
of ideals, 8. 

of modular systems, 172. 

Prospect, a, 324, 333. 

Quotient of ideals, S. 

Realm of rationality, 441. 
branch, 551, 555 ff. 
conjugate complex, 221, 225 ff., 
256, 258, 260, 293, 529. 
divisors of, sub-, 379, 386, 387, 
390, 52S ff., 544 ff., 569, 595, 
61S. 

inertia, 550 ff., 574, 593 ff. 
one-stroked branch, 603 ff. 
normal or Galois, 221, 332, 333, 
444 ff., 561 ff. 

primitive and imprimitive, 441, 
443, 465, 468. 

real, 221 ff., 227, 256, 258, 260, 
293. 

relative, 379 ff. 
relative conjugate, 379. 
relative cyclic, 566. 
relative normal, 539 ff. 
relative quadratic, 389, 390, 420, 
430. 

separation (reduction), 549 ff., 
574, 593. 

super-, or upper, 379, 387, 390, 
608. 

two-stroked branch, 607. 
three-stroked, etc., 608. 
unbranched, 420, 431. 

Reciprocity. {See law of reciproc¬ 
ity.) 


Reduced numbers. {Sec number.) 

units. (See unit.) 

Regulator of svstem of units, 243, 
350. 

Relative realm. {See realm.) 
conjugate. {See realm.) 
conjugate integers, 380. 
degree of realm, 379. 
different. {See different.) 
discriminant. {See discriminant.) 
norm. {See norm.) 
normal realms. {See normal 
realm.) 

Resolvent, the Galois, 444, 446 ff., 
459, 4SS. 
reduction of, 495. 
the groups of the, 501 ff. 
total and partial, 502 ff. 
Retrospect, a, 328. 

Ring-leader, 202 ff., 205, 208, 214, 
334, 339 ff. 

Singular position, 630. 

Spur, of algebraic integer, 61, 197, 
201, 212, 530. 

Sub-groups. {See divisors.) 
Substitution, 365. 
bilinear, 370. 
composition of, 450. 
fundamental, 564. 
group. {See group.) 
identical, 448. 

of a normal realm, 447, 449 ff., 
457 ff. 

Theorem of Schonemann or Eisen- 
stein, 623. 

the fundamental, 53, 147, 400. 
the Galois, 441 ff. 
the Gaussian (generalized), 25, 
27, 121, 142 ff. 

the Lagrange, 495, 497, 500, 505, 
526. 

the Minkowski, 255, 321 ff., 615. 
the primary, 24, 28, 29, 126, 142 
ff., 146, 148, 149, 153, 343. 
Transformation, 366 ff. 
Transpositions, 471 ff., 478. 
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Unique factorization. (See funda¬ 
mental theorem.) 

Unit. (See modul.) 
algebraic, 219 ff., 530. 
conjugate, 233, 234, 252, 254, 616. 
existence of, 220 ff., 232, 233, 245, 
246, 260, 262. 
form. (See form.) 
fundamental, 412. 
fundamental system of, 242, 244, 
245, 269 ff., 314, 299 ff., 304. 
group, 482. 

logarithms of, 233 ff., 260 ff., 265, 
266 ff. 


reduced, 239 ff., 243, 266 ff., 349. 
system of independent, 237, 244, 
255, 265, 269 ff., 616, 618. 
Unity, roots of, 220, 222, 244, 269, 
350. 

Volume, computation of, 275 ff., 
282, 285 ff., 299 ff., 301 ff. 
in space of n dimensions, 273, 
275 ff. 

Wilson’s Theorem, 76. 

Zeta-function, 317 ff. 




